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PREFACE

The fabrication of optical elements that can manipulate light in desirable ways has been the
object of many investigations during the past four decades. Such elements can be utilized
in imaging systems, for the correction of various optical aberrations, in projection systems,
in the fabrication of vertical-cavity surface-emitting lasers, and in a variety of other appli-
cations where the transformation of light with one set of properties, e.g., intensity profile,
spectrum, and coherence, into light with a different set of properties is required.

Many, if not most, of these optical elements have been based on phase-coherent surface-
relief gratings. These diffractive structures have come to be known as diffractive optical
elements. They consist of superpositions of periodic structures, and effect optical transfor-
mations by acting only on the phase of an incident wave-front. The phase change brought
about by the element can be converted into a surface profile function. A great deal of the
work on these elements in recent years has been devoted to the development of accurate
and efficient computational methods for solving Maxwell’s equations for the scattering of
light from periodically corrugated surfaces, when, driven by the desire to produce ever
smaller devices, the linear dimensions of the features on these surfaces, e.g., amplitudes
and periods, become of the order of, or smaller than, the wavelength of the incident light.
The results of such calculations are used to demonstrate that a particular diffractive optical
element transforms light in the manner desired.

The design of a diffractive element that effects a desired optical transformation is com-
monly carried out using concepts of Fourier optics. This approach, which is based on scalar
wave theory, breaks down when the linear dimensions of the topographic features of the
element are of the order of the wavelength. In this regime a different approach to the design
of diffractive optical elements is needed.

The problem of designing diffractive optical elements has given rise to a subfield of
diffractive optics devoted to what is called the optimal design problem, an inverse scattering
problem. However, in contrast to the classical inverse problem of determining an unknown
surface profile function from a given diffractive field, the optimal design problem is that of
determining a surface profile function that gives the “best” approximation to some desired
diffractive field. Several approaches have been used in establishing existence theorems for
the solution of this problem, and for obtaining solutions to it. The latter generally involve an
iterative optimization (minimization) of some cost function that depends on the difference
between the desired diffracted field and the diffracted field calculated for some choice of

xi



xii Preface

the surface profile function that can be varied systematically. The existence theorems and
solution methods are well summarized in the review by Bao and Dobson [1]. However, at
the present time they appear to be restricted to one-dimensional surface profile functions
that are periodic, namely to classical gratings. (An exception is provided by the work of
Prather [2].) The optimal design problem for biperiodic gratings remains a challenge to
optical designers.

In contrast to the essentially deterministic approach to the design of light manipulating
elements provided by diffractive optics, in this book we present an approach that is stochas-
tic in nature, and is based not on superpositions of periodic or quasi-periodic surface reliefs
but on the assumption that the surface of such an element is randomly rough. It is based on
two ingredients. The first is the use of a representation of the field scattered from a rough
surface provided by a single-scattering approximation such as the geometrical optics limit
of the Kirchhoff approximation, phase perturbation theory, or the Fraunhofer approxima-
tion, to express the property of that field that we wish the surface to produce. The second
is the representation of the random surface by a continuous sequence of straight-line seg-
ments with random slopes, in the case of a one-dimensional surface, or by a continuous
array of triangular facets, whose slopes along two perpendicular directions within each
facet are random variables, in the case of a two-dimensional surface. The design prob-
lem then simplifies to the determination of the probability density function of the slope
of each segment in the one-dimensional case, or the joint probability function of the two
slopes characterizing each triangular facet in the two-dimensional case. From a knowledge
of these probability density functions as many realizations of the random surfaces can be
generated as is desired.

Because of the approximations that go into the derivations of these probability density
functions, and hence into the generation of the random surfaces, it is necessary to validate
the approaches used by showing that the surfaces they produce indeed scatter light in the
manner they are designed to do. We do this by generating an ensemble of realizations of
the surface profile function. For each realization of the surface we then solve the direct
problem of the scattering of light from it by a method that is more rigorous than the one
used in obtaining that realization, e.g., by the use of the Kirchhoff approximation, but
without passing to the geometrical optics limit of it, or by a rigorous computer simulation
approach. This is because if we used the same approximation in calculating the scattering
from a surface that was used in generating it we would be testing only the quality of our
programming skills but not the quality of the surface.

We have chosen to work with random surfaces in designing optical elements that scatter
or transmit light in a prescribed fashion because the use of such surfaces leads to precise
algorithms for designing them, in the form of the representations of their surface profile
functions and the probability density functions of the slopes entering these representations.
These algorithms thus allow us to generate a realization of a random surface in its entirety
at once, rather than iteratively by the use of an optimization procedure. Such algorithms are
something that, for the most part, we have been unable to find in dealing with deterministic
surfaces.
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The advantages or disadvantages of the solution to the design problem developed in this
book in comparison with that provided by diffractive optics will be discussed at a later
point in this book. However, we note here that it can be used to design two-dimensional
surfaces with specified scattering properties almost as easily as it can be used to design
one-dimensional surfaces with such properties.

The fact that in applications of the surfaces designed by the methods described here only
a single realization of a random surface drawn from an ensemble of an infinite number of
possible realizations of that surface is fabricated is not an impediment to its use. In fact, we
show that the ensemble averages used in the calculations validating these design procedures
can be replaced by the use of a broadband source in illuminating a single realization of a
random surface.

In presenting the methods for designing randomly rough surfaces that scatter or transmit
light in specified ways, we have adopted a frankly didactic approach, and have tried to make
this book as self-contained as possible. As a result, a reader will become acquainted with
concepts, theoretical and computational methods, and experimental techniques that can be
useful in dealing with rough surface scattering problems beyond those to which they are
applied in this book. We have also not striven for mathematical rigor in our derivations, but
hope nonetheless that they contain no errors.

After a brief introduction to designer surfaces in Chapter 1, we turn in Chapter 2 to a
discussion of the design of one-dimensional randomly rough surfaces that scatter or trans-
mit light in specified ways. We consider first the case of perfectly conducting surfaces that
produce a scattered field with a specified angular dependence of its mean intensity, both
because of the relative simplicity of the scattering theory for such surfaces, and because a
perfect conductor is a good approximation to a metal in the infrared range of the optical
spectrum, a range that is of interest in information technology. The design of penetrable
surfaces—dielectric and metallic surfaces—with specified scattering properties is consid-
ered next. This discussion of penetrable surfaces leads to the study of random metallic sur-
faces that suppress the conversion of the surface electromagnetic waves they support into
volume electromagnetic waves in the vacuum region, or that utilize these surface waves to
produce a scattered field that displays the phenomenon of enhanced backscattering for only
a single, specified, angle of incidence. We then turn our attention away from the design of
surfaces that produce scattered fields with specified angular dependencies toward the de-
sign of surfaces that produce a scattered field at fixed angles of incidence and scattering
with a specified dependence of its intensity on the wavelength of the incident light. This
discussion prompts a discussion of opaque surfaces whose thermal emissivities at specified
angles of emission have prescribed wavelength dependencies. The design of surfaces that,
when illuminated by an incident beam with a suitable intensity profile, produce a scattered
beam with a specified intensity distribution in the mean scattering surface and a specified
spectral degree of coherence in that surface, is considered next. It is also shown that such
surfaces can transform an incident field with a specified intensity profile into a beam with
a different specified intensity profile.

The discussion up to this point has been devoted to surfaces with specified scattering
properties. It is important for applications to be able to design surfaces that transmit light
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in a prescribed way. This we do for the case of transmission through a film with a planar
illuminated surface and a randomly rough back surface. It is shown how the latter surface
can be designed so as to produce a transmitted field with a prescribed angular dependence
of its mean intensity.

In the design of all of the randomly rough surfaces considered up to this point, an av-
erage over the ensemble of realizations of the surface profile function is carried out in
obtaining the probability density function of the slopes of the straight line segments from
which the surface is generated. In validating the design of each type of surface considered,
by solving the direct scattering problem for that surface for a large number of realiza-
tions of the surface, a second ensemble average is employed. This average eliminates the
speckles that would be present if a single realization of the surface were illuminated by
a monochromatic beam. An experimentalist, however, does not fabricate a large number
of random surfaces, all with the same statistical properties, and hence cannot average the
results measured for each of these realizations. We show how the ensemble average can be
replaced in theoretical calculations of rough surface scattering, and in experimental stud-
ies of it, by the use of a broadband beam to illuminate a single realization of the random
surface.

To validate the design approach developed in this chapter, the scattering of light from
the surfaces generated by its use is solved by a computational approach that is more rig-
orous than the approach used in solving the design problem, to avoid the circularity of the
demonstration that would occur if the same method was used to solve the design problem
and to validate it. The more rigorous approaches to the solution of the scattering problem
used in the validation process are described in some detail in each case. Finally, techniques
for fabricating in the laboratory one-dimensional randomly rough surfaces of the type con-
sidered in this chapter are described. Where they exist, experimental results demonstrating
that the surfaces designed in the ways described here indeed possess the scattering or trans-
mission properties they were designed to have, are also presented. However, in the present
case theory has outrun experiment, and the number of such experimental results is small.

The more difficult problem of designing two-dimensional randomly rough Dirichlet
surfaces that scatter a scalar plane wave in specified ways is discussed in Chapter 3. Here
a succession of three approaches is presented that are applicable to surfaces that on av-
erage have a rectangular, circular, or no particular symmetry. The order in which these
approaches are presented reflects the order in which they were developed by us, as our
understanding of the design problems involved grew. These approaches are illustrated by
applying them to the design of surfaces that produce a scattered field with a specified an-
gular dependence of its mean intensity, that produce a transmitted field with a specified
spatial dependence of its mean intensity, and that produce a scattered field with specified
coherence properties. Methods for solving the direct problem of scattering from a two-
dimensional rough surface, which are needed for validating the approaches derived in this
chapter, are presented. Techniques for fabricating such surfaces on photoresist are also
described, and experimental results obtained with their use are presented.
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Chapter 1

INTRODUCTION

The appearance of objects illuminated by natural light depends on the kind of illumina-
tion employed. Diffuse illumination is the kind produced by an overcast sky, while direct
illumination is the kind provided by a distant source, like the Sun on a clear day. The low
contrast scenes obtained with diffuse illumination are considered more pleasant and easier
to record than the high contrast ones obtained with direct illumination, which produces
strongly defined shadows. Perhaps for this reason, illumination systems often combine
light sources with diffusing screens (e.g., bulbs and lampshades).

Optical diffusers are optical elements that produce diffuse light by modifying the angu-
lar divergence of the incident light. They are used to smooth and homogenize the illumi-
nation provided by filament lamps,, LEDs, arc lamps, and other sources, and are useful in
illumination systems, microscopes, projection systems, computer screens, bar code scan-
ners, and radiometers, to mention but a few applications.

The conventional methods to produce diffuse light are based on volume and/or surface
scattering. An opal glass diffuser, for instance, consists of a slab of glass that contains
small particles or inhomogeneities. A ground glass diffuser, on the other hand, is a plane-
parallel window of transparent glass with a polished front face and a ground rear face.
Diffusers based on volume scattering produce nearly Lambertian scattering distributions.
That is, the angular intensity distribution of the scattered light follows a cosine law as a
function of the scattering angle. Diffusers of this kind are often used as diffuse reflectance
standards [1.1]. On the other hand, diffusers based on surface scattering diffuse light less
thoroughly, producing typically Gaussian-like angular intensity distributions. For the pur-
poses of illuminating a scene evenly, opal glass diffusers are better, but the scattering losses
are much higher than those associated with ground glass diffusers.

Given the ubiquity of diffuse light and its importance in everyday life, it is not surprising
that there have been many attempts to produce diffusers that have a high transmission
efficiency and, at the same time, provide uniform illumination over a given area (see, e.g.,
[1.2–1.7]). The design of optical elements to tailor the illumination conditions in different
practical situations is a classical problem in optics. With the advances in diffractive optics
and computer generated holography, cheap optical diffusers designed for a variety of tasks
have become commercially available.

The diffractive optical diffusers are deterministic periodic structures that produce, es-
sentially, an array of diffractive orders over the desired region in the far field [1.6]. In
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order to produce some overlap between the orders, the cell size must be greater than about
500 wavelengths. The design is usually based on scalar diffraction theory and paraxial op-
tics [1.8]. The smallest features impressed in the plate must then be larger than the wave-
length of the light employed and the angles of scattering must be small (so that the cosine
of the angle of scattering can be approximated by unity), imposing some limitations on the
achievable designs. The structure within the cell is not obtained analytically, and must be
found through some kind of optimization algorithm.

Most of the designs employ binary phase distributions. Thus, the resulting diffusers
work well only in the neighborhood of the design wavelength, and would not be useful in
applications that use broadband illumination. The sensitivity to the wavelength can be de-
creased by using multilayer designs and subwavelength structures [1.9], but the presence of
even a small fraction of the incident light in the undiffracted order can be unacceptable for
some applications. So, although diffractive optical elements have been successful in solv-
ing some problems and have replaced opal and ground glass diffusers in many applications,
there are situations for which they would not be appropriate.

In this book, we describe an alternative approach to the design of optical diffusers.
It is based on refraction, rather than diffraction. This kind of diffuser is well suited for
applications in which broadband illumination is required. Our involvement on this research
topic started a few years ago, when we became interested in the possibility of designing
random surfaces that would act as uniform diffusers. It was not clear at the time if this
was possible, and if so, what kind of statistics the surfaces would have. It was clear that
the surfaces would have to be sufficiently rough to extinguish the coherent or specular
component, and it soon became evident that in this limit the statistics of the surface would
have to be non-Gaussian. This conclusion can be reached by noting that the derivative of a
Gaussian process is itself Gaussian and, as explained later in the book, in the geometrical
optics approximation the mean intensity is a fairly direct map of the probability density
function of slopes on the surface. It is however not necessary to invoke the geometrical
optics approximation to reach this conclusion (see, e.g., the discussion in Section 2.1.2.1).
Since not much is known about scattering by non-Gaussian surfaces this constituted an
interesting challenge and research topic.

The kind of approach described here has been successful in tackling many problems,
and complements diffractive optics. The method has been investigated in a series of papers,
and has evolved throughout the last few years. In contrast to the case of diffractive optical
elements, which are better known and for which there are a few reviews and books [1.8,
1.10], there is no comprehensive or unified account of the methods and the problems that
have been considered with this approach. This book attempts to fill this void.

From the beginning, due perhaps to our background, our approach was to search for
random surfaces. It is of course possible to approach the design in terms of deterministic
procedures, as one does with diffractive optical elements. We shall see however, that the
random approach provides simple and well-defined procedures for designing the diffusers,
without having to resort to iterative techniques that might not converge for some designs.

Optical diffusers are related to coherent beam shapers [1.11,1.12], which are optical
elements employed to modify the spatial profile of laser beams. A typical application for
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(a)

(b)

Figure 1.1. Illustration of the differences between diffusers and beam shapers.

a beam shaper consists in the conversion of a Gaussian laser beam into a flat-top beam with-
out a significant modification of its propagation properties. Although this can be achieved
by the use of an absorbing mask that compensates for the intensity variations in the beam,
the interesting problem is the design of lossless optical elements that produce similar re-
sults. Since beam shapers can also be used to produce a prescribed intensity profile on a
given plane and can work with spatially partially coherent beams [1.13], the differences
between a diffuser and a coherent beam shaper are not well defined.

In general terms, it can be said that coherent beam shapers redistribute the intensity
without scrambling the phase of the output beam, which then retains some kind of direc-
tionality. With diffusers, in contrast, each element scatters light (on average) within a well-
defined cone, and the output complex amplitude results from the superposition of many
such contributions. So, beam shapers are based on a 1 to 1 mapping between the input and
output, whereas optical diffusers work on a 1 to N mapping. This difference is illustrated
in Fig. 1.1. Beam shapers retain phase coherence and should not produce speckle when
illuminated by coherent light. Diffusers, on the other hand, produce intensity fluctuations
that depend on the coherence of the illumination. The kind of averaging provided by the
coherence of the illumination and its connection with ensemble averages will be a subject
of discussions in various sections of the book. When diffusers are used in beam shaping
problems, it should be clear that this is done on the basis of a 1 to N mapping.
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Chapter 2

ONE-DIMENSIONAL SURFACES

We begin our discussion of designer surfaces by considering one-dimensional randomly
rough surfaces. The theory for such surfaces is much simpler than it is for two-dimensional
randomly rough surfaces, but still provides an introduction to the approaches that have
been used in dealing with the latter surfaces. Moreover, there are applications for which a
one-dimensional rough surface is sufficient to their needs. We will see examples of such
applications in this chapter.

We first describe an approach to the design of a one-dimensional randomly rough per-
fectly conducting surface that produces a specified angular dependence of the mean in-
tensity of the scattered light. It is based on the geometrical optics limit of the Kirchhoff
approximation, and the form of the surface assumed in this analysis underlies the design
of many of the one-dimensional randomly rough surfaces that will be considered in this
chapter. On the basis of the concepts developed in the treatment of scattering from per-
fectly conducting surfaces, an approach also based on the geometrical optics limit of the
Kirchhoff approximation is then developed for the design of one-dimensional randomly
rough surfaces, bounding finitely conducting lossy metals or dielectric media, that possess
prescribed scattering properties. It is then shown how to generate a metallic surface that
suppresses the conversion into bulk electromagnetic waves in the vacuum region above it
when a surface electromagnetic wave propagates across it, and a surface that produces an
enhanced backscattering peak for only a single, specified angle of incidence.

What the surfaces just described have in common is that they produce a scattered field
with a prescribed angular dependence of its mean intensity. However, such surfaces are
not the only ones of interest. Also interesting for a variety of applications are randomly
rough surfaces that for fixed angles of incidence and scattering produce a scattered field
with a mean intensity that has a specified dependence on its frequency. It is shown how
such surfaces can be designed. As an outgrowth of this theory a method is presented for
designing randomly rough surfaces with specified thermal emissivities.

The intensity of the scattered field is the limit for coinciding arguments of the correlation
function of the values of the field at two different spatial points. Such a correlation function
enters the definition of the spatial coherence of the scattered field, which is the property of
the field that is most closely associated with interference. It is shown how a surface can be
designed to produce a scattered field with a specified spectral degree of coherence in the
mean scattering plane, and how to shape the incident field so that the scattered field has

5
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a specified intensity distribution in that plane. The combination of these two results shows
how it is possible to design a surface that transforms an incident field with a specified
intensity distribution into a scattered field with a different specified intensity distribution,
a process called beam shaping.

The preceding theory is then extended to the case of the transmission of light through
a thin metallic or dielectric film with a randomly rough surface, and it is shown how that
surface can be designed so that the film produces a specified angular dependence of the
mean intensity of the light transmitted through it.

The surfaces generated by the approaches developed in this chapter are validated by
calculations of the angular, spatial, coherence, or wavelength properties of the scattered
field the surfaces are designed to produce, on the basis of scattering theories that are more
rigorous than those used to generate the surfaces. For a monochromatic incident field the
results of the scattering calculations are averaged over the ensemble of realizations of the
surface profile function, to average over the speckles that arise when a single realization of
the surface profile function is illuminated by such a field. Experimentalists, however, work
with just a single realization of the surface. We show how averaging over speckles in this
case can be effected by the use of a broadband (polychromatic) incident field instead of a
monochromatic incident field.

Finally, an approach to the fabrication on photoresist of one-dimensional randomly
rough surfaces of the kind considered in this chapter is described.

2.1. Perfectly Conducting Surfaces

The scattering of light from a perfectly conducting surface is a convenient starting point
for the development of an approach to the design of a randomly rough surface with spec-
ified scattering properties. Only the field in the vacuum region above the surface needs
to be considered, and the boundary condition it satisfies on the surface is a simple one.
Nevertheless, as we will see, the ideas that lead to a solution of this problem in this simple
case can also be applied to the solution of this problem for realistic, penetrable surfaces.
In addition to the mathematical simplifications the assumption of a perfectly conducting
scattering medium introduces into theories of rough surface scattering, the fact that in the
infrared and longer wavelength regions of the optical spectrum metals are well approxi-
mated by perfect conductors also prompts studies of the scattering of light by perfectly
conducting surfaces. This section is therefore devoted to the presentation of an approach
to the design of a one-dimensional randomly perfectly conducting surface that produces a
prescribed angular dependence of the intensity of the field scattered from it.

2.1.1. Scattering Theory

The physical system we consider consists of vacuum in the region x3 > ζ(x1) and a perfect
conductor in the region x3 < ζ(x1) (Fig. 2.1). The surface profile function ζ(x1) is assumed
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Figure 2.1. The geometry assumed in calculations of the scattering of light from a one-dimensional randomly
rough perfectly conducting surface.

to be a single-valued function of x1 that is at least twice differentiable, and constitutes a
random process, but not necessarily a stationary one.

We assume that the surface x3 = ζ(x1) is illuminated from the vacuum region by a
p- or s-polarized electromagnetic field of frequency ω, whose plane of incidence is the
x1x3 plane. In this geometry the plane of scattering is also the x1x3 plane, and there is
no cross-polarized scattering: the scattered field is p-polarized when the incident field is
p-polarized, and s-polarized when the incident field is s-polarized. We can treat the cases
of p and s polarization simultaneously by introducing the function Fν(x1, x3|ω), which is
H2(x1, x3|ω) when ν = p (p polarization), and is E2(x1, x3|ω) when ν = s (s polariza-
tion). H2(x1, x3|ω) (E2(x1, x3|ω)) is the single nonzero component of the total magnetic
(electric) field in the vacuum region in p (s) polarization. The function Fν(x1, x3|ω) satis-
fies the Helmholtz equation

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ω2

c2

)
Fν(x1, x3|ω) = 0, x3 > ζ(x1), (2.1.1)

where c is the speed of light in vacuum. A time dependence of the field of the form
exp(−iωt) has been assumed, but it has not been indicated explicitly.

The field Fν(x1, x3|ω) satisfies either (a) the Dirichlet boundary condition

Fν(x1, x3|ω)
∣∣
x3=ζ(x1)

= 0, (2.1.2)

when ν = s (s polarization), or (b) the Neumann boundary condition

∂

∂n
Fν(x1, x3|ω)

∣∣∣∣
x3=ζ(x1)

= 0, (2.1.3)
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when ν = p (p polarization), on the rough surface x3 = ζ(x1). In Eq. (2.1.3) ∂/∂n is the
derivative along the normal to this surface at each point, directed into the vacuum,

∂

∂n
= 1

[1 + (ζ ′(x1))2] 1
2

(
−ζ ′(x1)

∂

∂x1
+ ∂

∂x3

)
, (2.1.4)

where the prime denotes differentiation with respect to argument. In addition, we require
that Fν(x1, x3|ω) be the sum of an incoming incident wave and outgoing scattered waves
at x3 = ∞.

We introduce the free space Green’s function G0(x1, x3|x1, x3) as the solution of the
equation

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ω2

c2

)
G0(x1, x3|x′

1, x
′
3) = −4πδ(x1 − x′

1)δ(x3 − x′
3) (2.1.5)

subject to an outgoing wave condition at infinity. It has the representations

G0(x1, x3|x′
1, x

′
3) = iπH

(1)
0

(
(ω/c)

[
(x1 − x′

1)
2 + (x3 − x′

3)
2] 1

2
)

(2.1.6a)

=
∞∫

−∞

dq

2π

2πi

α0(q)
exp

[
iq(x1 − x′

1)
]

exp
[
iα0(q)|x3 − x′

3|
]
,

(2.1.6b)

where H
(1)
0 (z) is a Hankel function of the first kind and zero order, and

α0(q) = [
(ω/c)2 − q2] 1

2 , Reα0(q) > 0, Imα0(q) > 0. (2.1.7)

2.1.1.1. The Scattered Field We now invoke Green’s second integral identity in the
plane [2.1], which applies to a bounded, planar, singly-connected region R of the x1x3

plane, whose boundary is a closed regular curve C. Thus, let u(x1, x3) and v(x1, x3) be
two arbitrary functions of x1 and x3 which together with their first partial derivatives are
continuous in the region R and on the curve C. The theorem states that

∫
R

∫
dx1 dx3

(
u∇2v − v∇2u

) =
∫
C

ds

(
u

∂

∂ν
v − v

∂

∂ν
u

)
, (2.1.8)

where ∇2 = (∂2/∂x2
1 + ∂2/∂x2

3), ds is the element of arc length along the curve C, and
∂/∂ν is the derivative along the normal to the curve C at each point of it, directed away
from the region R. We apply this theorem to the region x3 > ζ(x1).
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In this region we set u(x1, x3) = Fν(x2, x3|ω) and v(x1, x3) = G0(x1, x3|x′
1, x

′
3). For

the curve C we take the union of the curve x3 = ζ(x1), which we denote by s, and a semi-
circle of infinite radius in the region x3 > ζ(x1), which we denote by C(+∞). With the use
of Eqs. (2.1.1) and (2.1.5), and the boundary conditions at infinity satisfied by Fν(x1, x3|ω)

and G0(x1, x3|x′
1, x

′
3), we obtain the equation

−4πθ
(
x′

3 − ζ(x′
1)
)
Fν(x

′
1, x

′
3|ω)

= −
∫
s

ds

[
Fν(x1, x3|ω)

∂

∂n
G0(x1, x3|x′

1, x
′
3) − G0(x1, x3|x′

1, x
′
3)

∂

∂n
Fν(x1, x3|ω)

]

+
∫

C(+∞)

ds

[
Fν(x1, x3|ω)

∂

∂ν
G0(x1, x3|x′

1, x
′
3) − G0(x1, x3|x′

1, x
′
3)

∂

∂ν
Fν(x1, x3|ω)

]
,

(2.1.9)

where θ(x) is the Heaviside unit step function. Because the scattered field satisfies a ra-
diation condition at infinity, its contribution to the integral over the semicircle C(+∞) on
the right-hand side of Eq. (2.1.9) vanishes. The latter therefore yields −4πFν(x

′
1, x

′
3|ω)inc,

where Fν(x1, x3|ω)inc is the incident field.
The incident field satisfies the Helmholtz equation(

∂2

∂x2
1

+ ∂2

∂x2
3

+ ω2

c2

)
Fν(x1, x3|ω)inc = 0. (2.1.10)

We will represent it in the form of an incoming plane wave,

Fν(x1, x3|ω)inc = exp
[
ikx1 − iα0(k)x3

]
. (2.1.11)

We can then rewrite Eq. (2.1.9) as

θ
(
x3 − ζ(x1)

)
Fν(x1, x3|ω)

= Fν(x1, x3|ω)inc + 1

4π

∫
s

ds′
[(

∂

∂n′ G0(x1, x3|x′
1, x

′
3)

)
Fν(x

′
1, x

′
3|ω)

− G0(x1, x3|x′
1, x

′
3)

∂

∂n′ Fν(x
′
1, x

′
3|ω)

]
. (2.1.12)

In writing this equation we have used the symmetry of G0(x1, x3|x′
1, x

′
3) in (x1, x3) and

(x′
1, x

′
3).

When ν = s, then in view of the boundary condition (2.1.2) Eq. (2.1.11) becomes

θ
(
x3 − ζ(x1)

)
E2(x1, x3|ω)

= E2(x1, x3|ω)inc − 1

4π

∫
s

ds′ G0(x1, x3|x′
1, x

′
3)

∂

∂n′ E2(x
′
1, x

′
3|ω). (2.1.13)
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When ν = p, then in view of the boundary condition (2.1.3) Eq. (2.1.12) becomes

θ
(
x3 − ζ(x1)

)
H2(x1, x3|ω)

= H2(x1, x3|ω)inc + 1

4π

∫
s

ds′
(

∂

∂n′ G0(x1, x3|x′
1, x

′
3)

)
H2(x

′
1, x

′
3|ω).

(2.1.14)

Since we have assumed that the surface profile function ζ(x1) is a single-valued function
of x1, we can replace integration along the curve s by integration along the x1 axis with
the aid of the relation

ds = [
1 + (

ζ ′(x1)
)2] 1

2 dx1. (2.1.15)

Consequently, Eq. (2.1.13) can be rewritten as

θ
(
x3 − ζ(x1)

)
E2(x1, x3|ω)

= E2(x1, x3|ω)inc − 1

4π

∞∫
−∞

dx′
1

[
G0(x1, x3|x′

1, x
′
3)
]∣∣

x′
3=ζ(x′

1)
F (x′

1|ω), (2.1.16)

where the source function F(x1|ω) is defined by

F(x1|ω) = ∂

∂N
E2(x1, x3|ω)

∣∣
x3=ζ(x1)

, (2.1.17)

and
∂

∂N
= −ζ ′(x1)

∂

∂x1
+ ∂

∂x3
(2.1.18)

is the non-normalized derivative along the normal to the surface x3 = ζ(x1) at each point,
directed into the vacuum region.

Similarly, Eq. (2.1.14) can be rewritten in the form

θ
(
x3 − ζ(x1)

)
H2(x1, x3|ω)

= H2(x1, x3|ω)inc + 1

4π

∞∫
−∞

dx′
1

[
∂

∂N ′ G0(x1, x3|x′
1, x

′
3)

]∣∣∣∣
x′

3=ζ(x′
1)

H(x′
1|ω),

(2.1.19)

where the source function H(x1|ω) is defined by

H(x1|ω) = H2(x1, x3|ω)
∣∣
x3=ζ(x1)

. (2.1.20)
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The scattered field in s polarization is given by the second term on the right-hand side
of Eq. (2.1.16),

E2(x1, x3|ω)sc = − 1

4π

∞∫
−∞

dx′
1

[
G0(x1, x3|x′

1, x
′
3)
]∣∣

x′
3=ζ(x′

1)
F (x′

1|ω). (2.1.21)

With the use of the representation (2.1.6b) for the Green’s function G0(x1, x3|x′
1, x

′
3) we

find that the scattered field in the far zone is given by

E2(x1, x3|ω)sc =
∞∫

−∞

dq

2π
Rs(q|k) exp

[
iqx1 + iα0(q)x3

]
, (2.1.22)

where the scattering amplitude Rs(q|k) is

Rs(q|k) = − i

2α0(q)

∞∫
−∞

dx1 F(x1|ω) exp
[−iqx1 − iα0(q)ζ(x1)

]
. (2.1.23)

The dependence of Rs(q|k) on the wave number k arises from the dependence of the source
function F(x1|ω) on the incident field (2.1.11).

The scattered field in p polarization is given by the second term on the right-hand side
of Eq. (2.1.19),

H2(x1, x3|ω)sc = 1

4π

∞∫
−∞

dx′
1

[
∂

∂N ′ G0(x1, x3|x′
1, x

′
3)

]∣∣∣∣
x′

3=ζ(x′
1)

H(x′
1|ω). (2.1.24)

With the use of Eq. (2.1.6b) the scattered field in the far zone can be represented as

H2(x1, x3|ω)sc =
∞∫

−∞

dq

2π
Rp(q|k) exp

[
iqx1 + iα0(q)x3

]
, (2.1.25)

where the scattering amplitude Rp(q|k) is given by

Rp(q|k) = − 1

2α0(q)

∞∫
−∞

dx1
[
qζ ′(x1) − α0(q)

]
H(x1|ω) exp

[−iqx1 − iα0(q)ζ(x1)
]
.

(2.1.26)
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2.1.1.2. The Mean Differential Reflection Coefficient The scattering amplitudes Rs(q|k)

and Rp(q|k) play a central role in the present theory, because the differential reflection
coefficient is expressed in terms of them. The differential reflection coefficient (∂R/∂θs)

is defined in such a way that (∂R/∂θs) dθs is the fraction of the total time-averaged flux
incident on the surface x3 = ζ(x1) that is scattered into the angular region (θs, θs + dθs) in
the limit as dθs tends to zero.

In calculating the total time-averaged flux in the incident and scattered fields we are
interested in only the components of the Poynting vector antiparallel and parallel to the x3
axis, respectively, not in the components parallel to the x1x2 plane.

Because in the present case the medium from which the field is incident, and into which
it is scattered, is vacuum, we can write the real part of the 3-component of the complex
Poynting vector in the region x3 > ζ(x1) as (ν = p, s)

ReSc
3ν = Re

(
−i

c2

8πω

∂Fν

∂x3
F ∗

ν

)
. (2.1.27)

With the form of the incident field given by Eq. (2.1.11) we obtain for the magnitude of
the total time-averaged incident flux incident on the plane x3 = 0,

Pinc = −
L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2
(
ReSc

3ν

)
inc (2.1.28a)

= L1L2
c2α0(k)

8πω
, (2.1.28b)

for light of either polarization. Here L1 and L2 are the lengths of the x1 and x2 axes,
respectively, covered by the rough surface, and the minus sign on the right-hand side of
Eq. (2.1.28a) compensates for the fact that the 3-component of the Poynting vector of the
incident field is negative.

With the scattered fields (2.1.22) and (2.1.25) written in the form (ν = p, s)

Fν(x1, x3|ω)sc =
∞∫

−∞

dq

2π
Rν(q|k) exp

[
iqx1 + iα0(q)x3

]
, (2.1.29)

the total time-averaged scattered flux leaving the surface x3 = 0 is

Psc =
L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2
(
ReSc

3ν

)
sc (2.1.30a)
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= Re
c2

8πω

L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2

∞∫
−∞

dq

2π

∞∫
−∞

dq ′

2π
α0(q)Rν(q|k)R∗

ν (q ′|k)

× exp
[
i(q − q ′)x1

]
exp

{
i
[
α0(q) − α∗

0(q ′)
]
x3
}

= ReL2
c2

8πω

∞∫
−∞

dq

2π
α0(q)

∣∣Rν(q|k)
∣∣2 exp

[−2 Imα0(q)x3
]

= L2
c2

8πω

ω
c∫

− ω
c

dq

2π
α0(q)

∣∣Rν(q|k)
∣∣2, (2.1.30b)

where we have allowed L1 to tend to infinity.
We now introduce the angle of incidence θ0, measured counterclockwise from the x3

axis, and the scattering angle θs , measured clockwise from the x3 axis (see Fig. 2.1), by

k = (ω/c) sin θ0, q = (ω/c) sin θs, (2.1.31)

so that

α0(k) = (ω/c) cos θ0, α0(q) = (ω/c) cos θs, dq = (ω/c) cos θs dθs. (2.1.32)

The total time-averaged incident flux, Eq. (2.1.28b) then takes the form

Pinc = L1L2
c

8π
cos θ0. (2.1.33)

The total time-averaged scattered flux, Eq. (2.1.30b), becomes

Psc =
π
2∫

− π
2

dθs Psc(θs), (2.1.34)

where

Psc(θs) = L2
ω

16π2
cos2 θs

∣∣Rν(q|k)
∣∣2, (2.1.35)

where q and k are to be expressed in terms of θs and θ0 through Eqs. (2.1.31).
By definition, the differential reflection coefficient is given by

(
∂Rν

∂θs

)
= Psc(θs)

Pinc
= 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

∣∣Rν(q|k)
∣∣2. (2.1.36)
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Because we are concerned with scattering from a randomly rough surface defined by x3 =
ζ(x1), it is the mean differential reflection coefficient that we must calculate. It is given by

〈
∂Rν

∂θs

〉
= 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

〈∣∣Rν(q|k)
∣∣2〉, (2.1.37)

where q and k are given by Eqs. (2.1.31). Here, and in all that follows, the angle brackets
denote an average over the ensemble of realizations of the surface profile function.

2.1.1.3. The Equations Satisfied by the Source Functions From the results expressed
by Eqs. (2.1.23) and (2.1.26) we see that the determination of the scattering amplitudes
Rs(q|k) and Rp(q|k) that enter the expression for the mean differential reflection co-
efficient given by Eq. (2.1.37) requires knowledge of the source functions F(x1|ω) and
H(x1|ω). These functions satisfy integral equations that can be obtained in the following
way.

We return to Eq. (2.1.16), set x3 = ζ(x1)+η and x3 = ζ(x1)−η in turn in it, where η is
a positive infinitesimal, and add the resulting two equations. Keeping in mind the boundary
condition (2.1.2), we obtain

2E2(x1, x3|ω)
∣∣
x3=ζ(x1)

= 1

2π

∞∫
−∞

dx′
1

[
G0(x1, x3|x′

1, x
′
3)
]

x′
3=ζ(x′

1)

x3=ζ(x1)

F (x′
1|ω), (2.1.38)

a Fredholm equation of the first kind for F(x1|ω). In obtaining this equation we have used
the result that [2.2]

∞∫
−∞

dx′
1

[
G0(x1, x3|x′

1, x
′
3)
]

x′
3=ζ(x′

1)

x3=ζ(x1)±η

F (x′
1|ω)

=
∞∫

−∞
dx′

1

[
G0(x1, x3|x′

1, x
′
3)
]

x′
3=ζ(x′

1)

x3=ζ(x1)

F (x′
1|ω), (2.1.39)

i.e., that the singularity of the Green’s function [G0(x1, x3|x′
1, x

′
3)]x′

3=ζ(x′
1),x3=ζ(x1)

at
x1 = x′

1 is integrable.
An equation for F(x1|ω) that is more useful for certain purposes is obtained if we

assume that x3 > ζ(x1) and apply the operator ∂/∂N , Eq. (2.1.18), to both sides of
Eq. (2.1.16). In this way we obtain

θ
(
x3 − ζ(x1)

)(
∂E2(x1, x3|ω)/∂N

)
= (

∂E2(x1, x3|ω)inc/∂N
)
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− 1

4π

∞∫
−∞

dx′
1

[
∂G0(x1, x3|x′

1, x
′
3)/∂N

]
x′

3=ζ(x′
1)

F (x′
1|ω). (2.1.40)

We next set x3 equal to ζ(x1)+ η and ζ(x1)− η in turn, where η is a positive infinitesimal,
and add the two resulting equations. The result is the equation

F(x1|ω) = 2F(x1|ω)inc − 1

2π
P

∞∫
−∞

dx′
1

[
∂G0(x1, x3|x′

1, x
′
3)/∂N

]
x′

3=ζ(x′
1)

x3=ζ(x1)

F (x′
1|ω),

(2.1.41)
where P denotes the Cauchy principal value, and

F(x1|ω)inc = [
∂E2(x1, x3|ω)inc/∂N

]
x3=ζ(x1)

. (2.1.42)

Equation (2.1.41) is an inhomogeneous Fredholm equation of the second kind for F(x1|ω).
In obtaining Eq. (2.1.41) we have used the result that

∂

∂N
G0(x1, x3|x′

1, x
′
3)

∣∣∣∣ x′
3=ζ(x′

1)

x3=ζ(x1)+η

+ ∂

∂N
G0(x1, x3|x′

1, x
′
3)

∣∣∣∣ x′
3=ζ(x′

1)

x3=ζ(x1)−η

=

⎧⎪⎨
⎪⎩

2 ∂
∂N

G0(x1, x3|x′
1, x

′
3)
∣∣
x′

3=ζ(x′
1)

x3=ζ(x1)

x1 �= x′
1,

0 x1 = x′
1.

(2.1.43)

We obtain an integral equation satisfied by the source function H(x1|ω) by setting x3
equal to ζ(x1) + η and ζ(x1) − η in turn in Eq. (2.1.19) and adding the two resulting
equations. In this way we obtain the equation

H(x1|ω) = 2H(x1|ω)inc + 1

2π
P

∞∫
−∞

dx′
1

[
∂G0(x1, x3|x′

1, x
′
3)/∂N ′]

x′
3=ζ(x′

1)

x3=ζ(x1)

H(x′
1|ω),

(2.1.44)
where

H(x1|ω)inc = H2(x1, x3|ω)inc
∣∣
x3=ζ(x1)

. (2.1.45)

Equation (2.1.44) is an inhomogeneous Fredholm equation of the second kind for H(x1|ω).
In obtaining Eq. (2.1.44) we have used the result that

∂

∂N ′ G0(x1, x3|x′
1, x

′
3)

∣∣∣∣ x′
3=ζ(x′

1)

x3=ζ(x1)+η

+ ∂

∂N ′ G0(x1, x3|x′
1, x

′
3)

∣∣∣∣ x′
3=ζ(x′

1)

x3=ζ(x1)−η
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=

⎧⎪⎨
⎪⎩

2 ∂
∂N ′ G0(x1, x3|x′

1, x
′
3)
∣∣
x′

3=ζ(x′
1)

x3=ζ(x1)

x1 �= x′
1,

0 x1 = x′
1.

(2.1.46)

We will return to Eqs. (2.1.41) and (2.1.44) later in this chapter.

2.1.1.4. The Kirchhoff Approximation and its Geometrical Optics Limit In the preced-
ing section of this chapter we have presented a rigorous theory of the scattering of p- and
s-polarized light, incident from vacuum, from a one-dimensional, rough, perfectly con-
ducting surface. The very rigor of these results makes them ill-suited for the determination
of a surface profile function that produces a scattered field with a prescribed dependence
of the mean differential reflection coefficient on the scattering angle θs . No solutions of
Eqs. (2.1.41) and (2.1.44) for the source functions exist, apart from purely numerical ones.
We therefore use an approximate version of the theory developed in the preceding sec-
tions as the basis for the solution of this inverse problem. The approximate version of the
rigorous theory we use is the Kirchhoff approximation or, more accurately, the tangent
plane approximation. In fact, a major part of the theoretical and numerical analysis in this
book is based on this approximation due to its simplicity, and because its use avoids some
difficulties that can arise when other approximate theories are used. The rigorous results
obtained in the preceding sections of this chapter will be used later in this chapter to val-
idate the results obtained on the basis of the Kirchhoff approximation. We now turn to
a derivation of the equations underlying this approximation, adapting the approach pre-
sented by Voronovich [2.3] to the present case of scattering from a one-dimensional rough
surface.

We begin by assuming that the plane wave (2.1.11) is incident on the plane x3 = 0
bounding the scattering medium. The total field in the vacuum region x3 > 0 evaluated on
the plane x3 = 0 is then given by

F>
ν (x1,0|ω) = [

1 + Rν

(
α0(k)

)]
Fν(x1,0|ω)inc, (2.1.47)

while its normal derivative, evaluated on the same plane, is

∂

∂x3
F>

ν (x1,0|ω) = −iα0(k)
[
1 − Rν

(
α0(k)

)]
Fν(x1,0)inc, (2.1.48)

where Rν(α0(k)) is the Fresnel reflection amplitude. We now approximate the rough sur-
face x3 = ζ(x1) at each point on it by the plane tangent to it at this point, and assume that
the total field and its normal derivative at this point are given locally by Eqs. (2.1.47) and
(2.1.48). We substitute these expressions into the second term on the right-hand side of
Eq. (2.1.12) and obtain for the scattered field
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Fν(x1, x3|ω)sc = 1

4π

∫
s

ds′
{[

1 + Rν

(
α�(k|x′)

)]
Fν(x

′
1, x

′
3|ω)inc

∂

∂n′ G0(x1, x3|x′
1, x

′
3)

+ iα�(k|x′
1)
[
1 − Rν

(
α�(k|x′

1)
)]

Fν(x
′
1, x

′
3|ω)incG0(x1, x3|x′

1, x
′
3)

}
.

(2.1.49)

In this equation α�(k|x1) is the modulus of the projection of the wave vector (k,0,−α0(k))

of the incident field on a local normal to the surface,

n̂ = (−ζ ′(x1),0,1)

[1 + (ζ ′(x1))2] 1
2

, (2.1.50)

so that

α�(k|x1) = α0(k) + kζ ′(x1)

[1 + (ζ ′(x1))2] 1
2

. (2.1.51)

We now replace integration along the surface profile function s in Eq. (2.1.49) by in-
tegration along the x1 axis by the use of Eq. (2.1.15), use the representation (2.1.6b) for
the Green’s function G0(x1, x3|x′

1, x
′
3) in the case that x3 � x′

3, and substitute the expres-
sion (2.1.11) for Fν(x1, x3|ω)inc. In this way we obtain the scattered field in the form

Fν(x1, x3|ω)sc = −
∞∫

−∞

dq

2π
exp

[
iqx1 + iα0(q)x3

]

× 1

2α0(q)

∞∫
−∞

dx′
1 exp

{−i(q − k)x′
1 − i

[
α0(q) + α0(k)

]
ζ(x′

1)
}

× {[
1 + Rν

(
α�(kx′

1)
)][

qζ ′(x′
1) − α0(q)

]
+ [

1 − Rν

(
α�(k|x′

1)
)][

kζ ′(x′
1) + α0(k)

]}
. (2.1.52)

On comparing this result with the expression for the scattered field given by Eqs. (2.1.22)
and (2.1.25) we find that the scattering amplitude Rν(q|k) is given by

Rν(q|k) = − 1

2α0(q)

∞∫
−∞

dx1 exp
{−i(q − k)x1 − i

[
α0(q) + α0(k)

]
ζ(x1)

}

× {[
1 + Rν

(
α�(k|x1)

)][
qζ ′(x1) − α0(q)

]
+ [

1 − Rν

(
α�(k|x1)

)][
kζ ′(x1) + α0(k)

]}
. (2.1.53)
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A particularly convenient expression for the scattering amplitude is obtained if we eval-
uate the integral in Eq. (2.1.53) by the method of stationary phase. The stationary points
are obtained from the requirement that the derivative of the exponent vanish, with the result
that the ith stationary point is obtained from

ζ ′(x1i ) = − q − k

α0(q) + α0(k)
. (2.1.54)

We see that at each stationary point ζ ′(x1) has the value given by the right-hand side of
Eq. (2.1.54), and α�(k|x1) has the value

α�(k|x1i ) =
[
(ω/c)2 + α0(q)α0(k) − qk

2

] 1
2

(2.1.55a)

= ω

c
cos

(
θs + θ0

2

)
, (2.1.55b)

where we have used Eqs. (2.1.31) and (2.1.32). We approximate the factor multiplying the
exponential in the integrand on the right-hand side of Eq. (2.1.53) by its value calculated
at the stationary points, and find that

Rν(q|k) = Rν

(
α�(k|x1i )

) (ω/c)2 + α0(q)α0(k) − qk

α0(q)[α0(q) + α0(k)]

×
∞∫

−∞
dx1 exp

{−i(q − k)x1 − i
[
α0(q) + α0(k)

]
ζ(x1)

}
. (2.1.56)

This is the tangent plane or Kirchhoff approximation to the scattering amplitude Rν(q|k).
In the case of interest here, namely a perfectly conducting surface, the Fresnel reflection

amplitudes Rs(α0(k)) and Rp(α0(k)) entering Eqs. (2.1.47) and (2.1.48) are readily found
to be

Rs

(
α0(k)

) = −1, (2.1.57a)

Rp

(
α0(k)

) = 1, (2.1.57b)

independent of α0(k). It follows that the reflection amplitudes Rs(α�(k|x1i )) and
Rp(α�(k|x1i )) entering Eq. (2.1.56) have the same values. We thus obtain that the Kirch-
hoff approximation to the scattering amplitude Rν(q|k) takes the form

Rs(q|k) = − (ω/c)2 + α0(q)α0(k) − qk

α0(q)[α0(q) + α0(k)]

×
∞∫

−∞
dx1 exp

{−i(q − k)x1 − i
[
α0(q) + α0(k)

]
ζ(x1)

}
(2.1.58a)

= −Rp(q|k). (2.1.58b)
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It should be noted that the results given by Eqs. (2.1.58) are precisely the results that are
obtained from Eqs. (2.1.23) and (2.1.25) when the source functions F(x1|ω) and H(x1|ω)

entering them are given by the inhomogeneous term on the right-hand side of Eqs. (2.1.41)–
(2.1.42) and (2.1.44)–(2.1.45), respectively.

We see from Eqs. (2.1.58) that within the Kirchhoff approximation the amplitudes for
the scattering of s- and p-polarized light from a one-dimensional rough perfectly con-
ducting surface differ only in sign. These amplitudes enter the mean differential reflection
coefficients (2.1.37) only through the square of their moduli. Consequently, within the
Kirchhoff approximation the mean differential reflection coefficient is independent of the
polarization of the incident light, and can be written

〈
∂R

∂θs

〉
= 1

L1

(
ω

2πc

) [1 + cos(θs + θ0)]2

cos θ0(cos θs + cos θ0)2

×
∞∫

−∞
dx1

∞∫
−∞

dx′
1 exp

[−i(q − k)(x1 − x′
1)
]

× 〈
exp

[−i
(
α0(q) + α0(k)

)(
ζ(x1) − ζ(x′

1)
)]〉

. (2.1.59)

As we will see later, if one goes beyond the Kirchhoff approximation, and includes contri-
butions from multiple-scattering processes, it is no longer the case that 〈∂Rs/∂θs〉 equals
〈∂Rp/∂θs〉, so that these functions have to be calculated separately.

Our goal in this work is to determine the surface profile function ζ(x1) that produces a
specified form of 〈∂R/∂θs〉 as a function of θs for a given θ0. As it stands, the expression
for 〈∂R/∂θs〉 as a function of ζ(x1) given by Eq. (2.1.59) is still too complicated for us
to invert to obtain ζ(x1) in terms of 〈∂R/∂θs〉. To simplify Eq. (2.1.59) we pass to the
geometrical optics limit of the Kirchhoff approximation. This limit is obtained if we make
the change of variable x′

1 = x1 +u in Eq. (2.1.59), expand the difference ζ(x1)− ζ(x1 +u)

in powers of u, and retain only the leading nonzero term:

〈
∂R

∂θs

〉
= 1

L1

(
ω

2πc

)
1

cos θ0

[
1 + cos(θs + θ0)

cos θs + cos θ0

]2

×
∞∫

−∞
dx1

∞∫
−∞

du exp
[
i(q − k)u

]〈
exp

[
iauζ ′(x1)

]〉
. (2.1.60)

To simplify the notation, in writing Eq. (2.1.60) we have introduced the function

a(θs, θ0) = α0(q) + α0(k) = (ω/c)(cos θs + cos θ0). (2.1.61)

Equation (2.1.60) is the starting point for the determination of the surface profile func-
tion ζ(x1) that produces a specified form of 〈∂R/∂θs〉.
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2.1.2. A Surface that Produces a Prescribed Angular Dependence of the Mean Intensity
of the Field Scattered from It

Our first goal in this chapter is to show how a one-dimensional randomly rough perfectly
conducting surface can be designed to produce a scattered field whose mean intensity has
a prescribed dependence on the scattering angle θs for a given value of the angle of inci-
dence θ0. In tackling this problem, it is good to know at the outset what kinds of surfaces
can produce a mean scattered intensity of a prescribed form or, what is equally important,
what kinds of surfaces cannot produce a mean scattered intensity of a desired form, so as
to avoid starting the solution of the inverse problem on the basis of invalid assumptions
about the nature of the surface we seek. In this section we address these questions.

As noted in Chapter 1, an optical element that has a variety of potential applications is
a band-limited uniform diffuser. In the present context this is a one-dimensional random
surface that produces a scattered field whose mean intensity is constant within a specified
range of scattering angles and vanishes outside this range. In Section 2.1.2.1 we show that
a surface whose surface profile function is a stationary Gaussian random process—a com-
monly used model for a randomly rough surface—cannot act as a band-limited uniform
diffuser. In Section 2.1.2.2 we present a representation of a one-dimensional surface pro-
file function that describes a perfectly conducting surface that can produce a scattered field
whose mean intensity can have essentially any specified (single-valued) dependence on the
scattering angle, including one that corresponds to a band-limited uniform diffuser. This
representation will be the basis for many of the results that will be obtained in the rest of
this chapter.

2.1.2.1. A Stationary Surface Let us assume for the moment that the surface profile func-
tion ζ(x1) is a stationary random process. The average in Eq. (2.1.60) is then independent
of x1. The integral over x1 therefore gives a factor of L1, the length of the x1 axis covered
by the rough surface. The integral over u then leads to the result

〈
∂R

∂θs

〉
=

(
ω

2πc

)
1

cos θ0

[
1 + cos(θs + θ0)

cos θs + cos θ0

]2

×
∞∫

−∞
dug(u) exp

[
i(ω/c)(sin θs − sin θ0)u

]
, (2.1.62)

where

g(u) =
〈
exp

[
i
ω

c
(cos θs + cos θ0)uζ ′(x1)

]〉
. (2.1.63)

To simplify the following discussion we assume that the angles of incidence and scat-
tering are sufficiently small that the function of θs and θ0 multiplying the integral in
Eq. (2.1.62) can be replaced by unity. This is not a very restrictive assumption. For ex-
ample, if θs = θ0 = 15◦, this function departs from unity by less than 3.5%. In this limit
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we have 〈
∂R

∂θs

〉
∼=

(
ω

2πc

) ∞∫
−∞

dug(u) exp
[
i(ω/c)(θs − θ0)u

]
, (2.1.64)

where now

g(u) = 〈
exp

[
i2(ω/c)uζ ′(x1)

]〉
. (2.1.65)

If we are interested, in particular, in obtaining a uniform distribution of the mean scattered
intensity in the range −θm < θs −θ0 < θm, and a vanishing mean scattered intensity outside
this range, so that 〈

∂R

∂θs

〉
= Kθ

(
θm − |θs − θ0|

)
, (2.1.66)

where K is a constant, we obtain from Eqs. (2.1.64) and (2.1.66) that

g(u) = 2Kθm sinc
[
(ω/c)θmu

]
, (2.1.67)

where sincx = sinx/x.
We can rewrite Eqs. (2.1.64) and (2.1.65) as

〈
∂R

∂θs

〉
=

(
ω

2πc

)〈 ∞∫
−∞

du exp
{
i(ω/c)

[
θs − θ0 + 2ζ ′(x1)

]
u
}〉

= ω

c

〈
δ

(
ω

c

[
θs − θ0 + 2ζ ′(x1)

])〉

= 1

2

〈
δ

(
θ0 − θs

2
− ζ ′(x1)

)〉
. (2.1.68)

Now, the probability density function (pdf) of slopes on the surface, p(s), is defined such
that p(s) ds is the probability that the slope ζ ′(x1) of the surface at an arbitrary point on
the x1 axis lies between s and s + ds. It is given formally by

p(s) = 〈
δ
(
s − ζ ′(x1)

)〉
. (2.1.69)

The fact that it is independent of x1 is a consequence of the assumed stationarity of the sur-
face profile function ζ(x1). On equating the right-hand sides of Eqs. (2.1.66) and (2.1.68),
and keeping the definition (2.1.69) in mind, we find that

p(s) = 2Kθ

(
1

2
θm − |s|

)
. (2.1.70)
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The normalization of p(s),

∞∫
−∞

ds p(s) = 1, (2.1.71)

yields the result that K = 1/(2θm), so that finally

p(s) = θ( 1
2θm − |s|)

θm

. (2.1.72)

This result shows that Eq. (2.1.66) will be satisfied if the pdf of slopes has a rectangular
shape.

Let us now assume that the surface profile function ζ(x1) is a zero-mean Gaussian
random process in addition to being a stationary random process. The resulting random
process is defined by a two-point surface height correlation function of the form

〈
ζ(x1)ζ(x′

1)
〉 = δ2W

(|x1 − x′
1|
)
, (2.1.73)

where δ = 〈ζ 2(x1)〉 1
2 is the root-mean-square (rms) height of the surface. The precise form

of the surface height autocorrelation function W(|x1|) is not required here. However, it is
required to possess several general properties. By definition

W(0) = 1. (2.1.74)

From the inequalities 〈(
ζ(x1) ± ζ(x′

1)
)2〉 � 0 (2.1.75)

and the definition (2.1.73) it follows that

−1 < W
(|x1 − x′

1|
)
< 1. (2.1.76)

Since the heights of the surface at two widely separated points on a random surface can be
assumed to be uncorrelated, it follows that W(|x1|) tends to zero as |x1| → ∞. Finally, for
small values of |x1| it is assumed that W(|x1|) has the form

W
(|x1|

) = 1 − x2
1

a2
+ O

(
x4

1

)
, (2.1.77)

where the characteristic length a is called the transverse correlation length of the surface
roughness. The absence of a term linear in |x1| in the expansion (2.1.77) means that we are
omitting fractal surfaces from the present discussion. It also means that W(|x1|) possesses
a second derivative at x1 = 0.
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The property of a Gaussian random process ζ(x1) that will be most useful in the re-
mainder of this section is expressed by [2.4]

〈
exp

{−i
[
aζ(x1) − bζ(x′

1)
]}〉 = exp

{
−1

2

〈[
aζ(x1) − bζ(x′

1)
]2〉}

= exp

{
−1

2
δ2[a2 + b2 − 2abW

(|x1 − x′
1|
)]}

,

(2.1.78)

where a and b are arbitrary coefficients.
Since the random process that is obtained by differentiating a Gaussian random process

is itself a Gaussian random process [2.5], it follows that if ζ(x1) is assumed to be a
Gaussian random process, then ζ ′(x1) is also a Gaussian random process. The pdf of
slopes (2.1.69) in this case is given by

p(s)G = lim
ε→0

〈
δ

(
s − ζ(x1 + ε) − ζ(x1)

ε

)〉

= lim
ε→0

∞∫
−∞

dk

2π
exp(iks)

〈
exp

{−ik
[
ζ(x1 + ε) − ζ(x1)

]
/ε

}〉

= lim
ε→0

∞∫
−∞

dk

2π
exp(iks) exp

{−(δk/ε)2[1 − W
(|ε|)]}

=
∞∫

−∞

dk

2π
exp(iks) exp

(−δ2k2/a2)

= a

2
√

πδ
exp

[
−a2s2

4δ2

]
, (2.1.79)

where we have used the Fourier integral representation of the Dirac delta function,

δ(x) =
∞∫

−∞

dk

2π
exp(ikx), (2.1.80)

and the small argument representation of W(|x1|), Eq. (2.1.77), in obtaining Eq. (2.1.79).
A comparison of the expressions for p(s) given by Eqs. (2.1.72) and (2.1.79) shows

that if we wish to design a one-dimensional random surface that acts as a band-limited
uniform diffuser, the corresponding surface profile function ζ(x1) cannot be assumed to be
a stationary zero-mean Gaussian random process.
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Although this result was obtained on the basis of the geometrical optics limit of the
Kirchhoff approximation, it has a more general validity. For, if we return to the Kirchhoff
approximation to the mean differential reflection coefficient given by Eq. (2.1.59) we find
that the function g(u) appearing in Eq. (2.1.62) is now given by

g(u) = 〈
exp

[−i(ω/c)(cos θs + cos θ0)
(
ζ(x1) − ζ(x1 + u)

)]〉
(2.1.81)

instead of by Eq. (2.1.63). Due to the assumption that ζ(x1) is a stationary random process,
the function defined by Eq. (2.1.81) is independent of x1. By the use of Eq. (2.1.78) we
find that Eq. (2.1.81) becomes

g(u) = exp
{−(ωδ/c)2(cos θs + cos θ0)

2[1 − W
(|u|)]}

→ exp
{−(2ωδ/c)2[1 − W

(|u|)]}, (2.1.82)

where the second expression obtains for small angles of incidence and scattering. Since
the magnitude of W(|u|) is always smaller or equal to unity, Eq. (2.1.76), the right-hand
side of Eq. (2.1.82) is positive for all u, so that Eq. (2.1.67) cannot be satisfied, even in the
Kirchhoff approximation, by the assumption that ζ(x1) is a stationary, zero-mean, Gaussian
random process.

It should be kept in mind that the failure of a surface profile function, assumed to con-
stitute a stationary, zero-mean Gaussian random process, to generate a scattered field with
a specified angular dependence of its mean intensity, has been demonstrated here only
for a surface intended to act as a band-limited uniform diffuser. Indeed, later in this book
we will show that a surface defined by a profile function that is a stationary, zero-mean,
Gaussian random process can generate a scattered field with certain specified spatial cor-
relation properties. Nevertheless, the conclusion to be drawn from the analysis presented
in this section is that in seeking to design a random surface that has prescribed scattering
properties it is best to begin with as few assumptions about the statistical properties of
the surface sought as possible. We now turn to a discussion of a representation of a ran-
dom surface that has sufficient flexibility to be able to produce scattering patterns of great
variety.

2.1.2.2. A Nonstationary Surface We now relax the assumption of the stationarity of
the surface. In this case because ζ(x1) has been assumed to be a nonstationary ran-
dom process, we cannot assume that ζ ′(x1) is a stationary random process. The average
〈exp[i(ω/c)(cos θs + cos θ0)uζ ′(x1)]〉 in Eq. (2.1.60) therefore has to be assumed to be a
function of x1, and we cannot carry out the integral over x1 to yield L1, as we did when
ζ(x1) was assumed to be a stationary random process.

To evaluate the double integral in Eq. (2.1.60) we proceed as follows. We define a set
of equally-spaced points along the x1-axis by xn = nb, where b is a characteristic length
and n = 0,±1,±2, . . . . Within the interval nb � x1 � (n+ 1)b the surface profile function
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ζ(x1) is assumed to have the linear form

ζ(x1) = anx1 + bn, nb � x1 � (n + 1)b. (2.1.83)

The slopes {an} are assumed to be independent identically distributed random deviates.
Therefore the pdf of an,

f (γ ) = 〈
δ(γ − an)

〉
, (2.1.84)

is independent of n. In order that the surface be continuous at, say, x1 = (n + 1)b, the
relation

bn+1 = bn − (n + 1)(an+1 − an)b (2.1.85)

must be satisfied. From this recurrence relation the {bn} can be determined from a knowl-
edge of the {an}, provided that an initial value, e.g., that of b0, is specified. With no loss
of generality we can assume that b0 = 0, and in what follows we do so. The solution of
Eq. (2.1.85) is then

bn = (a0 + a1 + · · · + an−1 − nan)b, n � 1, (2.1.86a)

b−n = −(
a−1 + a−2 + · · · + a−(n−1) − (n − 1)a−n

)
b, n � 1. (2.1.86b)

The double integral in Eq. (2.1.60) can now be evaluated. Thus, we have that

∞∫
−∞

dx1

∞∫
−∞

du exp
[
i(q − k)u

]〈
exp

[
iauζ ′(x1)

]〉

=
∞∫

−∞
du exp

[
i(q − k)u

] Ns−1∑
n=−Ns

(n+1)b∫
nb

dx1
〈
exp(iauan)

〉

=
∞∫

−∞
du exp

[
i(q − k)u

] Ns−1∑
n=−Ns

(n+1)b∫
nb

dx1

∞∫
−∞

dγ f (γ ) exp(iauγ )

= 2Nsb

∞∫
−∞

dγ f (γ )

∞∫
−∞

du exp
[
i(q − k + aγ )

]

= 2Nsb

∞∫
−∞

dγ f (γ )2πδ(q − k + aγ )

= 2Nsb
2π

a
f

(
k − q

a

)
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= 2Nsb
2π

(ω/c)(cos θ0 + cos θs)
f

(
sin θ0 − sin θs

cos θ0 + cos θs

)
. (2.1.87)

If we now use the fact that the length L1 is equal to 2Nsb, then on combining
Eqs. (2.1.60) and (2.1.87) we obtain

〈
∂R

∂θs

〉
(θs, θ0) = [1 + cos(θ0 + θs)]2

cos θ0(cos θ0 + cos θs)3
f

(
sin θ0 − sin θs

cos θ0 + cos θs

)
, (2.1.88)

where we have indicated explicitly that the mean differential reflection coefficient depends
on both θs and θ0. We now make the change of variable

sin θ0 − sin θs

cos θ0 + cos θs

= −γ. (2.1.89)

With the aid of the identities

sinA − sinB = 2 cos
1

2
(A + B) sin

1

2
(A − B), (2.1.90a)

cosA + cosB = 2 cos
1

2
(A + B) cos

1

2
(A − B) (2.1.90b)

we can rewrite Eq. (2.1.89) as

γ = tan
1

2
(θs − θ0), (2.1.91)

so that

θs = θ0 + 2 tan−1 γ. (2.1.92)

From Eq. (2.1.89) we obtain the useful results

cos θs = (1 − γ 2) cos θ0 − 2γ sin θ0

1 + γ 2
, sin θs = (1 − γ 2) sin θ0 + 2γ cos θ0

1 + γ 2
. (2.1.93)

It follows from these results and Eq. (2.1.88) that

f (−γ ) = cos θ0(cos θ0 + cos θs)
3

[1 + cos(θ0 + θs)]2

〈
∂R

∂θs

〉(
θ0 + 2 tan−1 γ, θ0

)
. (2.1.94)

With the use of Eqs. (2.1.93) we find that

cos θ0(cos θ0 + cos θs)
3

[1 + cos(θs + θ0)]2
= 2

1 + γ 2

cos θ0

cos θ0 − γ sin θ0
. (2.1.95)
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Therefore, we can rewrite Eq. (2.1.94) as

f (γ ) = 2

1 + γ 2

cos θ0

cos θ0 + γ sin θ0

〈
∂R

∂θs

〉(
θ0 − 2 tan−1 γ, θ0

)
. (2.1.96)

Thus, if we wish to design a one-dimensional, randomly rough, perfectly conducting
surface which, when illuminated by s- or p-polarized light at an angle of incidence θ0,
produces a specified form of 〈∂R/∂θs〉(θs, θ0), we must first replace θs by θ0 − 2 tan−1 γ

and then determine f (γ ) from Eq. (2.1.96). A long sequence of {an} is determined from
f (γ ), e.g., by the rejection method [2.6], and the corresponding sequence of {bn} is ob-
tained from Eqs. (2.1.85) or (2.1.86). A realization of the surface profile function ζ(x1) is
then constructed on the basis of Eq. (2.1.83).

The surface profile functions generated in this fashion possess the following general
properties. The mean value of ζ(x1) is given by

〈
ζ(x1)

〉 = 〈anx1 + bn〉, nb � x1 � (n + 1)b. (2.1.97)

The average of an is 〈a〉, independent of n. The average of bn is therefore zero, according
to Eqs. (2.1.86). Consequently, we find that

〈
ζ(x1)

〉 = 〈a〉x1, (2.1.98)

independent of n. This result means that the mean surface profile function will grow lin-
early with x1 unless 〈a〉 = 0. This condition will be satisfied if f (γ ) is an even function
of γ .

The mean square height of the surface is given by

〈
ζ 2(x1)

〉 = 〈
(anx1 + bn)

2〉
= 〈

a2
n

〉
x2

1 + 2〈anbn〉x1 + 〈
b2
n

〉
, nb � x1 � (n + 1)b. (2.1.99)

The value of 〈a2
n〉 is 〈a2〉, independent of n. From Eqs. (2.1.86) we find that 〈anbn〉 =

−n〈a2〉b for n � 0, while 〈b2
n〉 = n(n + 1)〈a2〉b2 for n � 0. Thus, we find that

〈
ζ 2(x1)

〉 = 〈
a2〉[x2

1 − 2nbx1 + n(n + 1)b2], nb � x1 � (n + 1)b, (2.1.100a)

for n � 0. A similar analysis shows that

〈
ζ 2(x1)

〉 = 〈
a2〉[x2

1 + 2nbx1 + n(n + 1)b2], −(n + 1)b � x1 � −nb, (2.1.100b)

for n � 0. These results show that ζ(x1) is not a stationary function of x1. In addition they
show that 〈ζ 2(x1)〉 is an even function of x1.
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In the common case of normal incidence, θ0 = 0, Eq. (2.1.96) simplifies to

f (γ ) = 2

1 + γ 2

〈
∂R

∂θs

〉(−2 tan−1 γ,0
)
, (2.1.101)

with

cos θs = 1 − γ 2

1 + γ 2
, sin θs = 2γ

1 + γ 2
. (2.1.102)

2.1.3. Solution of the Scattering Problem

How well the random surfaces generated in the manner described in the preceding section
produce a calculated scattered field for which the mean differential reflection coefficient
matches the input mean differential reflection coefficient, can be determined in the fol-
lowing way. A large number Np of realizations of the random surface profile function is
generated in this manner, and the scattering problem for a plane wave of ν polarization
incident on it is solved for each of these realizations. The value of |Rν(q|k)|2 is calculated
from each of these solutions, and an arithmetic average of the Np results for |Rν(q|k)|2 thus
obtained yields the average indicated in Eq. (2.1.37). A comparison of the result obtained
in this manner with the input mean differential reflection coefficient reveals the quality of
the random surface generated.

The approach to the design of randomly rough surfaces with specified scattering prop-
erties described in Section 2.1.2.2 is based on the geometrical optics limit of the Kirch-
hoff approximation for the mean differential reflection coefficient, a single-scattering ap-
proximation that does not distinguish between incident light of p and s polarization. For
the comparison of the calculated and input mean differential reflection coefficients to be
meaningful, the former should be calculated by an approach that is more rigorous than
the geometrical optics limit of the Kirchhoff approximation. Otherwise only the numerical
accuracy with which the mean differential reflection coefficient in the geometrical limit of
the Kirchhoff approximation is calculated is being tested, a circular process.

One such approach is to calculate the mean differential reflection coefficient by a rigor-
ous computer simulation approach that takes multiple scattering processes of all orders into
account, and distinguishes between p- and s-polarized incident light. A second approach
is to calculate the mean differential reflection coefficient on the basis of the Kirchhoff ap-
proximation, but without passing to the geometrical optics limit of it. This is a simple and
computationally rapid approach that, however, is a single-scattering approximation, and
moreover does not distinguish between incident light of p and s polarization. However, its
use permits calculations of the mean differential reflection coefficient to be carried out for
much larger values of the characteristic length b and for longer randomly rough surfaces
than is possible at the present time in calculations based on the rigorous computer simu-
lation approach. It will be seen below that the larger the value of b used in the solution of
the scattering problems the better is the agreement between the calculated and input mean
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differential reflection coefficients. In this section we consider each of these approaches in
turn.

2.1.3.1. Computer Simulations The Kirchhoff approximation is a single-scattering ap-
proximation, and it is of considerable interest to determine how well surfaces designed
on the basis of the geometrical optics limit of this approximation, also a single-scattering
approximation, reproduce the input mean differential reflection coefficient in calculations
in which multiple scattering processes are taken into account. Such a determination can be
made on the basis of the solution of the scattering equations by rigorous computer simula-
tion calculations.

In going beyond the single-scattering approximation we can no longer assume that the
scattering amplitudes Rp(q|k) and Rs(q|k) differ only in sign. The scattering amplitude
for each polarization has to be calculated separately.

In the case of s polarization a convenient starting point for this calculation is
Eq. (2.1.40). When we set x3 = ζ(x1) + η in it, where η is a positive infinitesimal, and
recall the definitions (2.1.17) and (2.1.42), we obtain as the equation for the source func-
tion F(x1|ω),

F(x1|ω) = F(x1|ω)inc −
∞∫

−∞
dx′

1 H(0)(x1|x′
1)F (x′

1|ω), (2.1.103)

where the kernel H(0)(x1|x′
1) is given by

H(0)(x1|x′
1) = 1

4π

∂

∂N
G0(x1, x3|x′

1, x
′
3)
∣∣
x′

3=ζ(x′
1)

x3=ζ(x1)+η

(2.1.104a)

= − i

4

ω2

c2

H
(1)
1 (ω

c
[(x1 − x′

1)
2 + (ζ(x1) − ζ(x′

1) + η)2] 1
2 )

ω
c
[(x1 − x′

1)
2 + (ζ(x1) − ζ(x′

1) + η)2] 1
2

× [−ζ ′(x1)(x1 − x′
1) + (

ζ(x1) − ζ(x′
1) + η

)]
, (2.1.104b)

where H
(1)
1 (z) is the Hankel function of the first kind and first order.

For the incident field we assume the plane wave given by Eq. (2.1.11), so that the func-
tion F(x1|ω)inc is obtained from Eq. (2.1.42) as

F(x1|ω)inc = −i(ω/c)
[
ζ ′(x1) sin θ0 + cos θ0

]
exp

{
i(ω/c)

[
x1 sin θ0 − ζ(x1) cos θ0

]}
.

(2.1.105)

Equation (2.1.103) is solved by converting it into a matrix equation that is then solved
numerically. Since the procedure involved in carrying out this conversion will be used in
several places later on in this chapter, we describe it in some detail here.
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As a first step, the infinite range of integration is replaced by the finite range
(−L/2,L/2). This range is divided into N segments of equal length, whose midpoints
are given by the points {xn} defined by

xn = −L

2
+

(
n − 1

2

)
�x, n = 1,2, . . . ,N, (2.1.106)

where �x = L/N . Equation (2.1.103) is then rewritten as

F(x1|ω) = F(x1|ω)inc −
N∑

n=1

xn+ 1
2 �x∫

xn− 1
2 �x

dx′
1 H(0)(x1|x′

1)F (x′
1|ω). (2.1.107)

On the assumption that F(x1|ω) is a slowly varying function of x1 in each interval (xn −
1
2�x,xn + 1

2�x), we evaluate it at the midpoint of each interval and remove it from the
integral. In this way we obtain the equation

F(x1|ω) = F(x1|ω)inc −
N∑

n=1

{ 1
2 �x∫

− 1
2 �x

duH(0)(x1|xn + u)

}
F(xn|ω). (2.1.108)

We next set x1 = xm (m = 1,2, . . . ,N) and obtain the matrix equation

F(xm|ω) = F(xm|ω)inc −
N∑

n=1

H(0)
mnF (xn|ω), m = 1,2, . . . ,N, (2.1.109)

where

H(0)
mn =

1
2 �x∫

− 1
2 �x

duH(0)(xm|xn + u). (2.1.110)

The Hankel function appearing in the expression (2.1.104b) for the kernel H(0)(x1|x′
1)

is singular when its argument vanishes, so that the kernel is also singular when x1 = x′
1.

This has to be taken into account in the evaluation of the matrix elements H
(0)
mn . For the

off-diagonal elements of this matrix the integrand in Eq. (2.1.110) is never singular. We
can therefore expand it in powers of u and integrate the result term-by-term. In this way
we obtain the result that to the leading nonzero order in �x
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H(0)
mn = �xH(0)(xm|xn)

= �x

(
− i

4

)
ω2

c2

H
(1)
1 (ω

c
[(xm − xn)

2 + (ζ(xm) − ζ(xn))
2] 1

2 )

ω
c
[(xm − xn)2 + (ζ(xm) − ζ(xn))2] 1

2

× [−ζ ′(xm)(xm − xn) + (
ζ(xm) − ζ(xn)

)]
, m �= n. (2.1.111)

The evaluation of the diagonal elements requires some care. From Eqs. (2.1.104) and
(2.1.110) the expression for the diagonal element H

(0)
mm becomes

H(0)
mm = − i

4

ω2

c2

1
2 �x∫

− 1
2 �x

du
H

(1)
1 (ω

c
[u2 + (ζ(xm) − ζ(xm + u) + η)2] 1

2 )

ω
c
[u2 + (ζ(xm) − ζ(xm + u) + η)2] 1

2

× [
ζ ′(xm)u + (

ζ(xm) − ζ(xm + u) + η
)]

(2.1.112a)

∼= − i

4

ω2

c2

1
2 �x∫

− 1
2 �x

du
H

(1)
1 (ω

c
ψm)

ω
c
ψm

[
η − 1

2
u2ζ ′′(xm) − 1

6
u3ζ ′′′(xm) + · · ·

]
,

(2.1.112b)

where

ψm = [
u2φ2

m − 2uηζ ′(xm) + η2 − ηu2ζ ′′(xm) + u3ζ ′(xm)ζ ′′(xm)
] 1

2 , (2.1.113a)

and

φm = [
1 + (

ζ ′(xm)
)2] 1

2 . (2.1.113b)

With the aid of the small argument expansion of H
(1)
1 (z)/z [2.7],

H
(1)
1 (z)/z = −2i

π

1

z2
+ i

π
�n

(
z

2

)
+ i

π

(
γ − 1

2

)
+ 1

2
+ O

(
z2�nz

)
, (2.1.114)

where γ = 0.5772157 is Euler’s constant, the leading nonzero contribution in �x to H
(0)
mm

is obtained from the first term on the right-hand side of Eq. (2.1.114),

H(0)
mm = − 1

2π

1
2 �x∫

− 1
2 �x

du
η

φ2
mu2 − 2uηζ ′(xm) + η2

+ 1

2π

1
2 �x∫

− 1
2 �x

du
ζ ′′(xm)

2φ2
m

, (2.1.115)
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since the terms omitted either vanish with vanishing η or are of higher order in �x. On
carrying out the integrations we obtain finally

H(0)
mm = −1

2
+ �x

ζ ′′(xm)

4πφ2
m

. (2.1.116)

The presence of a contribution independent of �x to this matrix element is a consequence
of the singularity of the kernel H(0)(x1|x′

1) for coinciding arguments.
When these results are used in Eq. (2.1.109), we can rewrite it as

F(xm|ω) = 2F(xm|ω)inc −
N∑

n=1

H(0)
mnF (xn|ω), (2.1.117)

where

H(0)
mn = �x

(
− i

2

)
ω2

c2

H
(1)
1 (ω

c
[(xm − xn)

2 + (ζ(xm) − ζ(xn))
2] 1

2 )

ω
c
[(xm − xn)2 + (ζ(xm) − ζ(xn))2] 1

2

× [−ζ ′(xm)(xm − xn) + (
ζ(xm) − ζ(xn)

)]
m �= n (2.1.118a)

= �x
ζ ′′(xm)

2πφ2
m

m = n. (2.1.118b)

The convergence of the solution of Eq. (2.1.117) is tested by increasing L and N until the
change in the magnitude of F(xm|ω) for each m is smaller than some preassigned value.

We note that Eq. (2.1.117) has the form of the matrix equation that would have been ob-
tained if we had applied the method described here to the solution of Eq. (2.1.41), except
that in the latter case the Cauchy principal value of the integral is usually dealt with by set-
ting the diagonal matrix element H(0)

mm equal to zero, rather than by assigning it the nonzero
value given by Eq. (2.1.118b). However, it has been argued by Toporkov et al. [2.8] that
the retention of the term given by Eq. (2.1.118b) significantly improves the convergence
of the numerical solution for the source function F(x1|ω), in comparison with calculations
where this term is neglected. It is for this reason that we derived Eqs. (2.1.117)–(2.1.118)
by starting from Eq. (2.1.40) rather than by starting directly from Eq. (2.1.41).

When the source function F(xm|ω) has been obtained from the solution of Eq. (2.1.117),
the mean differential reflection coefficient, Eq. (2.1.37), is given by

〈
∂Rs

∂θs

〉
= 1

L

c

8πω

〈|rs(θs |θ0)|2〉
cos θ0

, (2.1.119)
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where

rs(θs |θ0) =
∞∫

−∞
dx1 F(x1|ω) exp

{−i(ω/c)
[
x1 sin θs + ζ(x1) cos θs

]}
(2.1.120a)

∼= �x

N∑
n=1

F(xn|ω) exp
{−i(ω/c)

[
xn sin θs + ζ(xn) cos θs

]}
. (2.1.120b)

The dependence of rs(θs |θ0) on θ0 arises from the fact that the source function F(x1|ω) is
a functional of the incident field through F(x1|ω)inc, Eq. (2.1.105).

Turning now to the case that the incident field is p-polarized, a convenient starting
point for a rigorous numerical solution of the scattering problem is Eq. (2.1.19). We set
x3 = ζ(x1) + η in it and obtain as the equation for the source function H(x1|ω),

H(x1|ω) = H(x1|ω)inc +
∞∫

−∞
dx′

1 H̃ (0)(x1|x′
1)H(x′

1|ω), (2.1.121)

where the kernel H̃ (0)(x1|x′
1) is

H̃ (0)(x1|x′
1) = 1

4π
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1)ζ
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ζ(x1) − ζ(x′

1) + η
)]

. (2.1.122)

The incident field is again taken to be the plane wave given by Eq. (2.1.11), so that the
function H(x1|ω)inc obtained from Eq. (2.1.20) is

H(x1|ω)inc = exp
{
i(ω/c)

[
x1 sin θ0 − ζ(x1) cos θ0

]}
. (2.1.123)

In exactly the same way as Eq. (2.1.109) was obtained from Eq. (2.1.103), we can derive
the following matrix equation for H(xm|ω):

H(xm|ω) = H(xm|ω)inc +
N∑

n=1

H̃ (0)
mnH(xn|ω), m = 1,2, . . . ,N, (2.1.124)
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where H̃
(0)
mn is given by

H̃ (0)
mn = �x
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)]
m �= n (2.1.125a)

= 1

2
+ �x

ζ ′′(xm)

4πφ2
m

m = n. (2.1.125b)

In view of the result given by Eq. (2.1.125b), we rewrite Eq. (2.1.124) as

H(xm|ω) = 2H(xm|ω)inc +
N∑

n=1

H̃(0)
mnH(xn|ω), m = 1,2, . . . ,N, (2.1.126)

where

H̃(0)
mn = �x
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2
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(xm − xn)ζ
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)]
m �= n (2.1.127a)

= �x
ζ ′′(xm)

2πφ2
m

m = n. (2.1.127b)

The matrix H̃(0)
mn is just the transpose of the matrix H(0)

mn defined by Eq. (2.1.118).
Once the source function H(xm|ω) has been obtained from the solution of Eq. (2.1.126),

the mean differential reflection coefficient, Eq. (2.1.37) is given by

〈
∂Rp

∂θs

〉
= 1

L1

c

8πω

〈|rp(θs |θ0)|2〉
cos θ0

, (2.1.128)

where

rp(θs |θ0) = ω

c

∞∫
−∞

dx1 H(x1|ω)
[
ζ ′(x1) sin θs − cos θs

]

× exp
{−i(ω/c)

[
x1 sin θs + ζ(x1) cos θs

]}
(2.1.129a)

∼= �x
ω

c

N∑
n=1

H(xn|ω)
[
ζ ′(xn) sin θs − cos θs

]
× exp

{−i(ω/c)
[
xn sin θs + ζ(xn) cos θs

]}
. (2.1.129b)
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2.1.3.2. The Kirchhoff Approximation The simplest approach to the solution of the scat-
tering problem for a given realization of the surface profile function is arguably the
Kirchhoff approximation. The expression for the scattering amplitude R(q|k) given by
Eq. (2.1.58a) can be rewritten in the light of Eqs. (2.1.31), (2.1.32), and (2.1.83) as

R(q|k) = − [1 + cos(θs + θ0)]
cos θs(cos θs + cos θ0)

Ns−1∑
n=−Ns

exp

[
−i

ω

c
(cos θs + cos θ0)bn

]

×
(n+1)b∫
nb

dx1 exp

{
−i

ω

c

[
sin θs − sin θ0 + (cos θs + cos θ0)an

]
x1

}

= −b
[1 + cos(θs + θ0)]

cos θs(cos θs + cos θ0)
r(θs |θ0), (2.1.130)

where

r(θs |θ0) =
Ns−1∑

n=−Ns

exp

(
−i

ω

c

{
(cos θs + cos θ0)bn

+ [
sin θs − sinθ0 + (cos θs + cos θ0)an

](
n + 1

2

)
b

})

× sinc

(
ω

c

[
sin θs − sin θ0 + (cos θs + cos θ0)an

]b
2

)
. (2.1.131)

If we define L1 as 2Nsb, the expression for the mean differential reflection coefficient
given by Eq. (2.1.37) becomes

〈
∂R

∂θs

〉
= b

2Ns

ω

2πc

[1 + cos(θs + θ0)]2

cos θ0(cos θs + cos θ0)2

〈∣∣r(θs |θ0)
∣∣2〉. (2.1.132)

The procedure now is to generate a large number Np of realizations of the random sur-
face, i.e., of sets of the slopes {an} and the corresponding {bn}, and for each realization to
calculate the corresponding value of |r(θs |θ0)|2 by the use of Eq. (2.1.131). An arithmetic
average of the Np results for |r(θs |θ0)|2 obtained in this way yields the average indicated
in Eq. (2.1.132). It should be noted that 〈|r(θs |θ0)|2〉 must grow linearly with Ns if this
result for 〈∂R/∂θs〉 is to be independent of Ns . This is indeed what occurs.

2.1.4. Results

To illustrate the approach developed in the preceding sections to the design of one-
dimensional randomly rough surfaces that produce a mean differential reflection coeffi-
cient with a specified dependence on the scattering angle for a given angle of incidence,
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we will use it to design a surface that a) acts as a band-limited uniform diffuser; or b) acts
as a Lambertian diffuser; or c) suppresses single-scattering processes. These examples give
an indication of the versatility of the present approach.

2.1.4.1. A Band-Limited Uniform Diffuser If we wish to design a randomly rough sur-
face that produces a mean differential reflection coefficient that is constant in the angular
interval |θs | < θm, where θm < π/2, and vanishes outside this interval, the mean differen-
tial reflection coefficient we seek to reproduce has the form

〈
∂R

∂θs

〉
= Aθ(θs + θm)θ(θm − θs), (2.1.133)

where θ(z) is the Heaviside unit step function, and A is a coefficient to be determined. On
substituting Eq. (2.1.133) into Eq. (2.1.96) we find that the probability density function
of an is given by

f (γ ) = 2A

1 + γ 2

cos θ0

cos θ0 + γ sin θ0
θ
(
θ0 − 2 tan−1 γ + θm

)
θ
(
θm − θ0 + 2 tan−1 γ

)
.

(2.1.134)

Because tan−1 γ is a monotonically increasing function of γ for −∞ � γ � ∞, we can
rewrite Eq. (2.1.134) in the more convenient form

f (γ ) = 2A

1 + γ 2

cos θ0

cos θ0 + γ sin θ0
θ

(
tan

θm + θ0

2
− γ

)
θ

(
tan

θm − θ0

2
+ γ

)
. (2.1.135)

The coefficient A is obtained from the normalization condition for f (γ ),

∞∫
−∞

dγ f (γ ) = 1, (2.1.136)

and is given by

A = 1

2 cos θ0

[
θm cos θ0 + sin θ0�n

cos( θm−θ0
2 )

cos( θm+θ0
2 )

]−1

. (2.1.137)

The fact that f (γ ) depends explicitly on the angle of incidence θ0 means that a different
ensemble of randomly rough surfaces has to be generated for each value of θ0 in order
for the mean differential reflection coefficient to have the form of a band-limited uniform
diffuser in the angular range |θs | < θm described by Eqs. (2.1.133) and (2.1.137).

This is illustrated in Fig. 2.2, where we have plotted a segment of one realization of
the random surface defined by Eqs. (2.1.135) and (2.1.137) for θm = 20◦, and angles of
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Figure 2.2. A segment of a single realization of the surface profile function ζ(x1) designed to act as a
band-limited uniform diffuser, for which f (γ ) is given by Eqs. (2.1.135) and (2.1.137), for each of five angles of
incidence θ0. The values of the parameters employed are θm = 20◦ and b = 22 µm.

incidence equal to θ0 = 0◦,10◦,20◦,30◦, and 40◦. The value of the characteristic length b

assumed in calculating these surface profile functions was b = 22 µm. It is seen that as
the angle of incidence increases the mean surface tilts in such a way as to keep it close
to being perpendicular to the incident wave. However, we emphasize that the surface cal-
culated for a nonzero value of θ0 is not simply the surface calculated for θ0 = 0◦ rotated
through the angle θ0. In Fig. 2.3 we present a plot of the mean differential reflection co-
efficient 〈∂R/∂θs〉 as a function of θs for the band-limited uniform diffusers defined by
Eqs. (2.1.133), (2.1.135), and (2.1.137) for the same five angles of incidence that were
used in plotting Fig. 2.2. The parameters used in obtaining these results, which were cal-
culated on the basis of the Kirchhoff approximation, Eqs. (2.1.131) and (2.1.132), were
θm = 20◦, b = 220 µm, λ = 632.8 nm, Ns = 200. The results for Np = 120 000 realiza-
tions of the surface profile function were used in calculating the average in Eq. (2.1.132).
(The calculations of 〈∂R/∂θs〉 in the Kirchhoff approximation are very fast, so that a large
number of realizations can be used in calculating this average, if desired.) We see that the
random surface generated by our approach indeed acts as a band-limited uniform diffuser
within the range |θs | < 20◦ for each angle of incidence: there is virtually no scattered inten-
sity for values of |θs | greater than 20◦, and for values of |θs | smaller than 20◦ the scattered
intensity is very nearly uniform. However, the magnitude of the scattered intensity for |θs |
smaller than 20◦ increases with increasing θ0. This is due to the increase of the amplitude A

in Eq. (2.1.133) as θ0 increases, as can be seen from Eq. (2.1.137).
The derivation of the pdf (2.1.135) was based on the geometrical optics limit of the

Kirchhoff approximation, a single-scattering approximation, that yields the same result for
f (γ ) for incident light of p and s polarization. It is of interest to examine whether the
random surfaces generated by its use retain the scattering properties for which they were
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Figure 2.3. The mean differential reflection coefficient 〈∂R/∂θs 〉 estimated from Np = 120 000 realizations
of the surface profile function for the case of a band-limited uniform diffuser for which f (γ ) is given by
Eqs. (2.1.135) and (2.1.137). The calculations have been carried out for the same five angles of incidence that
were used in plotting Fig. 2.2, on the basis of the Kirchhoff approximation for scattering from a one-dimensional
perfectly conducting surface. The values of the parameters employed were θm = 20◦ , b = 220 µm, λ = 632.8 nm,
and Ns = 200.

designed when multiple scattering is taken into account, in which case, as we have seen in
Section 2.1.3.1, different expressions for 〈∂R/∂θs〉 are obtained for the same surface pro-
file function for incident light of p and s polarization. In Fig. 2.4 we present results for the
mean differential reflection coefficient 〈∂Rs/∂θs〉 as a function of θs for the band-limited
diffusers defined by Eqs. (2.1.133), (2.1.135), and (2.1.137), for the same five angles of in-
cidence that were used in obtaining the results plotted in Figs. 2.2 and 2.3. The parameters
used in obtaining these results, which were calculated by the rigorous computer simulation
approach for the scattering of s-polarized light from a one-dimensional perfectly conduct-
ing surface, developed in Section 2.1.3.1, that takes multiple-scattering processes of all
orders into account, were θm = 20◦, b = 22 µm, λ = 632.8 nm, and Ns = 6. The results
obtained for Np = 30 000 realizations of the surface profile function were used in calculat-
ing the average in Eq. (2.1.119).1 From a comparison of the results presented in Figs. 2.3
and 2.4 we see that not only do the random surfaces generated by our approach act as band-
limited uniform diffusers for |θs | < θm for each angle of incidence, but, also that the results
obtained by the rigorous computer simulation approach, for the values of the experimental
and roughness parameters assumed, are in complete agreement with those obtained in the
Kirchhoff approximation.

1The results presented in Fig. 2.4 correct the corresponding results presented as Fig. 1 of Ref. [2.9], which
were calculated with an incorrect normalization of f (γ ).
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Figure 2.4. The mean differential reflection coefficient 〈∂Rs/∂θs 〉 estimated from Np = 30 000 realizations
of the surface profile function for the case of a band-limited uniform diffuser for which f (γ ) is given by
Eqs. (2.1.135) and (2.1.137). The calculations have been carried out for the same five angles of incidence that
were used in plotting Figs. 2.2 and 2.3, on the basis of a rigorous computer simulation approach to the scattering
of s-polarized light from a one-dimensional perfectly conducting surface. The values of the parameters employed
were θm = 20◦ , b = 22 µm, λ = 632.8 nm, and Ns = 6.

We now turn to a consideration of some results obtained at normal incidence. In this
case the mean differential reflection coefficient (2.1.133) takes the form〈

∂R

∂θs

〉
= θ(θm − |θs |)

2θm

, (2.1.138)

so that the pdf becomes

f (γ ) = 1

2 tan−1 γm

θ(γm − |γ |)
1 + γ 2

, (2.1.139)

where γm = tan(θm/2).
A segment of one realization of the surface profile function ζ(x1) and its derivative, cal-

culated by the approach presented here, are plotted in Figs. 2.5(a) and 2.5(b), respectively,
for the case of a band-limited uniform diffuser, for which f (γ ) is given by Eq. (2.1.139).
The values of the parameters used in generating these functions were θm = 20◦ and
b = 22 µm.

In Fig. 2.6 we present plots of 〈∂R/∂θs〉 as a function of θs , calculated on the basis of the
Kirchhoff approximation, Eqs. (2.1.131)–(2.1.132) for the band-limited uniform diffuser
defined by Eqs. (2.1.138) and (2.1.139). The values of the parameters used in obtaining
the result plotted in Fig. 2.6(a) were θm = 20◦, b = 22 µm, λ = 632.8 nm, and Ns =
2000. The values of the parameters used in obtaining the results plotted in Fig. 2.6(b) were
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Figure 2.5. (a) A segment of one realization of the surface profile function ζ(x1) designed to act as a band-limited
uniform diffuser, for which f (γ ) is given by Eq. (2.1.139). The values of the parameters employed in obtaining
this surface are θm = 20◦ and b = 22 µm. (b) The derivative ζ ′(x1) of this surface profile function.

Figure 2.6. The mean differential reflection coefficient 〈∂R/∂θs 〉 estimated from Np = 100 000 realizations
of the surface profile function for the case of a band-limited uniform diffuser for which f (γ ) is given by
Eq. (2.1.139). The calculations have been carried out on the basis of the Kirchhoff approximation for scattering
from a one-dimensional perfectly conducting surface. The values of the parameters employed are: (a) θm = 20◦ ,
b = 22 µm, λ = 632.8 nm, and Ns = 2000; (b) θm = 20◦ , b = 220 µm, λ = 632.8 nm, and Ns = 200.

θm = 20◦, b = 220 µm, λ = 632.8 nm, and N = 200. Thus, although the characteristic
length b was significantly larger in the calculations that led to Fig. 2.6(b) than it was in
obtaining Fig. 2.6(a), the overall length of the surface, L1 = 2Nsb, was the same in both
cases. The results obtained for Np = 100 000 realizations of the surface profile function
were used in calculating the average in Eq. (2.1.132).

From the results presented in Fig. 2.6 we see that the random surface generated from the
pdf f (γ ) given by Eq. (2.1.139) behaves as a band-limited uniform diffuser. We also see
that the larger the characteristic length b is, the sharper are the corners of 〈∂R/∂θs〉 and the
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Figure 2.7. The mean differential reflection coefficient 〈∂R/∂θs 〉 estimated from Np = 20 000 realizations of the
surface profile function for the case of a band-limited uniform diffuser for which f (γ ) is given by Eq. (2.1.139).
The calculations have been carried out on the basis of a rigorous computer simulation approach to the scattering
of p- (a) and s-polarized (b) light from a one-dimensional perfectly conducting surface. The values of the para-
meters employed are θm = 20◦ , b = 22 µm, and λ = 632.8 nm. (c) The mean differential reflection coefficient
〈∂Rs/∂θs 〉 calculated for three different wavelengths of the incident light: λ = 457.9 nm (◦), λ = 533 nm (+),
and λ = 632.8 nm (×).

more uniform is the scattered intensity in the region |θs | < 20◦. This appears to be a general
result: the larger b is, the closer the calculated 〈∂R/∂θs〉 is to the input mean differential
reflection coefficient. Additional calculations, whose results are not shown here, suggest
that, for a given value of b, increasing the length L1 of the surface also brings the calculated
〈∂R/∂θs〉 closer to the input 〈∂R/∂θs〉.

In Fig. 2.7 we present results for the mean differential reflection coefficient 〈∂R/∂θs〉
as a function of θs for the scattering of both p- (a) and s-polarized (b) light from a one-
dimensional randomly rough perfectly conducting surface designed to act as a band-limited
uniform diffuser. These results were obtained on the basis of the rigorous numerical simu-
lation approach described in Section 2.1.3.1, which takes into account multiple-scattering
processes of all orders. The values of the parameters assumed in carrying out these cal-
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culations were θ0 = 0◦, θm = 20◦, b = 22 µm, and λ = 632.8 nm. Results obtained for
Np = 20 000 realizations of the surface profile functions were averaged to obtain the mean
differential reflection coefficient. We see that at least for the values of the roughness and ex-
perimental parameters assumed in carrying out the computer simulations, there is virtually
no difference between the mean differential reflection coefficients calculated for p- and
s-polarized incident light, and that both reproduce the input result (2.1.138) for 〈∂R/∂θs〉
quite closely. This indicates that multiple-scattering processes are not significant in scat-
tering from this surface. From a comparison of the results presented in Fig. 2.7 with the
result plotted in Fig. 2.6(a), we see that the Kirchhoff approximation provides an accurate
solution of the scattering problem for this surface.

In Fig. 2.7(c) we present results for the mean differential reflection coefficients
〈∂Rs/∂θs〉 obtained for scattering from the surface designed to act as the uniform dif-
fuser defined by Eqs. (2.1.138) and (2.1.139), calculated for the same parameters used
in obtaining the results presented in Figs. 2.7(a) and 2.7(b) but for three different wave-
lengths of the incident light: λ = 457.9 nm (◦), λ = 533 nm (+), and λ = 632.8 nm (×).
The three results plotted in Fig. 2.7(c) are practically indistinguishable. These results were
obtained on the basis of the rigorous numerical simulation approach, which takes into ac-
count multiple-scattering processes of all orders. It is clearly seen from the plots that the
achromatic properties of the designed surfaces are not destroyed by multiple-scattering
processes.

Due to limitations on the memory and speed of present day computers, rigorous com-
putational simulation calculations of the scattering from one-dimensional randomly rough
surface of the kind considered here and characterized by a length b = 220 µm, when the
incident light has a wavelength λ = 632.8 nm, are extremely difficult to carry out with
good accuracy: too few segments of length b would be contained within the length of the
x1-axis covered by the random surface that can be used in such simulations. It is for this
reason that the results for 〈∂R/∂θs〉 presented in Figs. 2.4 and 2.7 were all calculated for a
value of b = 22 µm. Even with this value of b only a few segments (5 or 6) could be taken
into account.

In concluding this section we note that the surface profile function ζ(x1) within the
interval nb � x1 � (n + 1)b is characterized by only a single slope an, unlike the sur-
face profile function assumed in Refs. [2.10–2.13]. The latter was fabricated from equally
spaced identical trapezoidal grooves, each of which was characterized by the slopes of its
two walls. As a result, the expression for 〈∂R/∂θs〉 in terms of the pdf f (γ ) of the ran-
dom amplitudes of these grooves, obtained in the geometrical optics approximation, was
the sum of two contributions, one arising from each of the two slopes of the walls of the
trapezoidal groove. In the case that it was desired for 〈∂R/∂θs〉 to have the rectangular
form defined by Eq. (2.1.138), this produced a scattering distribution that consisted of two
adjacent rectangular distributions. Diffraction effects rounded the corners of these two con-
tributions, and led to a small peak in the retroreflection direction due to the overlap of the
tails of these two rectangular distributions. An approximately uniform scattering distrib-
ution could be obtained by replacing f (γ ) by f (γ − ε), where ε is a small constant. In
the present case, where the surface profile function has only a single slope within each
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interval nb � x1 � (n + 1)b, n = 0,±1,±2, . . . , the expression for 〈∂R/∂θs〉 obtained
in the geometrical optics approximation, Eq. (2.1.88) consists of only a single contribu-
tion, associated with that single slope, and the results obtained by the present approach do
not possess the small peak in the retroreflection direction seen in the results obtained in
Refs. [2.10–2.13]. This is an attractive feature of the method developed in this section.

2.1.4.2. A Lambertian Diffuser Optical diffusers that produce a scattered field for which
the mean differential reflection coefficient is proportional to the cosine of the polar scatter-
ing angle are widely used in the calibration of scatterometers [2.14]. Such diffusers have
the property that their radiance or luminance is the same in all scattering directions. Due to
this angular dependence such devices are often referred to as Lambertian diffusers. In the
visible region of the optical spectrum volume disordered media such as compacted pow-
dered barium sulfate or freshly smoked magnesium oxide [2.15] are used as Lambertian
diffusers. However, this type of diffuser is inapplicable in the infrared region due to its
strong absorption and the presence of a specular component of the scattered radiation. The
design of a random surface that acts as a Lambertian diffuser, especially in the infrared
region of the optical spectrum, is therefore a desirable goal, and one that has been regarded
as difficult to achieve [2.16].

The mean differential reflection coefficient we seek to reproduce in this case has the
form, at normal incidence θ0 = 0◦,〈

∂R

∂θs

〉
= A cos θs, −π/2 � θs � π/2. (2.1.140)

On combining Eqs. (2.1.101), (2.1.102), and (2.1.140) we find that the probability density
function of an is

f (γ ) = 2A
1 − γ 2

(1 + γ 2)2
θ
(
1 − |γ |). (2.1.141)

The normalization condition for f (γ ) yields the result that A = 1/2, so that in this case〈
∂R

∂θs

〉
= 1

2
cos θs, −π/2 � θs � π/2, (2.1.142)

f (γ ) = 1 − γ 2

(1 + γ 2)2
θ
(
1 − |γ |). (2.1.143)

In Fig. 2.8 we present a plot of a segment of a single realization of the surface profile
function and its derivative, calculated by the approach presented in this chapter, for the
case of a Lambertian diffuser for which f (γ ) is given by Eq. (2.1.143). The roughness
parameter used in generating these functions was b = 22 µm.

The parameters used in calculating the corresponding mean differential reflection coef-
ficients 〈∂R/∂θs〉, plotted in Figs. 2.9(a) and 2.9(b), which were carried out on the basis of
the Kirchhoff approximation, were the same as were used in obtaining the results plotted
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Figure 2.8. (a) A segment of a single realization of the surface profile function ζ(x1) designed to act as a Lam-
bertian diffuser, for which f (γ ) is given by Eq. (2.1.143). The values of the parameter b employed is b = 22 µm.
(b) The derivative ζ ′(x1) of this surface profile function.

Figure 2.9. The mean differential reflection coefficient 〈∂R/∂θs 〉 estimated from Np = 100 000 realizations of
the surface profile function for the case of a Lambertian diffuser for which f (γ ) is given by Eq. (2.1.143). The cal-
culations have been carried out on the basis of the Kirchhoff approximation for scattering from a one-dimensional
perfectly conducting surface. The values of the parameters employed are: (a) θ0 = 0◦ , b = 22 µm, λ = 632.8 nm,
and Ns = 2000, (b) θ0 = 0◦ , b = 200 µm, λ = 632.8 nm, and Ns = 200. The input distribution given by
Eq. (2.1.142) is also plotted for comparison.

in Figs. 2.6(a), and 2.6(b), respectively. Results obtained for Np = 100 000 realizations
of the surface profile function were used in calculating the average in Eq. (2.1.132). The
input distribution given by Eq. (2.1.142) is also plotted for comparison. From the results
presented in Figs. 2.9(a) and 2.9(b) we see that the calculated mean differential reflection
coefficient 〈∂R/∂θs〉 follows the cosine law (2.1.142) very closely. In this case increasing
the value of the characteristic length b does not bring the calculated 〈∂R/∂θs〉 significantly
closer to the input 〈∂R/∂θs〉, but it makes it a little less noisy.
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Figure 2.10. The mean differential reflection coefficients 〈∂Rp/∂θs 〉 (a) and 〈∂Rs/∂θs 〉 (b), estimated from
Np = 30 000 realizations of the surface profile function for the case of a Lambertian diffuser for which f (γ )

is given by Eq. (2.1.143). The calculations have been carried out on the basis of a rigorous computer simula-
tion approach to the scattering of p- and s-polarized light from a one-dimensional perfectly conducting surface.
The values of the parameters employed are θ0 = 0◦ , b = 22 µm, λ = 632.8 nm, and Ns = 6. The input dis-
tribution given by Eq. (2.1.142) is also plotted for comparison. (c) The mean differential reflection coefficient
〈∂Rs/∂θs 〉 calculated for three different wavelengths of the incident light: λ = 457.9 nm (◦), λ = 533 nm (+),
and λ = 632.8 nm (×).

In Figs. 2.10(a) and 2.10(b) we present results for the mean differential reflection co-
efficients 〈∂Rp/∂θs〉 and 〈∂Rs/∂θs〉 obtained for scattering from the surface designed to
act as the Lambertian diffuser defined by Eqs. (2.1.142) and (2.1.143), calculated on the
basis of the rigorous computer simulation approach described in Section 2.1.3.1. The val-
ues of the parameters assumed in carrying out these calculations were θ0 = 0◦, b = 22 µm,
λ = 632.8 nm, Ns = 6, and Np = 30 000. The input distribution given by Eq. (2.1.142) is
also plotted for comparison. The results plotted in Figs. 2.10(a) and 2.10(b) follow the co-
sine law (2.1.142) very closely and, at least for the experimental and roughness parameters
assumed, validate the use of the Kirchhoff approximation for the solution of the scattering
problem.
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In Fig. 2.10(c) we present results for the mean differential reflection coefficients
〈∂Rs/∂θs〉 obtained for scattering from the surface designed to act as the Lambertian dif-
fuser defined by Eqs. (2.1.142) and (2.1.143), calculated for the same parameters used in
obtaining the results presented in Figs. 2.10(a) and 2.10(b) but for three different wave-
length of the incident light: λ = 457.9 nm (◦), λ = 533 nm (+), and λ = 632.8 nm (×).
The three results plotted in Fig. 2.10(c) are practically indistinguishable. These results were
obtained on the basis of the rigorous numerical simulation approach, which takes into ac-
count multiple-scattering processes of all orders. It is clearly seen from the plots that the
achromatic properties of the designed surfaces are not destroyed by multiple-scattering
processes.

2.1.4.3. A Surface that Suppresses Single-Scattering Processes Such effects as enhanced
backscattering, which is the presence of a well-defined peak in the retroreflection direction
θs = −θ0 in the dependence of the mean differential reflection coefficient on the scattering
angle, and arises due to the multiple scattering of light from a randomly rough surface, are
often superimposed on a large background due to single scattering processes. Such effects
can become more readily observable if the background due to single-scattering process
can be suppressed in the angular regions in which one wishes to study them, so that only
multiple-scattering processes contribute to the mean differential reflection coefficient in
these regions.

West and O’Donnell [2.17] have designed and fabricated one-dimensional weakly rough
random metal surfaces that enhance the backscattering phenomenon, by coupling the in-
cident electromagnetic field strongly to the surface electromagnetic waves supported by
the vacuum–metal interface. At the same time, these surfaces suppress single-scattering
processes within a range of scattering angles centered at θs = 0◦, which makes the en-
hanced backscattering peak easy to see. These surfaces are defined by surface profile func-
tions that are stationary, zero-mean, Gaussian random processes.

In this section we show how a different kind of one-dimensional random surface on a
perfect conductor can be designed that suppresses the single-scattering contribution to the
mean differential reflection coefficient within a specified range of scattering angles. Such a
surface can be designed on the basis of the following considerations [2.11]. Let us consider
the scattering of an s-polarized plane wave of frequency ω from a one-dimensional, ran-
domly rough, perfectly conducting, surface, when the plane of incidence is perpendicular
to the generators of the surface, and its angle of incidence is θ0. The inhomogeneous inte-
gral equation for the normal derivative of the single nonzero component of the electric field
in the vacuum, evaluated on the surface, is given by Eq. (2.1.41). If we solve this equation
by iteration,

F(x1|ω) = 2F(x1|ω)inc

− 1

2π
P

∞∫
−∞

dx′
1

[
∂G0(x1, x3|x′

1, x
′
3)/∂N

]∣∣
x′

3=ζ(x′
1)

z3=ζ(x1)

2F(x′
1|ω)inc + · · · ,

(2.1.144)



2.1. Perfectly Conducting Surfaces 47

the inhomogeneous term, as we have seen, yields the Kirchhoff approximation to the mean
differential reflection coefficient, a single scattering approximation, the first iterate yields
the pure double-scattering contribution, and so on [2.18]. (Strictly speaking, this is rigor-
ously the case only in the high frequency limit, but is a very good approximation in the
visible region of the optical spectrum.) Consequently, if a surface can be designed with the
property that the Kirchhoff approximation to the mean differential reflection coefficient of
the light scattered from it vanishes for the scattering angle θs in the interval (−θm, θm), say,
all of the intensity of the light scattered into this range of scattering angles will be due to
multiple-scattering processes. The aim, therefore, is to design a one-dimensional, perfectly
conducting, randomly rough surface for which the Kirchhoff approximation to the mean
differential reflection coefficient vanishes identically for θs in the interval (−θm, θm). The
analysis is greatly simplified by working in the geometrical optics limit of the Kirchhoff
approximation. The results obtained in this limit still display the behavior sought.

Thus, let us assume that 〈∂R/∂θs〉 has the form〈
∂R

∂θs

〉
=

{
0 |θs | < θm,

A cos θs θm < |θs | < π/2.
(2.1.145)

By the use of Eqs. (2.1.92) and (2.1.93) we can rewrite this expression as〈
∂R

∂θs

〉(
θ0 + 2 tan−1 γ, θ0

)

= A

1 + γ 2

[(
1 − γ 2) cos θ0 − 2γ sin θ0

]

×
[
θ

(
−γ − tan

1

2
(θm + θ0)

)
θ

(
γ + tan

1

2

(
π

2
+ θ0

))

+ θ

(
γ − tan

1

2
(θm − θ0)

)
θ

(
tan

1

2

(
π

2
− θ0

)
− γ

)]
. (2.1.146)

It follows from Eq. (2.1.96) that the pdf of an is given by

f (γ ) = 2A

(1 + γ 2)2

cos θ0

cos θ0 + γ sin θ0

[(
1 − γ 2) cos θ0 + 2γ sin θ0

]

×
[
θ

(
tan

1

2

(
π

2
+ θ0

)
− γ

)
θ

(
γ − tan

1

2
(θm + θ0)

)

+ θ

(
γ + tan

1

2

(
π

2
− θ0

))
θ

(
− γ − tan

1

2
(θm − θ0)

]
. (2.1.147)

The coefficient A is obtained from the normalization condition for f (γ ).
A segment of a single realization of the surface profile function ζ(x1) and its derivative

calculated by the approach described in this section, are plotted in Figs. 2.11(a) and 2.11(b),
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Figure 2.11. A segment of a single realization of the surface profile function ζ(x1) designed to suppress the
single scattering contribution to the mean differential reflection coefficient within a range of scattering angles
|θs | < 40◦ , for which f (γ ) is given by Eq. (2.1.147). The value of the parameter b employed is b = 22 µm.
(b) The derivative ζ ′(x1) of this surface profile function.

Figure 2.12. The mean differential reflection coefficient 〈∂R/∂θs 〉 estimated from Np = 100 000 realizations of
the surface profile function for which f (γ ) is given by Eq. (2.1.147). The calculations have been carried out
on the basis of the Kirchhoff approximation for scattering from a one-dimensional perfectly conducting surface.
The values of the parameters employed are: (a) θ0 = 0◦ , θm = 40◦ , b = 22 µm, λ = 632.8 nm, and Ns = 1000;
(b) θ0 = 0◦ , θm = 40◦ , b = 200 µm, λ = 632.8 nm, and Ns = 100. The input distribution given by Eq. (2.1.142)
is also plotted for comparison.

respectively, for the case of a surface that suppresses single-scattering processes for which
f (γ ) is given by Eq. (2.1.147). The parameters used in generating the surface profile and
its derivative were θ0 = 0◦, θm = 40◦, b = 22 µm.

In obtaining the mean differential reflection coefficients calculated on the basis of the
Kirchhoff approximation described in Section 3.1.3.1, that are plotted in Figs. 2.12(a)
and 2.12(b), the same values of θ0 and θm were assumed, and the results obtained
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Figure 2.13. The mean differential reflection coefficients 〈∂Rp/∂θs 〉 (a) and 〈∂Rs/∂θs 〉 (b) estimated from
Np = 30 000 realizations of the surface profile function for which f (γ ) is given by Eq. (2.1.147). The cal-
culations have been carried out on the basis of the rigorous computer simulation approach for scattering from a
one-dimensional perfectly conducting surface. The values of the parameters employed are: (a) θ0 = 0◦ , θm = 40◦ ,
b = 22 µm, λ = 632.8 nm, and Ns = 6.

for Np = 100 000 realizations were used in calculating the average appearing in Eq.
(2.1.132). The values b = 22 µm and Ns = 1000 were used in obtaining the result plot-
ted in Fig. 2.12(a), while the values b = 220 µm and Ns = 100 were used in obtaining
Fig. 2.12(b). It is seen from Figs. 2.12(a) and 2.12(b) that 〈∂R/∂θs〉 vanishes for θs in the
interval (−40◦,40◦) for both values of b assumed. However, the use of the larger value of
b sharpens the corners of the mean differential reflection coefficient, and brings the calcu-
lated 〈∂R/∂θs〉 into closer agreement with the input function. Since the results plotted in
Figs. 2.12(a) and 2.12(b) were calculated on the basis of a single-scattering approximation,
the vanishing of 〈∂R/∂θs〉 for |θs | < 40◦ demonstrates that the surfaces used in obtaining
these results indeed suppress single scattering for θs in this interval.

The situation is somewhat different when we calculate 〈∂R/∂θs〉 as a function of θs

by means of the rigorous computer simulation approach described in Section 2.1.3.1. The
parameters used in obtaining the result plotted in Fig. 2.13 were θ0 = 0◦, θm = 40◦, b =
22 µm, λ = 632.8 nm, Ns = 100, and Np = 30 000. The input distribution (2.1.145) is
plotted in this figure as well. The result plotted in Fig. 2.13 shows a significant reduction of
the mean differential reflection coefficient, but not a total suppression of it, for |θs | < 40◦.
The result that 〈∂R/∂θs〉 is not identically zero in this angular interval is due to the fact that
the rigorous computer simulation approach takes multiple-scattering processes of all orders
into account, and it is these processes that produce the small background in 〈∂Rs/∂θs〉 in
the interval |θs | < 40◦. There are no traces of the enhanced backscattering peak in these
results because the surface is too “smooth”.

2.2. Penetrable Surfaces

Up to now we have presented an account of how a one-dimensional randomly rough sur-
face can be designed to scatter light in a specified manner that has been based on the
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assumption that the scattering medium is a perfect conductor, in other words an impene-
trable medium. The experience gained from the preceding treatment enables extending the
method described there to the design of a one-dimensional randomly rough surface bound-
ing a finitely conducting metal or a dielectric that scatters light in a prescribed fashion. We
present this extension here to demonstrate the versatility of the original approach.

2.2.1. Scattering Theory

The scattering system we consider now consists of vacuum in the region x3 > ζ(x1) and
the scattering medium characterized by a dielectric constant ε in the region x3 < ζ(x1). If
ε is real and positive, the scattering medium is a dielectric; if ε is complex with a negative
real part and a positive imaginary part, the scattering medium is a lossy reflecting metal.

The surface profile function ζ(x1) has the properties described in Section 2.1.1. We
assume that the surface x3 = ζ(x1) is illuminated from the vacuum region by a p- or s-
polarized plane wave of frequency ω, given by Eq. (2.1.11), whose plane of incidence is
the x1x3 plane.

To solve the scattering problem for this system we will use the Kirchhoff approxima-
tion developed in Section 2.1.1.4, due to its simplicity. In order to apply it we first need to
obtain the scattering amplitude Rν(α0(k)) when light of p or s polarization is incident on
the planar surface x3 = 0 separating the dielectric medium of incidence from the dielectric
scattering medium. We can deal with the case of p- and s-polarized incident light simulta-
neously by working with the function Fν(x1, x3|ω) introduced in Section 2.2.1. This func-
tion is H2(x1, x3|ω) when ν = p, and is E2(x1, x3|ω) when ν = s. The field F>

ν (x1, x3|ω)

in the vacuum region x3 > 0 satisfies the Helmholtz equation

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ω2

c2

)
F>

ν (x1, x3|ω) = 0. (2.2.1)

Its solution that satisfies the boundary conditions at x3 = ∞ can be written as the sum of
an incident plane wave and a reflected plane wave,

F>
ν (x1, x3|ω) = exp

[
ikx1 − iα0(k)x3

]+ Rν

(
α0(k)

)
exp

[
ikx1 + iα0(k)x3

]
, (2.2.2)

where α0(k) is defined in Eq. (2.1.7). The field in the dielectric region x3 < 0 satisfies the
Helmholtz equation

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ε
ω2

c2

)
F<

ν (x1, x3|ω) = 0. (2.2.3)

Its solution that satisfies the boundary condition at x3 = −∞ can be written as a transmitted
refracted plane wave,

F<
ν (x1, x3|ω) = Tν

(
α0(k)

)
exp

[
ikx1 − iα(k)x3

]
, (2.2.4)



2.2. Penetrable Surfaces 51

where

α(k) = [
ε(ω/c)2 − k2] 1

2 , Reα(k) > 0, Imα(k) > 0. (2.2.5)

The boundary conditions at the interface x3 = 0 require the continuity of the tangential
components of the electric and magnetic fields across it, and can be written as

F>
ν (x1, x3|ω)

∣∣
x3=0 = F<

ν (x1, x3|ω)
∣∣
x3=0, (2.2.6)

∂

∂x3
F>

ν (x1, x3|ω)

∣∣∣∣
x3=0

= 1

κν

∂

∂x3
F<

ν (x1, x3|ω)

∣∣∣∣
x3=0

, (2.2.7)

where κp = ε and κs = 1. On substituting Eqs. (2.2.2) and (2.2.4) into Eqs. (2.2.6) and
(2.2.7) we obtain a pair of coupled equations for the reflection and transmission ampli-
tudes Rν and Tν :

1 + Rν = Tν, (2.2.8a)

−iα0(k) + iα0(k)Rν = − i

κν

α(k)Tν, (2.2.8b)

whose solutions are

Rν

(
α0(k)

) = κνα0(k) − α(k)

κνα0(k) + α(k)
, (2.2.9)

Tν

(
α0(k)

) = 2κνα0(k)

κνα0(k) + α(k)
. (2.2.10)

If we rewrite α(k) as

α(k) = [
(ε − 1)(ω/c)2 + α2

0(k)
] 1

2 (2.2.11)

and replace α0(k) here and in Eq. (2.2.9) by α�(k|x1i ), Eq. (2.1.55b), we find that
Rν(α�(k|x1i )) is given by

Rν

(
α�(k|x1i )

) = κν cos( θs+θ0
2 ) − [ε − sin2(

θs+θ0
2 )] 1

2

κν cos( θs+θ0
2 ) + [ε − sin2(

θs+θ0
2 )] 1

2

(2.2.12a)

≡ Rν

(
θs + θ0

2

)
. (2.2.12b)

The scattering amplitude Rν(q|k) obtained in the Kirchhoff approximation for scattering
from a one-dimensional rough surface, and given by Eq. (2.1.56), then becomes

Rν(q|k) = Rν

(
θs + θ0

2

)
1

cos θs

cos 1
2 (θs + θ0)

cos 1
2 (θs − θ0)
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×
∞∫

−∞
dx1 exp

[−i(q − k)x1
]

exp
[−iaζ(x1)

]
, (2.2.13)

where a(θs, θ0) is defined in Eq. (2.1.61)
A derivation identical to the one carried out in Section 2.1.1.2 yields the result that the

mean differential reflection coefficient for incident light of either polarization is given in
terms of the scattering amplitude Rν(q|k) by

〈
∂Rν

∂θs

〉
= 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

〈∣∣Rν(q|k)
∣∣2〉. (2.2.14)

In the present case this becomes

〈
∂Rν

∂θs

〉
= 1

L1

(
ω

2πc

)
1

cos θ0

∣∣∣∣Rν

(
θs + θ0

2

)∣∣∣∣
2 cos2 1

2 (θs + θ0)

cos2 1
2 (θs − θ0)

×
∞∫

−∞
dx1

∞∫
−∞

dx′
1 exp

[−i(q − k)(x1 − x′
1)
]〈

exp
[−ia

(
ζ(x1) − ζ(x′

1)
)]〉

.

(2.2.15)

On passing to the geometrical optics limit of this expression, as this was done in Sec-
tion 2.1.1.4, we obtain

〈
∂Rν

∂θs

〉
= 1

L1

(
ω

2πc

)
1

cos θ0

∣∣∣∣Rν

(
θs + θ0

2

)∣∣∣∣
2 cos2 1

2 (θs + θ0)

cos2 1
2 (θs − θ0)

×
∞∫

−∞
du exp

[
i(q − k)u

] ∞∫
−∞

dx1
〈
exp

[
iauζ ′(x1)

]〉
. (2.2.16)

The double integral in Eqs. (2.2.16) is the same one that appears in Eq. (2.1.60), and
we evaluate it in the same way this was done in Section 2.1.2.2. With the use of the repre-
sentation for the surface profile function given by Eqs. (2.1.83) and (2.1.85), and the result
given by Eq. (2.1.87), Eq. (2.2.16) becomes

〈
∂Rν

∂θs

〉
(θs, θ0) =

∣∣∣∣Rν

(
θs + θ0

2

)∣∣∣∣
2 1

2 cos θ0

cos 1
2 (θs + θ0)

cos3 1
2 (θs − θ0)

f

(
− tan

1

2
(θs − θ0)

)
.

(2.2.17)



2.2. Penetrable Surfaces 53

The change of variable (2.1.91) yields the useful results

cos
1

2
(θs − θ0) = 1√

1 + γ 2
, cos

1

2
(θs + θ0) = 1√

1 + γ 2
[cos θ0 − γ sin θ0],

(2.2.18)

sin
1

2
(θs − θ0) = γ√

1 + γ 2
, sin

1

2
(θs + θ0) = 1√

1 + γ 2
[sin θ0 + γ cos θ0].

(2.2.19)

It follows from these results that Eq. (2.2.17) can be rewritten as

〈
∂Rν

∂θs

〉(
θ0 + 2 tan−1 γ, θ0

) = ∣∣rν(γ |θ0)
∣∣2 1 + γ 2

2

cos θ0 − γ sin θ0

cos θ0
f (−γ ), (2.2.20)

where we have introduced the definition

Rν

(
θs + θ0

2

)
= κν(cos θ − γ sin θ0) − [ε(1 + γ 2) − (sin θ0 + γ cos θ0)

2] 1
2

κν(cos θ0 − γ sin θ0) + [ε(1 + γ 2) − (sin θ0 + γ cos θ0)2] 1
2

(2.2.21a)

≡ rν(γ |θ0). (2.2.21b)

We invert Eq. (2.2.20) and obtain for the pdf of the slope an

fν(γ ) = 1

|rν(−γ |θ0)|2
2

1 + γ 2

cos θ0

cos θ0 + γ sin θ0

〈
∂Rν

∂θs

〉(
θ0 − 2 tan−1 γ, θ0

)
. (2.2.22)

In the case of normal incidence, θ0 = 0, Eq. (2.2.22) simplifies to

fν(γ ) = 2

1 + γ 2

∣∣∣∣κν +√
ε + (ε − 1)γ 2

κν −√
ε + (ε − 1)γ 2

∣∣∣∣
2〈

∂Rν

∂θs

〉(−2 tan−1 γ,0
)
. (2.2.23)

2.2.2. Solution of the Scattering Problem

We again validate the quality of a surface designed on the basis of the geometrical optics
limit of a single-scattering approximation, in the present case the Kirchhoff approximation,
by calculating the mean differential reflection coefficient of the light scattered from it by
means of a more rigorous theory. In this section we describe how such calculations are
carried out on the basis of a rigorous computer simulation approach, and on the basis of
the Kirchhoff approximation, but without passing to the geometrical optics limit of the
latter theory.
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2.2.2.1. Computer Simulations In obtaining a rigorous computer simulation solution to
the problem of the scattering of light from a one-dimensional randomly rough interface be-
tween vacuum and a penetrable medium, such as a metal or a dielectric, when the plane of
incidence is normal to the generators of the surface, one can deal with the cases of p- and s-

polarized incident light simultaneously by working with the functions F
≷
ν (x1, x3|ω) intro-

duced in Section 2.2.1. They now satisfy Eqs. (2.2.1) and (2.2.3) in the regions x3 > ζ(x1)

and x3 < ζ(x1), respectively. We also introduce the Green’s functions G0(x1, x3|x′
1, x

′
3)

and Gε(x1, x3|x1, x3) as the solutions of the equations

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ω2

c2

)
G0(x1, x3|x′

1, x
′
3) = −4πδ(x1 − x′

1)δ(x3 − x′
3) (2.2.24)

and

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ε(ω)
ω2

c2

)
Gε(x1, x3|x′

1, x
′
3) = −4πδ(x1 − x′

1)δ(x3 − x′
3) (2.2.25)

respectively, subject to outgoing wave and vanishing boundary conditions at infinity. Ex-
plicit expressions for these functions are

G0(x1, x3|x′
1, x

′
3) = iπH

(1)
0

(
(ω/c)

[
(x1 − x′

1)
2 + (x3 − x′

3)
2] 1

2
)

(2.2.26a)

=
∞∫

−∞

dq

2π

2πi

α0(q)
exp

[
iq(x1 − x′

1) + iα0(q)|x3 − x′
3|
]

(2.2.26b)

and

Gε(x1, x3|x′
1, x

′
3) = iπH

(1)
0

(
nc(ω/c)

[
(x1 − x′

1)
2 + (x3 − x′

3)
2] 1

2
)

(2.2.27a)

=
∞∫

−∞

dq

2π

2πi

α(q)
exp

[
iq(x1 − x′

1) + iα(q)|x3 − x′
3|
]
,

(2.2.27b)

where H
(1)
0 (z) is a Hankel function of the first kind and zero order, and nc(ω) is the com-

plex index of refraction of the scattering medium,

nc(ω) = [
ε(ω)

] 1
2 , Renc(ω) > 0, Imnc(ω) > 0. (2.2.28)
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We now apply the results given by Eqs. (2.2.1) and (2.2.24) and Green’s second integral
identity in the plane, Eq. (2.1.8), to the region x3 > ζ(x1) and obtain the following equation
for F>

ν (x1, x3|ω):

θ
(
x3 − ζ(x1)

)
F>

ν (x1, x3|ω)

= F>
ν (x1, x3|ω)inc + 1

4π

∫
s

ds′
[(

∂

∂n′ G0(x1, x3|x′
1, x

′
3)

)
F>

ν (x′
1, x

′
3|ω)

− G0(x1, x3|x′
1, x

′
3)

∂

∂n′ F
>
ν (x′

1, x
′
3|ω)

]
. (2.2.29)

We next apply the results given by Eqs. (2.2.3) and (2.2.25) and Green’s second integral
identity in the plane, Eq. (2.1.8), to the region x3 < ζ(x1) and obtain the following equation
for F<

ν (x1, x3|ω):

θ
(
ζ(x1) − x3

)
F<

ν (x1, x3|ω)

= − 1

4π

∫
s

ds′
[(

∂

∂n′ Gε(x1, x3|x′
1, x

′
3)

)
F<

ν (x′
1, x

′
3|ω)

− Gε(x1, x3|x′
1, x

′
3)

∂

∂n′ F
<
ν (x′

1, x
′
3|ω)

]
. (2.2.30)

Since we have assumed that the surface profile function ζ(x1) is a single-valued function
of x1, we can use Eqs. (2.1.4), (2.1.15), (2.1.18), and the boundary conditions (2.2.6)–
(2.2.7) to rewrite Eqs. (2.2.29) and (2.2.30) in the forms

θ
(
x3 − ζ(x1)

)
F>

ν (x1, x3|ω)

= F>
ν (x1, x3|ω)inc + 1

4π

∞∫
−∞

dx′
1

{[
∂

∂N ′ G0(x1, x3|x′
1, x

′
3)

]
x′

3=ζ(x′
1)

Hν(x
′
1|ω)

− [
G0(x1, x3|x′

1, x
′
3)
]
x′

3=ζ(x′
1)

Lν(x
′
1|ω)

}
, (2.2.31)

θ
(
ζ(x1) − x3

)
F<

ν (x1, x3|ω)

= − 1

4π

∞∫
−∞

dx′
1

{[
∂

∂N ′ Gε(x1, x3|x′
1, x

′
3)

]
x′

3=ζ(x′
1)

Hν(x
′
1|ω)

− κν(ω)
[
Gε(x1, x3|x′

1, x
′
3)
]
x′

3=ζ(x′
1)

Lν(x
′
1|ω)

}
, (2.2.32)
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where the source functions Hν(x1|ω) and Lν(x1|ω) are defined by

Hν(x1|ω) = F>
ν (x1, x3|ω)

∣∣
x3=ζ(x1)

, (2.2.33a)

Lν(x1|ω) = ∂

∂N
F>

ν (x1, x3|ω)

∣∣∣∣
x3=ζ(x1)

. (2.2.33b)

The scattered field F>
ν (x1, x3ω)sc is given by the integral term on the right-hand

side of Eq. (2.2.31). When we use the representation (2.2.26b) for the Green’s function
G0(x1, x3|x′

1, x
′
3) in the case that x3 > ζ(x1)max, we can write the scattered field in the

form

F>
ν (x1, x3|ω)sc =

∞∫
−∞

dq

2π
Rν(q|k) exp

[
iqx1 + iα0(q)x3

]
, (2.2.34)

where the scattering amplitude Rν(q|k) is given by

Rν(q|k) = i

2α0(q)

∞∫
−∞

dx1 exp
[−iqx1 − iα0(q)ζ(x1)

]

× {
i
[
qζ ′(x1) − α0(q)

]
Hν(x1|ω) − Lν(x1|ω)

}
. (2.2.35)

The dependence of the scattering amplitude on the wave number k arises from the de-
pendence of the source functions Hν(x1|ω) and Lν(x1|ω) on the incident field, which we
assume is given by Eq. (2.1.11).

Because the scattered field given by Eq. (2.2.34) has exactly the same form as the ex-
pressions for the scattered fields given by Eqs. (2.1.22) and (2.1.25), we can conclude that
the mean differential reflection coefficient in the present case is still given by Eq. (2.1.37)
together with Eq. (2.1.31). It is convenient for what follows to write it in the form

〈
∂Rν

∂θs

〉
= 1

L1

c

8πω

〈|rν(θs |θ0)|2〉
cos θ0

, (2.2.36)

where

rν(θs |θ0) =
∞∫

−∞
dx1 exp

{−i(ω/c)
[
x1 sin θs + ζ(x1) cos θs

]}

× {
i(ω/c)

[
ζ ′(x1) sin θs − cos θs

]
Hν(x1|ω) − Lν(x1|ω)

}
.

(2.2.37)

The source functions Hν(x1|ω) and Lν(x1|ω) satisfy a pair of coupled inhomogeneous
integral equations. These equations can be obtained from Eqs. (2.2.31) and (2.2.32) by
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evaluating them at x3 = ζ(x1) + η, where η is a positive infinitesimal that we eventually
let go to zero:

Hν(x1|ω) = Hν(x1|ω)inc +
∞∫

−∞
dx′

1

[
H(0)(x1|x′

1)Hν(x
′
1|ω) − L(0)(x1|x′

1)Lν(x
′
1|ω)

]
,

(2.2.38)

0 = −
∞∫

−∞
dx′

1

[
H(ε)(x1|x′

1)Hν(x
′
1|ω) − κν(ω)L(ε)(x1|x′

1)Lν(x
′
1|ω)

]
, (2.2.39)

where

Hν(x1|ω)inc = F>
ν (x1, x3|ω)inc

∣∣
x3=ζ(x1)

, (2.2.40)

and

H(ε)(x1|x′
1) = 1

4π

∂

∂N ′ Gε(x1, x3|x′
1, x

′
3)

∣∣∣∣ x′
3=ζ(x′

1)|
x3=ζ(x1)+η

=
(

− i

4

)
n2

c

ω2

c2

H
(1)
1 (nc(ω/c)[(x1 − x′

1)
2 + (

ζ(x1) − ζ(x′
1) + η

)2] 1
2 )

nc(ω/c)[(x1 − x′
1)

2 + (ζ(x1) − ζ(x′
1) + η)2] 1

2

× [
(x1 − x′

1)ζ
′(x′

1) − (
ζ(x1) − ζ(x′

1) + η
)]

, (2.2.41)

L(ε)(x1|x′
1) = 1

4π
Gε(x1, x3|x′

1, x
′
3)

∣∣∣∣ x′
3=ζ(x′

1)

x3=ζ(x1)+η

= i

4
H

(1)
0

(
nc(ω/c)

[
(x1 − x′

1)
2 + (

ζ(x1) − ζ(x′
1) + η

)2] 1
2
)
.

(2.2.42)

The kernels H(0)(x1|x′
1) and L(0)(x1|x′

1) are obtained by setting nc = 1 in H(ε)(x1|x′
1) and

L(ε)(x1|x′
1), respectively.

Equations (2.2.38) and (2.2.39) are solved by converting them into matrix equations that
are then solved numerically, exactly as this was done in Section 2.1.3.1. The infinite range
of integration is replaced by the finite range (−L/2,L/2), which is then subdivided into
N equal segments each of length �x = L/n, whose midpoints are at the points defined by
xn = −L

2 + (n − 1
2 )�x, n = 1,2, . . . ,N . On the assumption that Hν(x1|ω) and Lν(x1|ω)

are slowly varying functions of x1 in each of these intervals, one obtains the pair of matrix
equations
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Hν(xm|ω) = Hν(xm|ω)inc +
N∑

n=1

[
H(0)

mnHν(xn|ω) − L(0)
mnLν(xn|ω)

]
, m = 1,2, . . . ,N,

(2.2.43)

N∑
n=1

[
H(ε)

mnHν(xn|ω) − κν(ω)L(ε)
mnLν(xn|ω)

] = 0, m = 1,2, . . . ,N, (2.2.44)

where

H(0,ε)
mn =

1
2 �x∫

− 1
2 �x

duH(0,ε)(xm|xn + u), (2.2.45)

L(0,ε)
mn =

1
2 �x∫

− 1
2 �x

duL(0,ε)(xm|xn + u). (2.2.46)

The kernels H(ε)(x1|x′
1) and L(ε)(x1|x′

1) are singular when x1 = x′
1, due to the singular-

ities of the Hankel functions entering them for vanishing arguments. This has to be taken
into account in evaluating the matrix elements H

(ε)
mn and L

(ε)
mn. For the off-diagonal ele-

ments of these matrices the integrands in Eqs. (2.2.45) and (2.2.46) never vanish. We can
therefore expand them in powers of u and integrate the resulting expressions term-by-term.
In this way we find that to leading nonzero order in �x

H(ε)
mn = �xH(ε)(xm|xn)

= �x

(
− i

4

)
n2

c

(
ω

c

)2

× H
(1)
1 (nc(ω/c)[(xm − xn)

2 + (ζ(xm) − ζ(xn))
2] 1

2 )

nc(ω/c)[(xm − xn)2 + (ζ(xm) − ζ(xn))2] 1
2

× [
(xm − xn)ζ

′(xn) − (
ζ(xm) − ζ(xn)

)]
, m �= n, (2.2.47)

L(ε)
mn = �xL(ε)(xm|xn)

= �x

(
i

4

)
H

(1)
0

(
nc(ω/c)

[
(xm − xn)

2 + (
ζ(xm) − ζ(xn)

)2] 1
2
)
, m �= n.

(2.2.48)

The evaluation of the diagonal element L
(ε)
mm is carried out in the following way. From

Eqs. (2.2.42) and (2.2.46) we obtain
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L(ε)
mm = i

4

1
2 �x∫

− 1
2 �x

duH
(1)
0

(
nc(ω/c)

[
u2 + (

ζ(xm) − ζ(xm + u)
)2] 1

2
)

= i

4

1
2 �x∫

− 1
2 �x

duH
(1)
0

(
nc(ω/c)

[
φ2

mu2 + ζ ′(xm)ζ ′′(xm)u2 + · · ·] 1
2
)
, (2.2.49)

where

φm = [
1 + (

ζ ′(xm)
)2] 1

2 , (2.2.50)

and where we have passed to the limit η → 0+ since the integral is convergent in this limit.
With the aid of the small argument expansion of the Hankel function H

(1)
0 (z) [2.17],

H
(1)
0 (z) = 2i

π
�n

z

2
+ iγ + 1 + O

(
z2�nz

)
, (2.2.51)

where γ = 0.5772157 is Euler’s constant, we obtain from Eq. (2.2.49) the result that

L(ε)
mm = i

2

1
2 �x∫
0

du

{
2i

π
�n

(
nc(ω/c)(φm/2)u

)+ iγ + 1

}
+ O

(
�x3�n�x

)

= i

4
�x

{
2i

π
�n

(
1

2
�xnc(ω/c)(φm/2e)

)
+ iγ + 1

}

+ O
(
�x3�n�x

)
. (2.2.52)

A second use of Eq. (2.2.51) yields this result in a compact form:

L(ε)
mm = �x

(
i

4

)
H

(1)
0

(
nc

ω

c

φm�x

2e

)
. (2.2.53)

The result that L
(ε)
mm is of O(�x�n�x) for small �x, rather than of O(�x), is a reflection

of the (integrable) singularity of the kernel L(ε)(x1|x′
1) for coinciding arguments.

From Eqs. (2.2.41) and (2.2.45) we obtain for the diagonal element H
(ε)
mm

H(ε)
mm =

(
− i

4

)
n2

c

(
ω

c

)2



60 One-Dimensional Surfaces

×
1
2 �x∫

− 1
2 �x

du
H

(1)
1 (nc(ω/c)[u2 + (ζ(xm) − ζ(xm + u) + η)2] 1

2 )

nc(ω/c)[u2 + (
ζ(xm) − ζ(xm + u) + η

)2] 1
2

× [−uζ ′(xm + u) − (
ζ(xm) − ζ(xm + u) + η

)]

= i

4
n2

c

(
ω

c

)2
1
2 �x∫

− 1
2 �x

du
H

(1)
1 (nc(ω/c)ψm)

nc(ω/c)ψm

×
[
η + 1

2
u2ζ ′′(xm) + 1

3
u3ζ ′′′(xm) + · · ·

]
, (2.2.54)

where ψm is given by Eq. (2.1.113a). With the aid of the small argument expansion of
H

(1)
1 (z)/z, Eq. (2.1.114), the leading nonzero contribution in �x to H

(0)
mm is given by

H(ε)
mm = lim

n→0+
1

2π

1
2 �x∫

− 1
2 �x

du
η

φ2
mu2 − 2ηζ ′(xm)u + η2

+ 1

2π

1
2 �x∫

− 1
2 �x

du
1

2

ζ ′′(xm)

φ2
m

, (2.2.55)

because terms omitted either vanish with vanishing η or are of higher order in �x. On
carrying out the integrations we obtain finally

H(ε)
mm = 1

2
+ �x

ζ ′′(xm)

4πφ2
m

. (2.2.56)

The presence of a contribution independent of �x to this matrix element is a consequence
of the singularity of the kernel H(ε)(x1|x′

1) for coinciding arguments.

The expressions for the matrix elements H
(0)
mn and L

(0)
mn are obtained by setting nc = 1

in the expressions for H
(ε)
mn and L

(ε)
mn, respectively.

When these results are used in Eqs. (2.2.43) and (2.2.44), we can rewrite these equations
as

Hν(xm|ω) = 2Hν(xm|ω)inc +
N∑

n=1

[
H(0)

mnHν(xn|ω) −L(0)
mnLν(xn|ω)

]
, m = 1,2, . . . ,N,

(2.2.57)

Hν(xm|ω) +
N∑

n=1

[
H(ε)

mnHν(xn|ω) − κν(ω)L(ε)
mnLν(xn|ω)

] = 0, m = 1,2, . . . ,N,

(2.2.58)
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where

H(ε)
mn = �x
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− i

2

)
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m = n, (2.2.59b)
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(2.2.60a)
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0

(
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ω
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φm�x

2e

)
m = n. (2.2.60b)

The expressions for H(0)
mn and L(0)

mn are obtained from Eqs. (2.2.59) and (2.2.60), respec-
tively, by replacing nc by unity.

When Hν(xn|ω) and Lν(xn|ω) have been obtained by solving Eqs. (2.2.57) and (2.2.58),
the amplitude rν(θs |θ0) that appears in the expression (2.2.36) for the differential reflection
coefficient is calculated from Eq. (2.2.37) according to

rν(θs |θ0) = �x

N∑
n=1

exp
{−i(ω/c)

[
xn sin θs + ζ(xn) cos θs

]}
× {

i(ω/c)
[
ζ ′(xn) sin θs − cos θs

]
Hν(xn|ω) − Lν(xn|ω)

}
. (2.2.61)

2.2.2.2. The Kirchhoff Approximation A simple and rapid solution to the scattering prob-
lem is provided by the Kirchhoff approximation, but without passing to the geometrical
optics limit of this approximation.

The scattering amplitude Rν(q|k) in the Kirchhoff approximation is given by
Eq. (2.2.13). If we represent the surface profile function ζ(x1) in the form given by
Eq. (2.1.83), Eq. (2.2.13) becomes

Rν(q|k) = Rν

(
θs + θ0

2

)
1

cos θs

cos 1
2 (θs + θ0)

cos 1
2 (θs − θ0)

×
Ns−1∑

n=−Ns

exp
[−i(ω/c)(cos θs + cos θ0)bn

]
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×
(n+1)b∫
nb

dx1 exp
{−i(ω/c)[sin θs − sin θ0] + (cos θs + cos θ0)an

}
x1

= bRν

(
θs + θ0

2

)
1

cos θs

cos 1
2 (θs + θ0)

cos 1
2 (θs − θ0)

r(θs |θ0), (2.2.62)

where r(θs |θ0) is defined by Eq. (2.1.131). If, again, we define L1 as 2Nsb, the mean
differential reflection coefficient, Eq. (2.2.14), becomes

〈
∂Rν

∂θs

〉
= b

2Ns

(
ω

2πc

)
1

cos θ0

∣∣∣∣Rν

(
θs + θ0

2

)∣∣∣∣
2[cos 1

2 (θs + θ0)

cos 1
2 (θs − θ0)

]2〈∣∣r(θs |θ0)
∣∣2〉. (2.2.63)

A large number Np of random surface profile functions is then generated, and for each
realization the corresponding function |r(θs |θ0)|2 is calculated by the use of Eq. (2.1.131).
The arithmetic average of the Np results for |r(θs |θ0)|2 obtained yields the average appear-
ing in (2.2.63).

2.2.3. Results

To illustrate the approach developed in Sections 2.2.1 for the design of one-dimensional
randomly rough penetrable surfaces that produce a mean differential reflection coefficient
with a specified dependence on the scattering angle for a given angle of incidence, as in
Section 2.1.4 we will apply them in this section to the design of a surface that a) acts as a
band-limited uniform diffuser; or b) acts as a Lambertian diffuser; or c) suppresses single-
scattering processes. The surfaces generated will bound both a semi-infinite metal (silver)
and a semi-infinite dielectric (photoresist). Each surface will be illuminated by light of p

and s polarization whose wavelength is λ = 612.7 nm. The dielectric function of silver at
this wavelength is ε(ω) = −17.2 + i0.498, and the dielectric constant of photoresist will
be taken to be ε = 2.69. To test the quality of the surfaces generated, the mean differential
reflection coefficients 〈∂Rp/∂θs〉 and 〈∂Rs/∂θs〉 will be calculated for the scattering of p-
and s-polarized light from them by means of the rigorous numerical simulation method
presented in Section 2.2.2.1, and will then be compared with the expressions for these
coefficients that served as inputs to the design of these surfaces.

2.2.3.1. A Band-Limited Uniform Diffuser The mean differential reflection coefficient
we wish the surface to produce when illuminated at normal incidence by ν-polarized light
is 〈

∂Rν

∂θs

〉
= Aνθ(θs + θm)θ(θm − θs). (2.2.64)
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From Eq. (2.2.23) we find that the corresponding pdf is given by

fν(γ ) = 2Aν

1 + γ 2

∣∣∣∣
√

ε + (ε − 1)γ 2 + κν√
ε + (ε − 1)γ 2 − κν

∣∣∣∣
2

θ
(
γm − |γ |), (2.2.65)

where γm = tan(θm/2). The coefficient Aν is determined from the normalization of fν(γ ).

In Fig. 2.14 we present results obtained for the case of incident light of p polarization.
In Fig. 2.14(a) we present a segment of a single realization of the surface profile function
of a silver surface constructed on the basis of the pdf fp(γ ) given by Eq. (2.2.65). The
wavelength of the incident light was assumed to be λ = 612.7 nm. The dielectric func-
tion of silver at this wavelength is ε(ω) = −17.2 + i0.498. The angle θm was chosen to be
θm = 20◦, and the characteristic length b was b = 20 µm. In Fig. 2.14(b) the mean differen-
tial reflection coefficient 〈∂Rp/∂θs〉, calculated by the method described in Section 2.2.2.1,
is plotted as a function of θs for the scattering of p-polarized light incident normally on
a silver surface defined by these parameters. Also plotted for comparison, is the result for
〈∂Rp/∂θs〉 given by Eq. (2.2.64), which served as the input to the determination of the
surface. Results for Np = 10 000 realizations of the surface profile function were averaged
to obtain the plot in Fig. 2.14(b).

In Fig. 2.14(c) we plot a segment of a single realization of a photoresist surface con-
structed on the basis of the pdf fp(γ ) given by (2.3.65). The wavelength of the incident
light was λ = 612.7 nm, and the dielectric constant of photoresist was ε = 2.69. The an-
gle θm was chosen to be θm = 20◦, and the characteristic length b was b = 20 µm. The
mean differential reflection coefficient 〈∂Rp/∂θs〉 for the scattering of p-polarized light
incident normally on a photoresist surface characterized by these parameters, is plotted
in Fig. 2.14(d), together with the result given by Eq. (2.2.64). Results for Np = 10 000
realizations of the surface profile function were averaged to obtain the plot in Fig. 2.14(d).

In Figs. 2.15(a)–2.15(d) we present the corresponding results obtained in the case where
the incident light is s polarized. The calculations are based on the pdf fs(γ ) given by
Eq. (2.2.65), and the experimental and roughness parameters are the same as those used in
obtaining Figs. 2.14(a)–2.14(d).

One sees from Figs. 2.14 and 2.15 that there is not much difference between the re-
sults for a metal surface illuminated by p- and s-polarized light. However, 〈∂Rs/∂θs〉 for
a dielectric surface is slightly larger than is 〈∂Rp/∂θs〉 for the same surface. This is con-
sistent with the result that a dielectric surface reflects s-polarized light more strongly than
it reflects p-polarized light [2.17].

The results presented in Figs. 2.14 and 2.15 show that a surface designed by the ap-
proach developed in Section 2.2.1 to act as a band-limited uniform diffuser indeed produces
a scattered field with the specified angular dependence of its mean differential reflection
coefficient. The use of a larger value of the characteristic length b, at the expense of in-
creased computational effort, would sharpen the corners of the scattering patterns displayed
in these figures, as it did in the results for perfectly conducting surfaces presented in Sec-
tion 2.1.4.1. But even without this refinement the calculated 〈∂Rp,s/∂θs〉 reproduce those
used as inputs to their calculation very well. As follows from the expressions Eqs. (2.2.64)
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Figure 2.14. (a) A segment of a single realization of the surface profile function ζ(x1) of a silver surface de-
signed to act as a band-limited uniform diffuser when illuminated at normal incidence by p-polarized light,
for which fp(γ ) is given by Eq. (2.2.65). The values of the parameters employed in obtaining this surface are
λ = 612.7 nm, ε(ω) = −17.2 + i0.498, θ0 = 0◦ , θm = 20◦ , and b = 20 µm; (b) the mean differential reflection
coefficient 〈∂Rp/∂θs 〉, estimated from Np = 10 000 realizations of the surface profile function, for the scattering
of p-polarized light incident normally on a silver surface defined by these parameters. The calculations have been
carried out by the rigorous method described in Section 2.2.2.1. The input distribution given by Eq. (2.2.64) is
also plotted for comparison; (c) a segment of a single realization of the surface profile function for a photoresist
surface constructed on the basis of the pdf fp(γ ) given by Eq. (2.2.65). The value of the parameters assumed in
obtaining this surface are λ = 612.7 nm, ε = 2.69, θ0 = 0◦ , θm = 20◦ , and b = 20 µm; (d) the mean differential
reflection coefficient 〈∂Rp/∂θs 〉, estimated from Np = 10 000 realizations of the surface profile function, for the
scattering of p-polarized light incident normally on a photoresist surface defined by these parameters. The calcu-
lations have been carried out by the rigorous method described in Section 2.2.2.1. The input distribution given by
Eq. (2.2.64) is also plotted for comparison.

and (2.2.65) there should be no frequency dependence in the case where the dielectric func-
tion of the scattering medium is frequency independent. The frequency dependence of the
dielectric function leads only to the change of the constant A, i.e., of the absolute value of
the mean differential reflection coefficient. In Figs. 2.16(a) and 2.16(b) we present results
obtained for the case of s-polarized incident light of three wavelengths, namely 457.9 nm,
533 nm, and 612.7 nm, scattered from silver (a) and photoresist (b) surfaces designed to
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Figure 2.15. The same as Fig. 2.14, except that the incident light is s-polarized.

Figure 2.16. The mean differential reflection coefficient 〈∂Rs/∂θs 〉, estimated from Np = 20 000 realizations of
the surface profile function, for the scattering of s-polarized light incident normally on silver (a) and photoresist
(b) surfaces designed to act as band-limited uniform diffusers at the wavelength λ = 633 nm. The calculations
have been carried out on the basis of a rigorous computer simulation approach to the scattering of light of three
different wavelengths of the incident light: λ = 458 nm (◦), λ = 533 nm (+), and λ = 633 nm (×). The values of
the parameters employed are θm = 20◦ , b = 22 µm.
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Figure 2.17. The mean differential reflection coefficient 〈∂R/∂θs 〉 estimated from Np = 20 000 realizations
of the surface profile function for the case of a band-limited uniform diffuser for which f (γ ) is given by
Eq. (2.1.139), but the calculations have been carried out on the basis of a rigorous computer simulation ap-
proach to the scattering of s-polarized light of three different wavelengths of the incident light: λ = 458 nm (◦),
λ = 533 nm (+), and λ = 633 nm (×), from a one-dimensional silver surface. The values of the parameters
employed are θm = 20◦ , b = 22 µm.

act as band-limited uniform diffusers at the wavelength λ = 633 nm. In the calculations
we assumed that the dielectric function of the metal is frequency-dependent, while that of
the photoresist is not. Indeed, only the absolute value of the mean differential reflection
coefficient in Figs. 2.16 depends on the wavelength of the incident light.

The results presented in Figs. 2.14 and 2.15 were obtained for metal and dielectric sur-
faces obtained from pdfs f (γ ) (2.2.23) that explicitly take into account the penetrability of
these surfaces, i.e., that depend on the dielectric constant of the scattering medium, and on
the polarization of the incident light. In Section 2.1.4.1 we have obtained the pdf f (γ ) for
generating a perfectly conducting surface that act as a band-limited uniform diffuser when
illuminated by p- or s-polarized light. This pdf (2.1.139) is independent of the frequency
and the polarization of the incident light. We conclude this section by examining the mean
differential reflection coefficient that is produced when a surface designed on the assump-
tion that the scattering medium is a perfect conductor is ruled on a finitely conducting
metal surface.

In Fig. 2.17 we present results for the mean differential reflection coefficient 〈∂R/∂θs〉
estimated from Np = 20 000 realizations of the surface profile function designed to act
as a band-limited uniform diffuser in the scattering of s-polarized light from a perfectly
conducting surface for which f (γ ) is given by Eq. (2.1.139). However, the calculations
are carried out, on the basis of the rigorous computer simulation approach developed in
Section 2.2.2.1, for the scattering of s-polarized light of three different wavelengths of the
incident light from the surface profile ruled on a silver substrate.

It is seen that the fact that the scattering medium is now silver rather than the perfect
conductor for which the surface was designed does not affect the region of scattering an-
gles within which the mean differential reflection coefficient is required to be nonzero and
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constant. This is determined only by the value of γm in Eq. (2.1.139), not by the composi-
tion of the substrate. There is a weak dependence of the amplitude of the mean differential
reflection coefficient on the wavelength of the incident light, which is due to the frequency
dependence of the dielectric function of silver, which enters the rigorous calculations that
produced Fig. 2.17. To obtain the correct dependence of the amplitude on the wavelength of
the incident light one must use a random surface constructed on the basis of a pdf fν(γ ) that
includes the dielectric function of the scattering medium, its frequency dependence, and its
polarization. Nevertheless, we see that a surface designed for a perfect conductor produces
nearly the same scattering pattern when it is fabricated on a metallic substrate. Moreover,
the most important features of band-limited uniform diffusers, namely the allowed band of
the scattering angles and the constant amplitude within this band, are independent of the
optical properties of the substrates.

2.2.3.2. A Lambertian Diffuser For a surface that is designed to act as a Lambertian
diffuser when illuminated at normal incidence by ν-polarized light the mean differential
reflection coefficient we wish to reproduce is

〈
∂Rν

∂θs

〉
= Aν cos θs, −π

2
� θs � π

2
. (2.2.66)

From Eq. (2.2.23) the corresponding pdf fν(γ ) is given by

fν(γ ) = 2Aν

1 − γ 2

(1 + γ 2)2

∣∣∣∣κν +√
ε + (ε − 1)γ 2

κν −√
ε + (ε − 1)γ 2

∣∣∣∣
2

θ
(
1 − |γ |). (2.2.67)

The coefficient Aν is obtained from the normalization of fν(γ ).
In Fig. 2.18 we present results obtained for the case that the incident light is p polar-

ized. A segment of a single realization of the surface profile function of a silver surface
constructed on the basis of the pdf fp(γ ) given by Eq. (2.2.67) is presented in Fig. 2.18(a).
The characteristic length b was assumed to be b = 20 µm.

In Fig. 2.18(b) we present a plot of 〈∂Rp/∂θs〉 calculated by the rigorous computer sim-
ulation approach described in Section 2.2.2.1, and the input result for this function given
by Eq. (2.2.66). Results for Np = 30 000 realizations of the surface profile function were
averaged to obtain the plot in this figure. It is seen that the computed result for 〈∂Rp/∂θs〉
follows the cosine law given by Eq. (2.2.66) very closely within the noise level for all scat-
tering angles θs . This is somewhat surprising, since one might have expected the geomet-
rical optics approximation to break down for the largest scattering angles. That this is not
observed in the results of the computer simulation calculations may be an indication that
multiple-scattering processes are of minor importance in the scattering from the randomly
rough surface, even at the largest scattering angles. The large number of realizations of the
surface profile function used in obtaining this result was needed in order to reduce the noise
level significantly. The reason for the slow convergence of 〈∂Rp/∂θs〉 with increasing Np

is due to the large value of b used in the simulations, which meant that for the length L1
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Figure 2.18. (a) A segment of a single realization of the surface profile function ζ(x1) of a silver surface designed
to act as a Lambertian diffuser when illuminated at normal incidence by p-polarized light for which fp(γ )

is given by Eq. (2.2.67). The values of the parameters employed in obtaining this surface are λ = 612.7 nm,
ε(ω) = −17.2 + i0.498, θ0 = 0◦ , and b = 22 µm; (b) the mean differential reflection coefficient 〈∂Rp/∂θs 〉,
estimated from Np = 30 000 realizations of the surface profile function, for the scattering of p-polarized light
incident normally on a silver surface defined by these parameters. The calculations have been carried out by
the rigorous method described in Section 2.2.2.1. The input distribution given by Eq. (2.2.66) is also plotted
for comparison; (c) a segment of a single realization of the surface profile function for a photoresist surface
constructed on the basis of the pdf fp(γ ) given by Eq. (2.2.67). The values of the parameters assumed in obtaining
this surface are λ = 612.7 nm, ε = 2.69, θ0 = 0◦ , and b = 22 µm. (d) the mean differential reflection coefficient
〈∂Rp/∂θs 〉, estimated from 30 000 realizations of the surface profile function, for the scattering of p-polarized
light incident normally on a photoresist surface defined by these parameters. The calculations have been carried
out by the rigorous method described in Section 2.2.2.1. The input distribution given by Eq. (2.2.66) is also
plotted for comparison.

of the x1 axis covered by the randomly rough surface assumed in these calculations only
a few segments of length b could be included in each realization of the surface defined
by Eq. (2.1.83). In Fig. 2.18(c) we plot a segment of a single realization of a photoresist
surface constructed on the basis of the pdf fp(γ ) given by Eq. (2.2.67). The wavelength
of the incident light was λ = 612.7 nm, and ε = 2.69. The characteristic length b was
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Figure 2.19. The same as Fig. 2.18, except that the incident light is s-polarized.

assumed to be b = 20 µm. The mean differential reflection coefficient 〈∂Rp/∂θs〉 for the
scattering of p-polarized light incident normally on a photoresist surface characterized by
these parameters is presented in Fig. 2.18(d), together with the input function given by Eq.
(2.2.66).

In Figs. 2.19(a)–2.19(d) we present the corresponding results in the case that the inci-
dent light is s-polarized. The computed results for 〈∂Rs/∂θs〉 follow the cosine law (2.2.66)
very closely for all scattering angles, as is the case when p-polarized light is used to illu-
minate the surfaces.

Again, there is not much difference between the results for the silver surface illuminated
by p- and s-polarized light but, not unexpectedly, 〈∂Rs/∂θs〉 for a dielectric surface is
again larger than 〈∂Rp/∂θs〉 for the same surface.

2.2.3.3. A Surface that Suppresses Single-Scattering Processes The mean differential re-
flection coefficient for a surface that suppresses single-scattering processes within a speci-
fied interval of scattering angles will be assumed to have the form given by Eq. (2.1.145),
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namely 〈
∂Rν

∂θs

〉
=

{
0 |θs | < θm,

Aν cos θs θm < |θs | < π/2.
(2.2.68)

If we assume that the angle of incidence is θ0, then from Eqs. (2.1.146) and (2.2.22) we
find that the corresponding pdf fν(γ ) is given by

fν(γ ) = 1
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. (2.2.69)

The coefficient Aν is then determined from the normalization of fν(γ ).
We have noted earlier that one of the main reasons for an interest in a random surface

that suppresses single-scattering processes within some range of scattering angles is that
it makes more readily visible multiple-scattering effects, such as enhanced backscattering,
when they occur within this range of scattering angles. Enhanced backscattering is the
presence of a well-defined peak in the retroreflection direction θs = −θ0 in the angular
dependence of the mean differential reflection coefficient. It arises in the scattering of light
from a randomly rough surface due to the coherent interference of each multiply-scattered
wave with its reciprocal partner, which strikes the surface at the same points as the former
wave, but in the reverse order [2.21]. In order for this effect to be observable, the mean
distance between consecutive hills and valleys on the surface should be of the order of, but
somewhat larger than, the wavelength of the incident light [2.22,2.23]. For a sufficiently
rough metal surface it occurs for both p- and s-polarized incident light [2.23]. In scattering
from a sufficiently rough dielectric surface it occurs for s-polarized incident light, but not
for p-polarized light unless the dielectric constant of the scattering medium is greater than
approximately 3 [2.21,2.23].

To demonstrate how a surface that suppresses single-scattering processes within a cer-
tain range of scattering angles can enhance the visibility of the enhanced backscattering
peak we consider the scattering of p- and s-polarized light from a one-dimensional ran-
domly rough silver surface generated on the basis of pdf fs(γ ) given by Eq. (2.2.69).

In Fig. 2.20(a) we present a plot of the mean differential reflection coefficient 〈∂Rp/∂θs〉
as a function of θs , calculated by the rigorous computer simulation approach described in
Section 2.2.2.1. The parameters employed in obtaining this figure were θ0 = 2◦, θm = 40◦,
b = 1 µm, λ = 479.5 nm, ε(ω) = −7.5 + i0.24, Ns = 100, and Np = 20 000. A strong
suppression of 〈∂Rp/∂θs〉 in the interval |θs | < 50◦ is clearly seen, although due to the
small value of b assumed this interval is not as sharply defined as it is in Figs. 2.12(a)
and 2.12(b). An enhanced backscattering peak at θs = −2◦ is also clearly seen. When the
angle of incidence is increased to θ0 = 5◦, with the remaining experimental and roughness
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Figure 2.20. The mean differential reflection coefficient 〈∂Rp/∂θs 〉 as a function of θs , calculated by the rigorous
computer simulation approach. The parameters employed in obtaining this result were θm = 50◦ , b = 1 µm,
λ = 479.5 nm, ε(ω) = −7.5 + i0.24, Ns = 100. (a) θ0 = 2◦; (b) θ0 = 5◦ .

Figure 2.21. The same as Fig. 2.20, except that the incident light is s-polarized.

parameters kept unchanged, the peak in 〈∂Rp/∂θs〉 shifts to θs = −5◦, as is shown in
Fig. 2.20(b). This is what is expected of an enhanced backscattering peak.

The corresponding results for the mean differential reflection coefficient 〈∂Rs/∂θs〉 are
presented in Figs. 2.21(a) and 2.21(b), and are seen to be qualitatively and quantitatively
similar to those obtained for p-polarized incident light and presented in Figs. 2.20(a) and
2.20(b), respectively.

2.3. A Random Surface that Suppresses Leakage

Not all surfaces designed to produce a specified angular dependence of the mean intensity
of the scattered field are designed with the assumption that the field incident on them is a
volume electromagnetic wave. In this section we consider the design of a one-dimensional
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randomly rough surface of finite extent, on an otherwise planar metal surface that scatters
a surface electromagnetic wave—a surface plasmon polariton—incident normally on it
with a specified angular dependence of the mean intensity of the field scattered into the
vacuum region above the surface. Surfaces of this type can be useful in theoretical and
experimental studies of the strong localization of surface plasmon polaritons by random
surface roughness.

2.3.1. Surface Plasmon Polaritons

A surface plasmon polariton is an electromagnetic mode that, in its simplest form, propa-
gates in a wavelike fashion along the planar interface between vacuum and a metal, with
an amplitude that decays exponentially rapidly with increasing distance from the interface
into both the vacuum and the metal [2.18]. We assume that the metal is characterized by an
isotropic, frequency-dependent, complex dielectric function ε(ω) = ε1(ω)+ iε2(ω). In this
case we can assume with no loss of generality that the surface plasmon polariton propagates
in the x1 direction. Its sagittal plane, namely the plane defined by its direction of propaga-
tion and the normal to the surface, is the x1x3 plane. We assume initially that the surface
plasmon polariton is either p-polarized or s-polarized with respect to this plane. Thus,
as in Section 2.2.1, we again introduce the function Fν(x1, x3|ω), which is H2(x1, x3|ω)

when ν = p, and is E2(x1, x3|ω) when ν = s. In the present case this function satisfies the
Helmholtz equation (

∂2

∂x2
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+ ∂2

∂x2
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)
F>

ν (x1, x3|ω) = 0 (2.3.1)
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+ ∂2

∂x2
3

+ ε(ω)
ω2

c2

)
F<

ν (x1, x3|ω) = 0 (2.3.2)

in the metal x3 < 0. It satisfies the boundary conditions

F>
ν (x1, x3|ω)

∣∣
x3=0 = F<

ν (x1, x3|ω)
∣∣
x3=0, (2.3.3)

∂

∂x3
F>

ν (x1, x3|ω)

∣∣∣∣
x3=0

= 1

κν

∂

∂x3
F<

ν (x1, x3|ω)

∣∣∣∣
x3=0

(2.3.4)

at the interface x3 = 0, where κp = ε(ω) and κs = 1. In addition, F>
ν (x1, x3|ω)

(F<
ν (x1, x3|ω)) tends to zero as x3 → ∞ (x3 → −∞).

If we assume that F
≷
ν (x1, x3|ω) have a wave-like dependence on x1 of the form

exp(ikx1), the solution of Eq. (2.3.1) that satisfies the boundary condition at x3 = ∞ is

F>
ν (x1, x3|ω) = A> exp

[
ikx1 − β0(k,ω)x3

]
, (2.3.5)
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where

β0(k,ω) = [
k2 − (ω/c)2] 1

2 , Reβ0(k,ω) > 0, Imβ0(k,ω) < 0. (2.3.6)

Similarly, the solution of Eq. (2.3.2) that satisfies the boundary condition at x3 = −∞ is

F<
ν (x1, x3|ω) = A< exp

[
ikx1 + β(k,ω)x3

]
, (2.3.7)

where

β(k,ω) = [
k2 − ε(ω)(ω/c)2] 1

2 , Reβ(k,ω) > 0, Imβ(k,ω) < 0. (2.3.8)

The boundary conditions (2.3.3) and (2.3.4) yield the following pair of equations for the
amplitudes A> and A<:

A> = A<, (2.3.9)

−β0(k,ω)A> = 1

κν

β(k,ω)A<. (2.3.10)

The solvability condition for this system of homogeneous equations yields the dispersion
relation for these surface electromagnetic waves,

β(k,ω)

β0(k,ω)
= −κν. (2.3.11)

In analyzing this dispersion relation it is convenient initially to simplify it by neglecting
the imaginary part of the dielectric function, ε2(ω). In this case we see from Eqs. (2.3.5)
and (2.3.7) that β0(k,ω) and β(k,ω) must be real and positive in order that the boundary
conditions at infinity be satisfied. In turn, it follows from Eq. (2.3.11) that κν has to be neg-
ative. Since κs = 1 for all frequencies ω, we are led to the conclusion that surface plasmon
polaritons of s polarization cannot exist at a planar vacuum–metal interface. The restora-
tion of the imaginary part of the dielectric function ε(ω) does not change this conclusion.

In the case of p polarization Eq. (2.3.11) becomes

β(k,ω)

β0(k,ω)
= −ε(ω). (2.3.12)

Therefore, surface plasmon polaritons exist only in the frequency range(s) in which ε(ω)

is negative (for a real ε(ω)). In this frequency range β(k,ω), Eq. (2.3.8) is always positive.
In order that β0(k,ω) be positive, we see from Eq. (2.3.6) that we must have k > ω/c.

If we square both sides of Eq. (2.3.12) and rearrange the terms in the resulting equation,
we can write the dispersion relation for surface plasmon polaritons in the form

k(ω) = ω

c

[
ε(ω)

ε(ω) + 1

] 1
2 = k1(ω) + ik2(ω), (2.3.13)



74 One-Dimensional Surfaces

which is valid for a complex dielectric function as well as for a real one. To lowest order
in ε2(ω), assumed to be small compared to unity, we find that

k1(ω) = ω

c

( |ε1(ω)|
|ε1(ω)| − 1

) 1
2

>
ω

c
, (2.3.14)

k2(ω) = 1

2

ω

c

( |ε1(ω)|
|ε1(ω)| − 1

) 1
2 ε2(ω)

|ε1(ω)|(|ε1(ω)| − 1)
> 0. (2.3.15)

The single nonzero component of the magnetic field of a (p-polarized) surface plasmon
polariton of frequency ω propagating along a planar vacuum–metal interface can therefore
be written as

H>
2 (x1, x3|ω) = exp

[
ik(ω)x1 − β0(ω)x3

]
(2.3.16)

for x3 > 0, and

H<
2 (x1, x3|ω) = exp

[
ik(ω)x1 + β(ω)x3

]
, (2.3.17)

where

β0(ω) = β0
(
k(ω),ω

) = ω

c

[ −1

ε(ω) + 1

] 1
2

, (2.3.18)

β(ω) = β
(
k(ω),ω

) = −ε(ω)
ω

c

[ −1

ε(ω) + 1

] 1
2

. (2.3.19)

2.3.2. Leakage

A surface plasmon polariton can propagate on a weakly rough one-dimensional randomly
rough vacuum–metal interface [2.19–2.21], not only on a planar interface. As it propagates
across a one-dimensional randomly rough vacuum–metal interface it continuously loses
energy not only through ohmic losses in the metal, but also through its roughness-induced
conversion into volume electromagnetic waves in the vacuum above the random interface,
that propagate away from the interface. This leakage, as it is called, interferes with the de-
termination of the strong or Anderson localization length of the surface plasmon polariton
by means of computer simulation calculations, or experimental measurements of its trans-
missivity as a function of the length of the random segment of the surface [2.22–2.27]. The
use of a randomly rough surface that suppresses leakage in such studies therefore facili-
tates the investigation of the strong localization of surface plasmon polarizations by ran-
dom surface roughness. In this section we describe a way of generating a one-dimensional
randomly rough surface that suppresses leakage.
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2.3.3. The Incident Field

The physical system we consider consists of vacuum in the region x3 > ζ(x1), and a metal,
characterized by an isotropic, frequency-dependent, complex dielectric function ε(ω) =
ε1(ω)+ iε2(ω) in the region x3 < ζ(x1). We are interested in the frequency range in which
|ε1(ω)| < −1, within which, according to Eq. (2.3.14), surface plasmon polaritons exist.
The surface profile function ζ(x1) is assumed to be a single-valued function of x1 that is
nonzero only in the interval −L/2 < x1 < L/2.

We write the surface profile function ζ(x1) in the form

ζ(x1) = Γ (x1)s(x1), (2.3.20)

where s(x1) is a single-valued function of x1 that is differentiable and constitutes a station-
ary, zero-mean, Gaussian random process defined by〈

s(x1)s(x
′
1)
〉 = δ2W

(|x1 − x′
1|
)
, (2.3.21)

where the angle brackets denote an average over the ensemble of realizations of s(x1), and

δ = 〈ζ 2(x1)〉 1
2 is the rms height of the surface defined by s(x1).

In what follows we will also need the power spectrum of the surface roughness, g(|k|),
that is defined by

W
(|x1|

) =
∞∫

−∞

dk

2π
g
(|k|) exp(ikx1), (2.3.22)

so that

g
(|k|) =

∞∫
−∞

dx1 W
(|x1|

)
exp(−ikx1). (2.3.23)

The function Γ (x1) in Eq. (2.3.20) serves to restrict the nonzero values of ζ(x1) to the
interval −L/2 < x1 < L/2. One form that Γ (x1) can have is

Γ (x1) = θ

(
L

2
+ x1

)
θ

(
L

2
− x1

)
. (2.3.24)

A smoother differentiable form for Γ (x1) is provided by

Γ (x1) = 1 + cosh(κL/2)

coshκx1 + cosh(κL/2)
, (2.3.25)

where the parameter κ controls the range of x1 values within which Γ (x1) decreases from
unity to zero. In view of the factor Γ (x1) in Eq. (2.3.20) the surface profile function ζ(x1)

is not a stationary random process, even through s(x1) is.
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We assume that a p-polarized surface plasmon polariton, whose sagittal plane is the
x1x3 plane is incident on the rough segment of the surface from the planar region of the
surface where x1 < −L/2. In defining the incident field when the semi-infinite metal sup-
porting it is lossy we have to take into account that it is attenuated as it propagates in the
+x1 direction. Indeed, the energy mean free path of a surface plasmon polariton at a planar
vacuum–metal interface due to ohmic losses in the metal, �ε(ω), is

�ε(ω) = 1/
(
2k2(ω)

)
, (2.3.26)

where k2(ω) is defined by Eq. (2.3.15). But this result also means that the amplitude of
this wave grows exponentially as x1 → −∞. This causes some of the integrals that arise
in the scattering theory to diverge. In order to avoid these unphysical divergences we have
to create a source in the region x1 < −L/2 which launches surface plasmon polaritons
propagating in both the +x1 direction and the −x1 direction, and therefore decaying in
both directions. We can do this by writing the single nonzero component of the magnetic
field in the vacuum region x3 > ζ(x1)max in the form

H>
2 (x1, x3|ω) = A

{
θ(x1 + L0) exp

[
ik(ω)(x1 + L0) − β0(ω)x3

]
+ θ(−x1 − L0) exp

[−ik(ω)(x1 + L0) − β0(ω)x3
]}

+
∞∫

−∞

dq

2π
R>(q,ω) exp

[
iqx1 − β0(q,ω)x3

]
, (2.3.27)

and in the region of the metal x3 < ζ(x1)min in the form

H<
2 (x1, x3|ω) = A

{
θ(x1 + L0) exp

[
ik(ω)(x1 + L0) + β(ω)x3

]
+ θ(−x1 − L0) exp

[−ik(ω)(x1 + L0) + β(ω)x3
]}

+
∞∫

−∞

dq

2π
R<(q,ω) exp

[
iqx1 + β0(q,ω)x3

]
, (2.3.28)

where L0 > L/2. These expressions satisfy the equations

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ω2

c2

)
H>

2 (x1, x3|ω)

= 2iAk(ω)δ(x1 + L0) exp
[−β0(ω)x3

]
, x3 > ζ(x1)max, (2.3.29)(

∂2

∂x2
1

+ ∂2

∂x2
3

+ ε(ω)
ω2

c2

)
H<

2 (x1, x3|ω)

= 2iAk(ω)δ(x1 + L0) exp
[
β(ω)x3

]
, x3 < ζ(x1)min. (2.3.30)
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Thus, we have introduced a planar source perpendicular to the x1 axis at x1 = −L0, whose
strength decreases exponentially with increasing distance from the interface into the vac-
uum and the metal.

2.3.4. The Scattered Field

In what follows we assume that the surface roughness is sufficiently weak that the sur-
face profile function ζ(x1) satisfies the conditions for the validity of the Rayleigh hy-

pothesis [2.28]. This is the assumption that the expressions for H
≷
2 (x2, x3|ω) given by

Eqs. (2.3.27) and (2.3.28) which, strictly speaking, are valid only outside the selvedge re-
gion ζ(x1)min < ζ(x1)max, can be used in satisfying the boundary conditions (2.3.3) and
(2.3.4) at the interface x3 = ζ(x1). The limits of validity of this assumption are not known
for a randomly rough surface, but it is generally assumed that they are the same for a
periodically corrugated surface, namely that |ζ ′(x1)| � 1 [2.29–2.32].

When we substitute Eqs. (2.3.27) and (2.3.28) into the boundary conditions (2.3.3) and
(2.3.4), we obtain a pair of coupled inhomogeneous integral equations for the scattering
amplitudes R>(q,ω) and R<(q,ω), namely

∞∫
−∞

dq

2π
R>(q,ω) exp

[
iqx1 − β0(q,ω)ζ(x1)

]

−
∞∫

−∞

dq

2π
R<(q,ω) exp

[
iqx1 + β(q,ω)ζ(x1)

]

= A
{
θ(x1 + L0) exp

[
ik(ω)(x1 + L0) + β(ω)ζ(x1)

]
− θ(x1 + L0) exp

[
ik(ω)(x1 + L0) − β0(ω)ζ(x1)

]
+ θ(−x1 − L0) exp

[−ik(ω)(x1 + L0) + β(ω)ζ(x1)
]

− θ(−x1 − L0) exp
[−ik(ω)(x1 + L0) − β0(ω)ζ(x1)

]}
(2.3.31)

and

∞∫
−∞

dq

2π
R>(q,ω)

[−ζ ′(x1)iq − β0(q,ω)
]

exp
[
iqx1 − β0(q,ω)ζ(x1)

]

− 1

ε(ω)

∞∫
−∞

dq

2π
R<(q,ω)

[−ζ ′(x1)iq + β(q,ω)
]

exp
[−iqx1 + β(q,ω)ζ(x1)

]

= A

{
1

ε(ω)
θ(x1 + L0)

[−ζ ′(x1)ik(ω) + β(ω)
]

exp
[
ik(ω)(x1 + L0) + β(ω)ζ(x1)

]
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+ θ(x1 + L0)
[
ζ ′(x1)ik(ω) + β0(ω)

]
exp

[
ik(ω)(x1 + L0) − β0(ω)ζ(x1)

]
+ 1

ε(ω)
θ(−x1 − L0)

[
ζ ′(x1)ik(ω) + β(ω)

]
exp

[−ik(ω)(x1 + L0) + β(ω)ζ(x1)
]

+ θ(−x1 − L0)
[−ζ ′(x1)ik(ω) + β0(ω)

]
exp

[−ik(ω)(x1 + L0) − β0ζ(x1)
]}

.

(2.3.32)

Since we are interested in the suppression of the light scattered into the vacuum re-
gion, it is the scattering amplitude R>(q,ω) that is of interest to us. We can elim-
inate the scattering amplitude R<(q,ω) from this pair of equations to obtain a sin-
gle integral equation for R>(q,ω) alone. We do this by multiplying Eq. (2.3.31) by
[iζ ′(x1)p+β(p,ω)] exp[−ipx1 +β(p,ω)ζ(x1)], and Eq. (2.3.32) by −ε(ω) exp[−ipx1 +
β(p,ω)ζ(x1)]; integrating the resulting equations over x1; and adding them. In this way
we obtain the reduced Rayleigh equation satisfied by R>(q,ω):

(
1 − ε(ω)

) ∞∫
−∞

dq

2π

Î (β(p,ω) − β0(q,ω)|p − q)

β(p,ω) − β0(q,ω)

[
pq − β(p,ω)β0(q,ω)

]
R>(q,ω)

= −2iAk(ω)

∞∫
−∞

dq

2π
exp

[−i(q − p)L0
] Î (β(p,ω) + β(ω)|q)

β(p,ω) + β(ω)

− 2iAk(ω)

∞∫
−∞

dq

2π

exp[−i(q − p)L0]
(q − p)2 − k2(ω)

Î (β(p,ω) − β0(ω)|q)

β(p,ω) − β0(ω)

× {
q
[
p − ε(ω)(q − p)

]+ ε(ω)k2(ω) − p2 + (
1 − ε(ω)

)
β(p,ω)

}
, (2.3.33)

where

Î (γ |Q) =
∞∫

−∞
dx1 exp(−iQx1) exp

(
γ ζ(x1)

)
. (2.3.34)

A somewhat more convenient form for Eq. (2.3.33) is obtained if we remove the delta
function from Î (γ |Q) by writing

Î (γ |Q) = 2πδ(Q) + γ Ĵ (γ |Q), (2.3.35)

where

Ĵ (γ |Q) =
∞∫

−∞
dx1 exp(−iQx1)

exp(γ ζ(x1)) − 1

γ
. (2.3.36)
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After a good deal of algebra we obtain

R>(p,ω)

= ε(ω) − 1

ε(ω)
G0(p,ω)

∞∫
−∞

dq

2π
Ĵ
(
β(p,ω) − β0(q,ω)|p − q

)

× [
pq − β(p,ω)β0(q,ω)

]
R>(q,ω) − 2iAk(ω)

ε(ω)
G0(p,ω)

×
∞∫

−∞

ds

2π
exp(isL0)

{
Ĵ
(
β(p,ω) + β(ω)|p − s

)− ε(ω)Ĵ
(
β(p,ω) − β0(ω)|p − s

)

− (
1 − ε(ω)

)
Ĵ
(
β(p,ω) − β0(ω)|p − s

)ps − β(p,ω)β0(ω)

s2 − k2

}
, (2.3.37)

where

G0(p,ω) = ε(ω)

ε(ω)β0(p,ω) + β(p,ω)
(2.3.38)

is the Green’s function for a surface plasmon polariton at a planar vacuum–metal interface.
If we introduce the transition matrix T (p|k(ω)) by the relation

R>(p,ω) = G0(p,ω)T
(
p|k(ω)

)
, (2.3.39)

then Eq. (2.3.37) takes the form

T
(
p|k(ω)

) = T0(p,ω) +
∞∫

−∞

dq

2π
V (p|q)G0(q,ω)T

(
q|k(ω)

)
, (2.3.40)

where

T0(p,ω) = −2iAk(ω)

ε(ω)

∞∫
−∞

ds

2π
exp(isL0)

×
{
Ĵ
(
β(p,ω) + β(ω)|p − s

)− ε(ω)Ĵ
(
β(p,ω) − β0(ω)|p − s

)

− (
1 − ε(ω)

)
Ĵ
(
β(p,ω) − β0(ω)|p − s

)ps − β(p,ω)β0(ω)

s2 − k2

}
(2.3.41)
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and

V (p|q) = ε(ω) − 1

ε(ω)
Ĵ
(
β(p,ω) − β0(q,ω)|p − q

)[
pq − β(p,ω)β0(q,ω)

]
. (2.3.42)

In fact, the inhomogeneous term T0(p,ω) in Eq. (2.3.40) is far simpler than its repre-
sentation in Eq. (2.3.41) might suggest. To see this, we first consider the integral

I1 =
∞∫

−∞

ds

2π
exp(isL0)Ĵ (γ |p − s). (2.3.43)

On introducing the expression for Ĵ (γ |p − s) given by Eq. (2.3.36) into Eq. (2.3.43),
assuming the representation of ζ(x1) given by Eqs. (2.3.20) and (2.3.24), and interchanging
the orders of integration, we find that

I1 =
L
2∫

− L
2

dx1 exp(−ipx1)
exp(γ ζ(x1)) − 1

γ

∞∫
−∞

ds

2π
exp

[
is(x1 + L0)

]

=
L
2∫

− L
2

dx1 exp(−ipx1)
exp(γ ζ(x1)) − 1

γ
δ(x1 + L0)

= 0, (2.3.44)

because x1 = −L0 lies outside the interval (−L/2,L/2). Thus the first two terms on the
right-hand side of Eq. (2.3.41) vanish. We next consider the integral

I2 =
∞∫

−∞

ds

2π
exp(isL0)Ĵ (γ |p − s)

ps − β(p,ω)β0(ω)

s2 − k2

= [
pk − β(p,ω)β0(ω)

] ∞∫
−∞

ds

2π
exp(isL0)

Ĵ (γ |p − s)

s2 − k2

+ p

∞∫
−∞

ds

2π
exp(isL0)

Ĵ (γ |p − s)

s + k

≡ [
pk − β(p,ω)β0(ω)

]
I2a + pI2b. (2.3.45)
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With the use of Eqs. (2.3.20), (2.3.24), and (2.3.36) we transform the integral I2a into

I2a =
L
2∫

− L
2

dx1 exp(−ipx1)
exp(γ ζ(x1)) − 1

γ

∞∫
−∞

ds

2π

exp[is(x1 + L0)]
(s − k)(s + k)

= i

2k

L
2∫

− L
2

dx1 exp(−ipx1)
exp(γ ζ(x1)) − 1

γ

× {
θ(x1 + L0) exp

[
ik(x1 + L0)

]+ θ(−x1 − L0) exp
[−ik(x1 + L0)

]}

= i

2k
exp(ikL0)

L
2∫

− L
2

dx1 exp
[−i(p − k)x1

]exp(γ ζ(x1)) − 1

γ
. (2.3.46)

In the same way we find that

I2b =
L
2∫

− L
2

dx1 exp(−ipx1)
exp(γ s(x1)) − 1

γ

∞∫
−∞

ds
exp[is(x1 + L0)]

s + k

= −i exp(−ikL0)

L
2∫

− L
2

dx1 exp
[−i(p + k)x1

]exp(γ ζ(x1)) − 1

γ
θ(−x1 − L0)

= 0. (2.3.47)

On collecting the preceding results we obtain finally

T0(p,ω) = −A
1 − ε(ω)

ε(ω)

[
pk(ω) − β(p,ω)β0(ω)

]

× exp
(
ik(ω)L0

) L
2∫

− L
2

dx1 exp
{−i

[
p − k(ω)

]
x1
}

× exp{[β(p,ω) − β0(ω)]ζ(x1)} − 1

β(p,ω) − β0(ω)

= A exp
(
ik(ω)L0

)
V
(
p|k(ω)

)
. (2.3.48)
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We note that if the rounded version of the function Γ (x1) given by Eq. (2.3.25) is used
in the definition of the surface profile function ζ(x1), Eq. (2.3.20), in place of the version
given by Eq. (2.3.24), it is still quite a good approximation to regard the integrals I1 and
I2b as vanishingly small, as long as the difference L0 − L/2 is greater than approximately
4.6/κ .

2.3.5. The Random Surface

From Eq. (2.3.27) we see that the scattered field in the vacuum region is expressed in terms
of R>(q,ω) as

H>
2 (x1, x3|ω)sc =

∞∫
−∞

dq

2π
R>(q,ω) exp

[
iqx1 − β0(q,ω)x3

]
. (2.3.49)

The total time-averaged power scattered from the region −L1/2 < x1 < L1/2, −L2/2 <

x2 < L2/2 of the surface, where L1 and L2 are large lengths, is given by

Psc =
L1
2∫

−L1
2

dx1

L2
2∫

− L2
2

dx2 Re
(
Sc

3p

)
sc, (2.3.50)

where (Sc
3p)sc is the 3-component of the complex Poynting vector of the scattered field,

and is given in terms of H>
2 (x1, x3|ω)sc by

(
Sc

3p

)
sc = − ic2

8πω

∂H>
2 (x1, x3|ω)sc

∂x3
H>

2 (x1, x3|ω)∗sc. (2.3.51)

On combining Eqs. (2.3.49) and (2.3.51) with Eq. (2.3.50) the latter equation becomes

Psc = ReL2
ic2

8πω

∞∫
−∞

dq

2π
β0(q,ω)

∣∣R>(q,ω)
∣∣2 exp

[−2 Reβ0(q,ω)x3
]
. (2.3.52)

If we use the results that

Imβ0(q,ω) =
{−α0(q,ω) |q| < (ω/c),

0 |q| > (ω/c),
(2.3.53)
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which follow from Eqs. (2.1.7) and (2.3.6), we find that

Psc = L2
c2

8πω

ω
c∫

− ω
c

dq

2π
α0(q,ω)

∣∣R>(q,ω)
∣∣2. (2.3.54)

With the change of variable q = (ω/c) sin θs , we obtain finally

Psc = L2
ω

16π2

π
2∫

− π
2

dθs cos2 θs

∣∣R>
(
(ω/c) sin θs,ω

)∣∣2. (2.3.55)

Since the integrand in Eq. (2.3.54) is non-negative, we see that the only way in which
leakage can be suppressed, i.e., the only way in which Psc can be made to vanish, is to
design a one-dimensional randomly rough surface for which the amplitude R>(q,ω) is
identically zero for −(ω/c) < q < (ω/c). To suppress the leakage we will use a surface
that is characterized by the power spectrum [2.33]

g
(|Q|) = π

2�k

[
θ(Q − kmin)θ(kmax − Q) + θ(−Q − kmin)θ(kmax + Q)

]
, (2.3.56)

where

kmin = 2k1(ω) − �k, (2.3.57a)

kmax = 2k1(ω) + �k, (2.3.57b)

and �k must satisfy the inequality

�k � k1(ω) − ω

c
. (2.3.58)

That a surface characterized by the power spectrum (2.3.56) suppresses leakage can
be seen from the following argument. The incident surface plasmon polariton has a wave
number whose real part is k1(ω). After its first interaction with the surface roughness it
will be scattered into waves the real parts of whose wave numbers lie in the two intervals
(3k1(ω)−�k,3k1(ω)+�k) and (−k1(ω)−�k,−k1(ω)+�k). This is because the wave
numbers in the power spectrum of the surface roughness with which k1(ω) can combine
lie in the intervals (2k1(ω) − �k,2k1(ω) + �k) and (−2k1(ω) − �k,−2k1(ω) + �k).
For the same reason, after the scattered waves interact again with the surface roughness
the real parts of the wave numbers of the doubly-scattered waves will lie in the three in-
tervals (5k1(ω) − 2�k,5k1(ω) + 2�k), (k1(ω) − 2�k,k1(ω) + 2�k), and (−3k1(ω) −
2�k,−3k1(ω) + 2�k). After the third interaction with the surface roughness the real
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parts of the wave numbers of the scattered waves will lie in the four intervals (7k1(ω) −
3�k,7k1(ω) + 3�k), (3k1(ω) − 3�k, 3k1(ω) + 3�k), (−k1(ω) − 3�k,−k1(ω) + 3�k),
and (−5k1(ω) − 3�k,−5k1(ω) + 3�k), and so on. Thus, for example, if we wish that
−k1(ω) + 3�k not fall into the radiative region (−(ω/c), (ω/c)), we must require that
−k1(ω) + 3�k < −(ω/c), so that �k < (1/3)(k1(ω) − (ω/c)). When this condition is
satisfied, after triple scattering the surface polaritons will not be converted into volume
electromagnetic waves. In general, if we wish the surface plasmon polariton to scatter n

times from the surface roughness without being converted into volume electromagnetic
waves, we must require that �k < (1/n)(k1(ω) − (ω/c)).

A randomly rough surface characterized by a power spectrum in the form of two
Gaussian peaks centered at q = ±k1(ω) was assumed in Ref. [2.34] in a search for a
localization-induced enhancement of the surface plasmon polariton field. However, such
a power spectrum is nonzero in the interval (−(ω/c), (ω/c)) and, therefore, such a surface
does not suppress leakage.

2.3.6. Generation of a One-Dimensional Random Surface

In order to be able to solve the integral equation (2.3.40) numerically, either rigorously
or approximately, it is necessary to be able to generate the surface profile function ζ(x1)

numerically. In view of Eq. (2.3.20) this means that we have to be able to generate a func-
tion s(x1) that is a single-valued function of x1 that is differentiable and constitutes a
stationary, zero-mean, Gaussian random process defined by Eq. (2.3.21). There are several
ways of doing this [2.35–2.38]. However, for our purposes the following approach [2.39]
is particularly convenient.

The characteristic functional describing a random function f (x) is defined in general
by

Φ[u] ≡
〈
exp

[
i

∫
dx u(x)f (x)

]〉
, (2.3.59)

where the angle brackets denote an average over the ensemble of realizations of f (x).
Equation (2.3.59) can be rewritten in the form

Φ[u] ≡ exp
〈
exp

[
i

∫
dx u(x)f (x)

]
− 1

〉
c
, (2.3.60)

where 〈 〉c denotes the cumulant average [2.40]. Since for a zero-mean Gaussian random
function all multipoint cumulant averages of higher than second order vanish [2.40], it
follows that if f (x) is a zero-mean Gaussian random process its characteristic functional
is given by [2.41]

Φ[u] = exp

{
−1

2

∫
dx

∫
dx′ u(x)C(x, x′)u(x′)

}
, (2.3.61)
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where

C(x, x′) = 〈
f (x)f (x′)

〉
. (2.3.62)

We now consider the random function s(x) defined by

s(x) =
∑
n

gnφn(x), (2.3.63)

where the {gn} are independent Gaussian numbers with zero mean 〈gn〉 = 0 and arbitrary
variances, while the {φn(x)} constitute a complete orthonormal set of functions

∫
dx φm(x)φn(x) = δmn. (2.3.64)

Then s(x) is a zero-mean Gaussian random function with a two-point correlation function

〈
s(x)s(x′)

〉 = B(x, x′) =
∑
n

〈
g2

n

〉
φn(x)φn(x

′). (2.3.65)

To see this, we consider the characteristic functional for the function s(x). On substitut-
ing Eq. (2.3.63) into Eq. (2.3.59) we obtain

Φ[u] =
〈
exp

[
i
∑
n

gn

∫
u(x)φn(x) dx

]〉
{gn}

, (2.3.66)

where the averaging is performed over all gn. With the definition

un ≡
∫

u(x)φn(x) dx, (2.3.67)

and because all gn are statistically independent, it follows from Eq. (2.3.66) that

Φ[u] =
〈
exp i

∑
n

gnun

〉
{gn}

=
〈∏

n

exp(ignun)

〉
{gn}

=
∏
n

〈
exp(ignun)

〉
gn

. (2.3.68)

For a Gaussian gn we have

〈
exp(ignun)

〉
gn

= exp
(−〈

g2
n

〉
u2

n/2
)
, (2.3.69)
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and Eq. (2.3.68) becomes

Φ[u] = exp

{
−1

2

∑
n

〈
g2

n

〉
u2

n

}

= exp

{
−1

2

∑
n

〈
g2

n

〉 ∫
dx

∫
dx′ u(x)u(x′)φn(x)φn(x

′)
}

= exp

{
−1

2

∫
dx

∫
dx′ u(x)u(x′)

[∑
n

〈
g2

n

〉
φn(x)φn(x

′)
]}

= exp

{
−1

2

∫
dx

∫
dx′ u(x)B(x, x′)u(x′)

}
, (2.3.70)

where we have used Eqs. (2.3.65) and (2.3.67). On comparing this result with Eq. (2.3.61)
we find that s(x) is a zero-mean Gaussian random function defined by the two-point cor-
relation function (2.3.65).

In computer simulation studies of scattering from one-dimensional randomly rough sur-
faces we require a finite segment of such a surface that covers the x axis from x = −L/2 to
x = L/2. This is because computers cannot deal with infinitely long surfaces. In practice,
for a reason that will be clear below, what is often done is to generate such a surface by an
approach that produces a function s(x1) in a larger interval (−L/2,L/2), and then to use
the central position of this interval, namely the interval (−L/2,L/2) with L = 1

2L, say, as
the segment of rough surface used in the computer simulations.

To apply the general method just presented for generating the profile function for such
a surface to this case we need a complete set of functions {φn(x)} orthonormal over the
interval −L/2 < x < L/2. A convenient set is given by [2.39]

φn(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1√
L for n = 0,√
2
L sin( 2πkx

L ) for n = 2k − 1,√
2
L cos( 2πkx

L ) for n = 2k.

(2.3.71)

When these functions are substituted into Eq. (2.3.65), we obtain

B(x, x ′) = 〈g2
0〉
L +

∞∑
k=1

2〈g2
2k−1〉
L sin

2πkx

L sin
2πkx′

L

+
∞∑

k=1

2〈g2
2k〉
L cos

2πkx

L cos
2πkx′

L

= 〈g2
0〉
L + 1

L

∞∑
k=1

[〈
g2

2k

〉+ 〈
g2

2k−1

〉]
cos

2πk(x − x′)
L
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+ 1

L

∞∑
k=1

[〈
g2

2k

〉− 〈
g2

2k−1

〉]
cos

2πk(x + x′)
L . (2.3.72)

If we wish s(x) to be a stationary random process, we must require that

〈
g2

2k

〉 = 〈
g2

2k−1

〉
. (2.3.73)

In addition, if we require that B(x, x′) vanish as |x − x′| → ∞, we must set 〈g2
0〉 = 0. We

denote the resulting correlation function by δ2W(|x − x′|), and obtain

δ2W
(|x − x′|) = 2

L

∞∑
k=1

〈
g2

2k

〉
cos

2πk(x − x′)
L . (2.3.74)

By the use of Eq. (2.3.22) we can write that

δ2W
(|x − x′|) = δ2

π

∞∫
0

dk g(k) cos
[
k(x − x′)

]
. (2.3.75)

With the use of the result that

∞∫
0

dk f (k) ∼= 2π

L

∞∑
k=1

f

(
2πk

L

)
, (2.3.76)

we can rewrite Eq. (2.3.75) as

δ2W
(|x − x′|) = δ2

π

2π

L

∞∑
k=1

g

(
2πk

L

)
cos

2πk(x − x′)
L . (2.3.77)

From a comparison of Eqs. (2.3.74) and (2.3.77) we find that

〈
g2

2k

〉 = δ2g

(
2πk

L

)
. (2.3.78)

We now return to Eq. (2.3.63) which we rewrite as

s(x) =
∞∑

k=1

[
g2k−1

√
2

L sin

(
2πkx

L

)
+ g2k

√
2

L cos

(
2πkx

L

)]
. (2.3.79)
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In view of Eqs. (2.3.73) and (2.3.78), and the fact that g2k−1 and g2k are independent
random numbers, we can set

g2k−1 = δ
√

g(2πk/L)α2k−1, g2k = δ
√

g(2πk/L)α2k, (2.3.80)

where the {αm} are independent Gaussian random numbers with zero mean and unit vari-
ance,

〈αm〉 = 0,
〈
α2

m

〉 = 1. (2.3.81)

As a result, we obtain the algorithm

s(x) = δ

√
2

L

∞∑
k=1

√
g

(
2πk

L

)[
α2k−1 sin

(
2πkx

L

)
+ α2k cos

(
2πkx

L

)]
(2.3.82)

for generating a stationary, zero-mean Gaussian random process with a prescribed power
spectrum.

The {αm} can be generated by the Marsaglia and Bray modification of the Box–Muller
transformation of a pair of uniform deviates between zero and one obtained from a linear
congruential generator [2.42].

The function s(x) generated by Eq. (2.3.82) is a periodic function of x with period L. It
is to minimize end effects associated with this periodicity of s(x) that only that portion of
this function which corresponds to values of x in the interval (−L/2,L/2), where L = 1

2L
is used in computer simulations of scattering and transmission problems.

An attractive feature of the result given by Eq. (2.3.82) is that it allows calculating s(x)

at arbitrary values of x without any interpolation being required, in contrast with other
approaches [2.35–2.38] that generate s(x) only at equally spaced points along the x axis.

In Fig. 2.22 we present a plot of a segment of one realization of the function s(x)

obtained from Eq. (2.3.82) for a silver surface. The surface roughness was characterized
by the parameters �k = 0.3(k1(ω) − (ω/c)) and δ = 3 nm. The vacuum wavelength of
the surface plasmon polaritons propagating across this surface was assumed to be λ =
(2πc/ω) = 457.9 nm. The dielectric function of silver at this wavelength is ε(ω) = −7.5+
i0.24 [2.43]. The corresponding wave number of the surface plasmon polariton is k(ω) =
k1(ω) + ik2(ω) = (1.0741 + i0.0026)(ω/c). The surface designed with these parameters
should suppress leakage due to scattering processes of up to, and including, third order.

2.3.7. Solution of the Scattering Problem

The integral equation (2.3.40) for the transition matrix T (p|k(ω)) can be solved either
purely numerically or in an approximate analytical fashion. We consider both approaches
in this section.
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Figure 2.22. A segment of a single realization of the random surface profile function s(x1) generated numerically
by the approach described in Section 2.3.6. The values of the parameters used in generating this realization were
�k = 0.3[k1(ω) − (ω/c)] where k1(ω) = 1.0741(ω/c), and δ = 3 nm.

2.3.7.1. An Approximate Analytical Solution In deriving Eq. (2.3.40) we have assumed
that the conditions for the validity of the Rayleigh hypothesis are satisfied. The scattering
potential V (p|q) given by Eq. (2.3.42) does not have any poles in the complex planes of
the variables p and q , and the inequality [2.44]

{
exp

[(
β(k,ω) − β0(k,ω)

)
ζ(x1)

]− 1
} � 1 (2.3.83)

is satisfied. It should be noted that the scattering potential V (p|q) can diverge as |p| → ∞
and |q| → ∞. These singularities do not contribute to the integral term of Eq. (2.3.40).
Nevertheless special care should be taken when solving Eq. (2.3.40) numerically. In view of
the power spectrum of the surface roughness assumed, Eq. (2.3.56), the main contribution
to the integral term in Eq. (2.3.40) comes from the poles of the Green’s function G0(q,ω).
In the vicinity of its poles G0(q,ω) can be written as

G0(q,ω) ∼= θ

(
q − ω

c

)
C(ω)

q − k(ω)
− θ

(
−q − ω

c

)
C(ω)

q + k(ω)
, (2.3.84)

where k(ω) is given by Eq. (2.3.13), and the residue C(ω) is

C(ω) = |ε1(ω)|3/2

|ε1(ω)|2 − 1
. (2.3.85)

Then, by restricting the integration over q in Eq. (2.3.40) to the segments (−∞,−(ω/c))

and (ω/c,∞), and generating closed contours by going into the complex q plane (see
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Figure 2.23. The contour in the complex q plane used in obtaining Eq. (2.3.86) from Eq. (2.3.40), with the aid
of Eq. (2.3.84).

Fig. 2.23) as this was done in Ref. [2.45], we can rewrite Eq. (2.3.40) as

T (p|k) = T0(p) + iC(ω)V (p|k)T (k|k) + iC(ω)V (p|−k)T (−k|k), (2.3.86)

where the wave number k here denotes k(ω). To solve this equation we set p = k and
p = −k in turn, to obtain

T (k|k) = iC(ω)V (k|−k)T (−k|k), (2.3.87a)

T (−k|k) = T0(−k) + iC(ω)V (−k|k)T (k|k). (2.3.87b)

In writing these equations we have used the results that

V (k|k) = V (−k|−k) = 0, T0(k) = 0, (2.3.88)

which follow from Eq. (2.3.42) and Eqs. (2.3.13), (2.3.18), and (2.3.19), which show that
β(k,ω)β0(k,ω) ≡ k2. As a result we obtain

T (k|k) = iC(ω)V (k|−k)T0(−k)

1 + C2(ω)V (k|−k)V (−k|k)
, (2.3.89a)

T (−k|k) = T0(−k)

1 + C2(ω)V (k|−k)V (−k|k)
, (2.3.89b)

so that

T (q|k) = T0(q) + iC(ω)V (q|−|k) − C2(ω)V (q|k)V (k|−k)

1 + C2(ω)V (k|−k)V (−k|k)
T0(−k). (2.3.90)
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The scattering amplitude R>(q,ω) is obtained from this solution with the use
of Eqs. (2.3.38) and (2.3.39). The result is then used to calculate the mean value
(ω/c)2〈|R>(q,ω)|2〉 = (ω/c)2|G0(q,ω)|2〈|T (q|k(ω))|2〉. The averaging of |T (q|k)|2 is
carried out in the following way. An ensemble of Np realizations of the function s(x1) is
generated by the method described in Section 2.3.6. From each realization a surface profile
function ζ(x1) is calculated by the use of Eq. (2.3.20), with the function Γ (x1) given by
Eq. (2.3.24), and with its use the functions entering the expression (2.3.90) for T (q|k) are
calculated. In particular, the function Ĵ (γ |Q) is calculated by means of the expansion

Ĵ (γ |Q) =
∞∑

n=1

γ n−1

n!
∞∫

−∞
dx1 ζ n(x1) exp(−iQx1). (2.3.91)

The presence of the factor Γ (x1) in the definition of ζ(x1), Eq. (2.3.20), effectively limits
the domain of integration in Eq. (2.3.91) to the interval |x1| < L/2. The function |T (q|k)|2
is then calculated for each realization of ζ(x1), and an arithmetic average of the Np results
for this function yields the average 〈|T (q|k)|2〉.

In using the pole approximation, thereby reducing the integral equation (2.3.40) to a
system of linear algebraic equations, we lose the contribution from the nonsingular part
of the integrand. This might be significant if the transition matrix has strong peaks. These
peaks can arise in the vicinities of q = ±(2n + 1)k1(ω) due to the narrow windows in the
power spectrum of the surface roughness. The heights of the peaks can be expected to be
of the order of 1/�k, and since �k � k2(ω), the contributions of these possible peaks to
the integral term in Eq. (2.3.40) are much smaller than the contribution from the poles of
the Green’s function G0(q) and can be neglected.

2.3.7.2. Numerical Simulations To obtain a purely numerical solution to the problem of
surface plasmon polariton scattering by a randomly rough surface one can use the rigorous
numerical simulation method presented in Section 2.2.2.1. In the case that the incident field
is a surface plasmon polariton Eqs. (2.2.29) and (2.2.30) have slightly different forms. We
recall that the single nonzero component of the field H>

2 (x1, x3|ω) in the vacuum satisfies
Eq. (2.3.29), while H<

2 (x1, x3|ω) in the metal satisfies Eq. (2.3.30). If we now apply the
results given by Eqs. (2.3.29) and (2.2.24) and Green’s second integral identity in the plane,
Eq. (2.1.8), to the region x3 > ζ(x1) we obtain the following equation for H>

2 (x1, x3|ω):

θ
(
x3 − ζ(x1)

)
H>

2 (x1, x3|ω)

= H̃>
2 (x1, x3|ω)inc + 1

4π

∫
s

ds′
[(

∂

∂n′ G0(x1, x3|x′
1, x

′
3)

)
H>

2 (x′
1, x

′
3|ω)

− G0(x1, x3|x′
1, x

′
3)

∂

∂n′ H
>
2 (x′

1, x
′
3|ω)

]
, (2.3.92)
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where H̃>
2 (x1, x3|ω)inc is given by

H̃>
2 (x1, x3|ω)inc

= ik(ω)

2π

∞∫
0

dx′
3 G0(x1, x3|−L0, x

′
3) exp

(−β0(ω)x3
)

= A
{
θ(x1 + L0) exp

[
ik(ω)(x1 + L0) − β0(ω)x3

]
+ θ(−x1 − L0) exp

[−ik(ω)(x1 + L0) − β0(ω)x3
]}

+ k(ω)

∞∫
−∞

dq

2π

1

α0(q)(iα0(q) + β0(ω)
exp

[−iq(x1 + L0) + iα0(q)x3
]
.

(2.3.93)

We next apply the results given by Eqs. (2.2.39) and (2.2.24) and Green’s second integral
identity in the plane, Eq. (2.1.8), to the region x3 < ζ(x1) and obtain the following equation
for H<

2 (x1, x3|ω):

θ
(
ζ(x1) − x3

)
H<

2 (x1, x3|ω) = H̃<
2 (x1, x3|ω)inc

− 1

4π

∫
s

ds′
[(

∂

∂n′ Gε(x1, x3|x′
1, x

′
3)

)
H<

2 (x′
1, x

′
3|ω)

− Gε(x1, x3|x′
1, x

′
3)

∂

∂n′ H
<
2 (x′

1, x
′
3|ω)

]
, (2.3.94)

where H̃<
2 (x1, x3|ω)inc is given by

H̃<
2 (x1, x3|ω)inc = ik(ω)

2π

∞∫
0

dx′
3 Gε(x1, x3|−L0, x

′
3) exp

(
β(ω)x3

)

= A
{
θ(x1 + L0) exp

[
ik(ω)(x1 + L0) + β(ω)x3

]
+ θ(−x1 − L0) exp

[−ik(ω)(x1 + L0) + β(ω)x3
]}

+ k(ω)

∞∫
−∞

dq

2π

1

α(q)(iα(q) + β(ω)
exp

[−iq(x1 + L0) − iα(q)x3
]
.

(2.3.95)

Proceeding in the manner described in Section 2.2.2.1 one obtains a pair of matrix equa-
tions that can be solved numerically.
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Figure 2.24. Plot of (ω/c)2〈|R>(q,ω)|2〉 as a function of cq/ω, calculated by averaging numerically the re-
sult for this function obtained from Eqs. (2.3.38), (2.3.39), and (2.3.90), for a silver surface characterized by the
parameters �k = 0.3[k1(ω) − (ω/c)] and δ = 3 nm. The rough portion of the surface has the length L = 20λ.
The wave number of the surface plasmon polariton, k(ω) = k1(ω) + ik2(ω) = (1.0741 + i0.0026)(ω/c), cor-
responds to a vacuum wavelength of λ = 457.9 nm, and the dielectric function of silver at this frequency is
ε(ω) = −7.5 + i0.24.

2.3.8. Results

To show explicitly that surfaces generated in the manner described in this section suppress
leakage, i.e., that the scattering amplitude R>(q,ω) vanishes for q in the radiative region
(−(ω/c), (ω/c)), in Fig. 2.24, we present a plot of (ω/c)2〈|R>(q,ω)|2〉 as a function
of cq/ω for a silver surface whose randomly rough portion has a length L = 20λ. The
result plotted in Fig. 2.24 was calculated from the approximate analytic expression for
T (q|k), Eq. (2.3.90), in the manner described in Section 2.3.7.1. The experimental and
roughness parameters assumed in these calculations were the same ones used in calculating
the segment of a single realization of the surface profile function plotted in Fig. 2.22. It is
clear from Fig. 2.24 that 〈|R>(q,ω)|2〉 is indeed suppressed in the radiative region.

The analogous result obtained by means of a purely numerical solution of Eqs. (2.3.92)
and (2.3.94) in the manner described in Section 2.2.2.1 is presented in Fig. 2.25 for the case
in which the rms height of the surface roughness was taken to be δ = 10 nm and the smooth
differentiable form for Γ (x1) given by Eq. (2.3.25) was assumed, with the remaining ex-
perimental and roughness parameters retaining the values used in obtaining the results pre-
sented in Figs. 2.22 and 2.24. It is seen from this figure that although (ω/c)2〈|R>(q,ω)|2〉
is strongly suppressed in the region of small values of |q| � (ω/c), it is far from zero for al-
most grazing directions of radiation |q| � (ω/c). This is due to the strong higher order sur-
face plasmon polariton scattering processes that are possible for such a strongly rough sur-
face. Eight peaks, corresponding to q equal to ±k1(ω), ±3k1(ω), ±5k1(ω), and ±7k1(ω)
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Figure 2.25. Plot of (ω/c)2〈|R>(q,ω)|2〉 as a function of cq/ω, calculated by means of a numerical solution
of Eqs. (2.3.92) and (2.3.94) for a silver surface characterized by the parameters �k = 0.3[k1(ω) − (ω/c)] and
δ = 10 nm. The rough portion of the surface has length L = 20λ. The wave number of the surface plasmon polari-
ton, k(ω) = k1(ω) + ik2(ω) = (1.0741 + i0.0026)(ω/c), corresponding to a vacuum wavelength λ = 457.9 nm,
and the dielectric function of silver at this frequency is ε(ω) = −7.5 + i0.24.

are clearly seen in this figure. It is also seen that when |q| � 7(ω/c), (ω/c)2〈|R>(q,ω)|2〉
becomes flatter. This flattening is due to absorption occurring at all such scattering wave
numbers, rather than just at well-defined wave numbers, as is the case for |q| < 7(ω/c).

The results obtained in this section show that it is possible to generate a one-dimensional
randomly rough metal surface that suppresses leakage when a surface plasmon polariton
propagates across it. The choice of an incident surface plasmon polariton field of the form
present in Eqs. (2.3.27) and (2.3.28) may also be useful in other problems where a surface
plasmon polariton interacts with a surface defect on an otherwise planar lossy metal surface
[2.46–2.52].

2.4. Surfaces that Display Enhanced Backscattering for Only a Single Specified
Angle of Incidence

The enhanced backscattering of light from a randomly rough surface is the presence of a
well-defined peak in the retroreflection direction in the dependence of the mean differential
reflection coefficient on the scattering angle. It is a remarkable property of this effect that it
occurs for any angle of incidence, although its strength decreases as the angle of incidence
increases.

In some optical experiments it is required to position a source and the detector at the
same specified direction with respect to the site at which the scattering surface is located.
Thus, the detector is positioned in the retroreflection direction. Moreover, it is also re-
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quired that the light be scattered in the retroreflection direction for only a single, specified,
angle of incidence, and to have the highest possible efficiency for scattering into that di-
rection.

It is well known [2.53] that efficient backscattering can be achieved in single-scattering
from a deterministic, rather than a random, rough surface when that surface is a classi-
cal diffraction grating in the Littrow mount under the so-called perfect blazing conditions
[2.54–2.56]. This is the case where the diffraction grating produces only two propagating
diffracted orders, namely the (0) and (−1) orders, and the amplitude of the grating cor-
rugations is chosen so that the (0) order is completely suppressed. The physical system
to describe the Littrow mount consists of a vacuum in the region x3 > ζ(x1) and a metal
characterized by the dielectric function ε(ω) in the region x3 < ζ(x1). The surface profile
function ζ(x1) represents a periodic grating ζ(x1) = ζ(x1 + a), where a is the grating pe-
riod. Such a grating scatters light of wavelength λ incident on it at an angle θ0 into discrete
diffracted orders at the scattering angles θ

(n)
s determined by

sin θ(n)
s = sin θ0 + λ

a
n, (2.4.1)

where n is an integer. If the period of the grating is chosen to be a = λ/(2 sin θc), where
θc is some specified angle, the (−1) diffracted order will occur at the scattering angle
sin θ

(−1)
s = sin θ0 − 2 sin θc. Therefore, if the angle of incidence θ0 coincides with this

specified angle θc, θ0 = θc, the (−1) diffracted order will occur in the backscattering di-
rection θ

(−1)
s = −θc. No higher order diffraction peaks will be present in the diffraction

pattern if the angle θc is large enough that sin θc > 1/3 (θc > 19.5◦), so that the (+1)

order and higher order diffraction peaks fall into the nonradiative region. The (0) order
diffraction peak, i.e., the specular peak, is present in the angular distribution of the inten-
sity of the scattered light. As was shown in [2.57], the efficiency of the diffraction depends
quasi-periodically on the amplitude of the grating. Therefore the amplitude of the grating
could be chosen such that the intensity of the specular peak reaches its minimum, while
the intensity of the (−1) order peak is at its maximum at this particular angle of incidence
θc. In the absence of damping, e.g., in the case of diffraction from a perfectly conducting
or a dielectric grating, perfect blazing can be achieved for both p- and s-polarized light.
However, in the case of a dielectric grating the intensity of the backscattering peak is weak,
because the majority of the incident light is transmitted rather than reflected. In Fig. 2.26(a)
as an example, we present a gray level plot of the intensity of the s-polarized light scattered
from a perfectly conducting diffraction grating in the Littrow mount whose amplitude is
chosen to produce perfect blazing at θc = 25◦. In Fig. 2.26(b) the intensities of the (0)

(dashed line) and (−1) order (solid line) diffraction peaks are plotted as functions of the
angle of scattering in the vicinity of θ0 = θc. Both the (0) and (−1) order peak intensities
are smooth functions of the angle.

In Ref. [2.58] it was shown how to design a one-dimensional randomly rough metal
surface that produces an enhanced backscattering peak for only a single, specified, angle
of incidence, when it is illuminated by p-polarized light of frequency ω (wavelength λ),
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Figure 2.26. A gray-level plot of the angular dependence of the intensity of s-polarized light scattered from
a classical diffraction grating. The grating was designed to produce an enhanced backscattering peak and no
specular peak when the angle of incidence θc = 25◦ . The dashed line shows the retroreflection direction.

whose plane of incidence is perpendicular to the generators of the surface. However, the
surface designed in Ref. [2.58] also produced a peak in the specular direction whose mag-
nitude was comparable to that of the enhanced backscattering peak.

The surface in Ref. [2.58] was designed on the basis of the roughness induced exci-
tation of surface plasmon polaritons by the incident light and their subsequent multiple
scattering by the surface roughness. As a result, the height of the enhanced backscattering
peak was only twice as high as the background at its position, when the contribution to the
background from single-scattering processes was subtracted off.

Here we present a different approach to the design of a one-dimensional rough metal
surface that produces an enhanced backscattering peak for only a single, specified, an-
gle of incidence, but does not give rise to a specular peak. It is based on represent-
ing the surface profile function as a sum of two periodic profiles with different periods
ζ(x1) = s1(x1)+ s2(x1), where s1(x1 +a1) = s1(x1) and s2(x1 +a2) = s2(x1). The periods
of the two gratings are chosen to produce a resonant excitation of forward and backward
propagating surface plasmon polaritons supported by the metal–vacuum interface by the
light incident at the specified angle of incidence θc. Thus, the period of the first grating
is a1 = λ/(sin θc + nsp(λ)), where nsp(λ) = Re

√
ε(ω)/(ε(ω) + 1) is the refractive index

of the surface plasmon polariton of frequency ω, and ε(ω) is the dielectric function of the
metal. The grating of this period efficiently excites forward propagating surface waves.
The period of the second grating is a2 = λ/(sin θc − nsp(λ)), so that this grating efficiently
excites backward propagating surface plasmon polaritons. Furthermore, the forward prop-
agating surface plasmon polaritons interact with the grating of period a2 and are converted
into volume electromagnetic waves in the vacuum that are radiated in the retroreflection
direction. Analogously, the backward propagating surface plasmon polaritons interact with
the grating of the period a1 and are converted into volume waves in the vacuum that are also
radiated in the retroreflection direction. These waves interfere constructively to produce the
enhanced backscattering peak. A strong specular peak is also present in the intensity of the
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scattered light. However, we show that a careful choice of the amplitudes of the two grat-
ings leads to an additional enhancement of the peak in the retroreflection direction and a
complete elimination of the specular peak, and thus leads to perfect blazing. Apart from
weak ohmic losses all the energy of the incident light is retroreflected.

The physical system we consider in this section consists of a vacuum in the region
x3 > ζ(x1) and a metal characterized by a complex, frequency dependent dielectric func-
tion ε(ω) in the region x3 < ζ(x1). The surface profile function ζ(x1) is assumed to repre-
sent a quasi-grating

ζ(x1) = s1(x1) + s2(x2), (2.4.2a)

s1,2(x1) = A1,2 cos(G1,2x1), (2.4.2b)

where G1,2 are the wavevectors of the two components of the grating and A1,2 are their
amplitudes. It is intuitively clear that such a quasi-grating scatters light incident on it at an
angle θ0 into discrete diffracted orders at the scattering angles θs determined by

sin θs = sin θ0 + m
G1c

ω
+ n

G2c

ω
, (2.4.3)

where n and m are integers. Generally, if the wavevectors of the two gratings are related
by G1,2 = K ∓ kc, where K is an arbitrary wave number, kc = (ω/c) sin θc, and θc is a
prescribed angle, the diffracted order (1,−1) will be radiated into the direction determined
by the condition sin θs = sin θ0 − 2 sin θc, and, therefore into the retroreflection direction
if θ0 = θc. In the case where G1,2 = k1(ω) ∓ kc, where k1(ω) = Re k(ω) is the real part of
the wavevector of surface plasmon polaritons supported by the vacuum-metal interface, the
(+1,0) and (0,−1) diffraction orders are surface plasmon polaritons rather than radiative
or evanescent fields. Then the intensity of the (1,−1) diffracted order is enhanced due to
the constructive interference of the diffraction processes.

The surface x3 = ζ(x1) is illuminated from the vacuum by a p-polarized plane wave
of frequency ω, whose plane of incidence is the x1x3 plane. In the vacuum region x3 >

ζ(x1)max the single nonzero component of the magnetic field is the sum of an incoming
incident field and a superposition of outgoing scattered waves,

H>
2 (x1, x3|ω) = exp

[
ikx1 − iα0(k)x3

]+
∞∫

−∞

dq

2π
R(q|k) exp

[
iqx1 + iα0(q)x3

]
, (2.4.4)

where α0(q) = [(ω/c)2 − q2] 1
2 , with Reα0(q) > 0, Imα0(q) > 0.

We assume that the quasi-grating is sufficiently weak so that the conditions for the
validity of the Rayleigh hypothesis [2.28] are fulfilled. Then the reduced Rayleigh equation
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for the scattering amplitude R(q|k) can be derived in exactly the same manner as described
in Section 2.3.4 and has the form

∞∫
−∞

dq

2π

pq + iβ(p)α0(q)

iβ(p) − α0(q)
Î
(
β(q) + iα0(q)|p − q

)
R(q|k)

= pq − iβ(p)α0(k)

iβ(p) + α0(k)
Î
(
β(q) − iα0(k)|p − k

)
, (2.4.5)

where β(q) = [q2 − ε(ω)(ω/c)2] 1
2 , with Reβ(q) > 0, Imβ(q) < 0, and Î (γ |Q) is given

by Eq. (2.3.34)
For a sinusoidal surface profile function sj (x1) = Aj cos(Gjx1) we can introduce the

function

Î (j)(γ |Q) =
∞∫

−∞
dx1 e−iQx1eγ sj (x1) =

∞∑
m=−∞

I(j)
m (γAj )2πδ(Q − nGj ), (2.4.6)

where

I(j)
m (γAj ) = 1

aj

aj /2∫
−aj /2

dx1 e
−i

2pi
aj

x1
eγAj . (2.4.7)

Using Eqs. (2.4.6) and (2.4.7) we can rewrite the expression for Î (γ |Q) (2.3.34) as

Î (γ |Q) =
∞∫

−∞

dp

2π
I (1)(γ |Q − p)I (2)(γ |p)

=
∞∑

m=−∞

∞∑
n=−∞

I(1)
m (γA1)I(2)

n (γA2)2πδ(Q − mG1 − nG2). (2.4.8)

With the aid of representation (2.4.8) the reduced Rayleigh equation (2.4.5) takes the
matrix form

∞∑
m=−∞

∞∑
n=−∞

p(p − mG1 − nG2) + iβ(p)α0(p − mG1 − mG2)

iβ(p) − α0(p − mG1 − nG2)

× I(1)
m

((
β(p) − iα0(q − mG1 − nG2)

)
A1

)
× I(2)

n

((
β(p) − iα0(p − mG1 − nG2)

)
A2

)
R(p − mG1 − nG2|k)
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=
∞∑

m=−∞

∞∑
n=−∞

2πδ(p − km,n)
km,nk − iβ(km,n)α0(k)

iβ(km,n) + α0(k)

× I(1)
m

((
β(km,n) + iα0(k)

)
A1

)
I(2)

n

((
β(km,n) + iα0(k)

)
A2

)
, (2.4.9)

where we have introduced the notation km,n = k + mG1 + nG2. In order to satisfy this
equation we represent the scattering amplitude R(q|k) in the form

R(q|k) =
∞∑

m=−∞

∞∑
n=−∞

Rm,n(k)2πδ(q − k − mG1 − nG2). (2.4.10)

Thus the amplitudes Rm,n are the scattering amplitudes into the (m,n) order of diffraction,
where the first index shows the order of the diffraction by the grating with the period a1

and the second index shows the order of the diffraction by the grating with the period a2.
When this representation is substituted into Eq. (2.4.9) we obtain

∞∑
l=−∞

∞∑
l′=−∞

km,lkn,l′ + iβ(km,l)α0(kn,l′)

iβ(km,l) − α0(kn,l′)

× I(1)
m−l

((
β(km,l) − iα0(kn,l′)

)
A1

)
I(2)

n−l′
((

β(km,l) − iα0(kn,l′)
)
A2

)
Rl,l′(k)

= km,nk − iβ(km,n)α0(k)

iβ(km,n) + α0(k)

× I(1)
m

((
β(km,n) + iα0(k)

)
A1

)
I(2)

n

((
β(km,n) + iα0(k)

)
A2

)
. (2.4.11)

To determine the optimal amplitudes of the gratings we truncate the system of alge-
braic equations (2.4.11) and equate to zero the specular amplitude of diffraction R0,0. The
number of diffraction orders to be taken into account in this system depends on the an-
gle θc at which the blazing effect is desired. In the case where θc > 19.5◦ (as in the Littrow
mount case) it is sufficient to keep only four orders, namely (0,0), (1,0), (0,−1), (1,−1),
when calculating the amplitude R0,0. The smaller the angle θc the larger the number of the
diffraction orders that fall into the radiative region and, in principle, should be taken into
account. However, for weakly rough gratings the diffraction amplitudes of higher orders
(possible cross-talks) are weak and can be neglected. In most cases it is sufficient to keep
only seven orders to calculate the amplitude R0,0. The intensities of the cross-talk peaks
that fall into the radiative region cannot be set to zero simultaneously, but they are weak
being due to higher order scattering processes. Note, that the same method can be used to
determine the optimal amplitude of the grating in the Littrow mount configuration, where
only two orders of diffraction can be kept in the matrix equation. However, in this case
the reduced Rayleigh equation should be used with care since the optimal amplitude of the
grating is sufficiently large to violate the applicability of the Rayleigh hypothesis [2.28].
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Figure 2.27. (a) A gray-level plot of the angular dependence of the scattered intensity. The gratings were de-
signed to produce an enhanced backscattering peak and no specular peak when the angle of incidence θc = 20◦ .
The dashed line shows the retroreflection direction. The intensities of the (1,−1) diffracted order (b) and (0,0)

(specular) diffracted order (c) as functions of the angle of scattering in the vicinity of the retroreflection and
specular direction, respectively.

To obtain a purely numerical solution to the problem of the scattering of the incident
p-polarized light by a quasi-grating we use the rigorous numerical simulation method pre-
sented in Section 2.2.2.1. The numerical calculations were carried out for the case where
the quasi-grating defined by Eq. (2.4.2) is ruled on a silver surface. The wavelength of the
incident light was chosen to be λ = 457.9 nm. The dielectric function of the silver at this
frequency is ε(ω) = −7.25 + i0.24. The specified angle of incidence θc was chosen to
be θc = 20◦. The optimal amplitudes of the quasi-grating required to eliminate the spec-
ular peak for p-polarized incident light were determined by the solution of the system of
4 algebraic equations (2.4.11) and are A1 = 0.14 µm, A2 = 0.031 µm. The length of the
grating was taken to be L = 280 µm. In Fig. 2.27(a) we present a gray-level plot of the in-
tensity of the scattered light, when the angle of incidence is in the vicinity of the specified
direction defined by θc. In Figs. 2.27(b) and 2.27(c) the intensities of the (1,−1) order (b)
(k − 2(ω/c) sin θc peak) and (0,0) order (c) (specular peak) are plotted as functions of
the angle of scattering in the vicinity of the angle θc. The enhancement of the intensity of
the (1,−1) order peak in the vicinity of θs = −θc is due to the coherent interference of
the double scattering processes mediated by surface plasmon polaritons exactly as in the
case of the enhanced backscattering phenomenon in light scattering from randomly rough
surfaces [2.44]. In the case where the optimal amplitudes of the gratings are chosen the
enhancement reaches a factor of 2. For arbitrary amplitudes of the gratings the enhance-
ment of the (1,−1) order is smaller, but still exists. This enhancement was demonstrated
experimentally by O’Donnell et al. [2.59].

2.5. Surfaces that Synthesize Infrared Absorption Spectra

Correlation spectroscopy [2.60–2.62] is a diagnostic tool in which the degree of correlation
between the transmission or reflection of an unknown sample and that of a reference cell
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containing a known compound is determined over a fixed spectral range, as a mean of
identifying the unknown sample. In the case that the known compound in the reference
cell is toxic and/or corrosive, or is short-lived, it is useful to have a diffractive optical
element that synthesizes the infrared spectrum of that compound for use in a correlation
spectrometer.

The production of a synthetic spectrum requires the design of a diffractive element,
a one-dimensional rough surface, with the property that at a fixed diffraction angle the
spectrum of the light diffracted from the surface accurately reproduces a desired spectrum.
In the existing theoretical approaches to the solution of this design problem [2.63–2.66]
the Fraunhofer approximation [2.67] is used to express the diffracted field as a function
of the wavelength of the incident infrared field, which is a plane wave that illuminates the
surface at normal incidence. In [2.63,2.64] it is assumed that the surface imposes only a
phase profile φλ(x1) on the incident optical field, where x1 is the distance measured along
the surface. The subscript λ indicates that the phase profile is expected to depend on the
wavelength of the incident radiation. A modified Gerchberg–Saxton algorithm [2.68–2.70]
is used to obtain a phase profile φ(x1) that produces a close approximation to the desired
spectrum. The phase profile determined in this way is then converted into a surface-relief
profile d(x1), where d(x1) = φ(x1)λ1/4π , and λ1 is a specific wavelength within the spec-
tral range of interest (usually the wavelength that corresponds to the largest feature in the
spectrum). The resulting function d(x1) is represented in the form of a grating-like struc-
ture of N lines each of width �, whose depths relative to a base level are drawn from a set
of discrete values. This approach produces theoretical spectra in good agreement with ex-
perimental spectra. However, the phase profile of the resulting diffractive element matches
the one obtained by the use of the Gerchberg–Saxton algorithm, only at the wavelength λ1.
At other wavelengths design errors are present, and a simulated annealing approach [2.71]
to eliminating them is suggested.

In [2.65] the diffractive optical element is represented by a grating-like structure con-
sisting of N micromirror elements each of width �. The vertical positions of these mi-
cromirror elements are adjusted by the Davidon–Fletcher–Powell iterative optimization
procedure [2.72] to produce a wavelength dependence of the intensity of the diffracted
field at the prescribed diffraction angle that matches the infrared spectrum of a given com-
pound throughout the entire spectral range of interest.

In related work Belikov and Solgaard [2.66] presented an analytic approach to the gen-
eration of a two-dimensional rough surface, defined by x3 = ζ(x‖), where x‖ = (x1, x2,0),
that produces a scattered field in a specified direction whose complex angular spectrum
has a prescribed dependence on the wavelength of the incident light. In the Fraunhofer ap-
proximation the angular spectrum of the scattered field is expressed as the one-dimensional
Fourier transform of the fractional level density s(h) of ζ(x‖), where s(h)dh is the fraction
of the area S of the surface within which h < ζ(x‖) < h + dh. The inversion of this trans-
form to obtain s(h) is straightforward, and from knowledge of this function a realization of
the surface profile function can be generated. The authors suggest that such an optical ele-
ment could be fabricated as a two-dimensional array of dual-state tiltable mirrors, similar
to the digital micromirror device made by Texas Instruments.
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In this section we present two approaches to the design of a one-dimensional rough
surface that synthesizes a specified experimental spectrum consisting of N lines at the N

frequencies ω1,ω2, . . . ,ωN within the spectral range 0 < ωmin < ω < ωmax. We assume
that ω1 < ω2 < · · · < ωN . The first is a probabilistic approach. It leads to a surface in the
form of a random lamellar grating, the depths of whose grooves relative to a base level are
independent, identically distributed random deviates, obtained from a probability density
function that is the solution of the problem of reconstructing a function from a knowl-
edge of the modulus of its Fourier transform. The latter function is expressed in terms of
the spectrum to be reproduced. The second approach is a deterministic one, in which the
surface profile function is represented as a superposition of cosinusoidal gratings, whose
number equals the number of lines in the spectrum to be reproduced. The periods and am-
plitudes of these gratings are obtained from the frequencies and intensities of the spectral
lines, respectively. The widths of the lines are reproduced by modulating the cosines by
Gaussian functions, whose 1/e half widths are obtained from the experimental line widths.
The results obtained by these two approaches are validated by computer simulation calcu-
lations.

2.5.1. Random Surfaces

The physical system we consider initially consists of vacuum in the region x3 > ζ(x1) and
a perfect conductor in the region x3 < ζ(x1). A perfect conductor is a good approximation
to a metal in the infrared range of the optical spectrum. The surface profile function ζ(x1)

is assumed to be a single-valued function of x1 that constitutes a random process, but not
necessarily a stationary one. The surface x3 = ζ(x1) is illuminated by an s-polarized plane
wave of frequency ω, whose plane of incidence is the x1x3 plane. The angle of incidence
is θ0. The intensity of the scattered field is measured as a function of ω in the far field at a
fixed scattering angle θs .

2.5.1.1. The Scattered Field Our starting point is the expression for the single nonzero
component of the scattered electric field given by Eq. (2.1.21),

E2(x1, x3|ω)sc = − 1

4π

∞∫
−∞

dx′
1

[
G0(x1, x3|x′

1, x
′
3)
]∣∣

x′
3=ζ(x′

1)
F (x′

1|ω), (2.5.1)

the representation of the Green’s function G0(x1, x3|x′
1, x

′
3) given by Eq. (2.1.6a), and the

expression for the source function F(x1|ω) in the Kirchhoff approximation. According to
the discussion following Eq. (2.1.58) the latter is given by the first term on the right-hand
side of Eq. (2.1.41) together with Eqs. (2.1.42) and (2.1.11), which results in

F(x1|ω) = −2i
[
kζ ′(x1) + α0(k)

]
exp

[
ikx1 − iα0(k)ζ(x1)

]
. (2.5.2)
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We assume that the observation point is in the far zone, so that r = (x2
1 + x2

3)
1
2 is much

larger than x′
1 and ζ(x1)max. In this limit we have

[
(x1 − x′

1)
2 + (x3 − ζ(x′

1)
2] 1

2 = r

[
1 + x′2

1 − 2x′
1x1 − 2x3ζ(x′

1) + ζ 2(x′
1)

r2

] 1
2

∼= r − x′
1
x1

r
− ζ(x′

1)
x3

r
+ · · · (2.5.3)

to the lowest nonzero order in x′
1 and ζ(x′

1). The use of this result together with the large

argument expression for the Hankel function H
(1)
0 (z) [2.73],

H
(1)
0 (z) ∼=

√
2

πz
exp

[
iz − i(π/4)

]
, (2.5.4)

yields the Green’s function G0(x1, x3|x′
1, ζ(x′

1)) in the form

G0
(
x1, x3|x′

1, ζ(x′
1)
)

∼= i

(
2πc

ωr

) 1
2

exp
{
i(ω/c)

[
r − (x1/r)x′

1 − (x3/r)ζ(x′
1)
]− i(π/4)

}
. (2.5.5)

On combining this result with the expression for the source function F(x′
1|ω) given by

Eq. (2.5.2), we find that the scattered field is given by

E2(x1, x3|ω)sc = −
(

ω

2πcr

) 1
2

exp
[
i(ω/c)r − i(π/4)

]

×
∞∫

−∞
dx′

1 exp
[−i(ω/c)x′

1(sin θs − sin θ0)
]

× exp
[−i(ω/c)ζ(x ′

1)(cos θs + cos θ0)
][

cos θ0 + ζ ′(x′
1) sin θ0

]
.

(2.5.6)

In writing Eq. (2.5.6) we have used the results that (x1/r) = sin θs , where θs is the scatter-
ing angle, measured clockwise from the x3 axis, while (x3/r) = cos θs .

We can transform Eq. (2.5.6) into a form in which no derivative of the surface profile
function is present. To do this we introduce the function I (γ |Q) through the relation

exp
[−iγ ζ(x1)

] =
∞∫

−∞

dQ

2π
I (γ |Q) exp(iQx1). (2.5.7)
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It follows that

−iγ ζ ′(x1) exp
[−iγ ζ(x1)

] =
∞∫

−∞

dQ

2π
iQI (γ |Q) exp(iQx1). (2.5.8)

With these results Eq. (2.5.6) can be rewritten as

E2(x1, x3|ω)sc = −
(

ω

2πcr

) 1
2

exp
[
i(ω/c)r − i(π/4)

]

×
∞∫

−∞
dx′

1 exp
[−i(ω/c)x′

1(sin θs − sin θ0)
]

×
∞∫

−∞

dQ

2π
exp(iQx′

1)I
(
(ω/c)(cos θs + cos θ0)|Q

)

×
[

cos θ0 − sin θ0
Q

(ω/c)(cos θs + cos θ0)

]

= −
(

ω

2πcr

) 1
2

exp
[
i(ω/c)r − i(π/4)

]1 + cos(θs + θ0)

cos θs + cos θ0

× I
(
(ω/c)(cos θs + cos θ0)|(ω/c)(sin θs + sin θ0)

)
. (2.5.9)

If we now use the inverse of Eq. (2.5.7),

I (γ |Q) =
∞∫

−∞
dx1 exp(−iQx1) exp

(−iγ ζ(x1)
)
, (2.5.10)

we obtain finally

E2(x1, x3|ω)sc

= −
(

ω

2πcr

) 1
2 1 + cos(θs + θ0)

cos θs + cos θ0
exp

[
i(ω/c)r − i(π/4)

]

×
∞∫

−∞
dx1 exp

[−i(ω/c)(sin θs − sin θ0)x1 − i(ω/c)(cos θs + cos θ0)ζ(x1)
]
.

(2.5.11)
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2.5.1.2. The Mean Scattered Intensity The squared modulus of the scattered field, aver-
aged over the ensemble of realizations of the surface profile function, is

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = (

ω

2πcr

)[
1 + cos(θs + θ0)

cos θs + cos θ0

]2

×
∞∫

−∞
dx′

1

∞∫
−∞

dx′′
1 exp

[−i(ω/c)(sin θs − sin θ0)(x
′
1 − x′′

1 )
]

× 〈
exp

[−i(ω/c)(cos θs + cos θ0)
(
ζ(x′

1) − ζ(x′′
1 )
)]〉

. (2.5.12)

Our goal is to find a surface profile function ζ(x1) for which the right-hand side of this
equation reproduces the frequency dependence of the expression on the left-hand side.

To evaluate the double integral on the right-hand side of Eq. (2.5.12) we begin by as-
suming that the surface profile function has the form

ζ(x1) = αx1 + b1dn, nb < x1 < (n + 1)b, n = −Ns,−Ns + 1, . . . ,Ns, (2.5.13)

where Ns is a large integer, the {dn} are independent identically distributed random devi-
ates, b and b1 are characteristic lengths, and α is a characteristic slope of the surface that
will be determined below. Because the {dn} are independent identically distributed random
deviates, the probability density function of dn,

f (γ ) = 〈
δ(γ − dn)

〉
, (2.5.14)

where the angle brackets now denote an average over the ensemble of realizations of dn,
is independent of n. The assumption that the surface profile function has the form given
by Eq. (2.5.13) violates our initial assumption that ζ(x1) is a single-valued function of x1.
However, we will see in what follows that the discontinuities of the surface profile function
at x1 = nb, where n = 0,±1,±2, . . . , do not compromise our determination of f (γ ) or of
the frequency dependence of the intensity of the scattered field.

The double integral on the right-hand side of Eq. (2.5.12) is now rewritten as

P =
∞∫

−∞
dx′

1

∞∫
−∞

dx′′
1 exp

[−ig(x′
1 − x′′

1 )
]〈

exp
[−ih

(
ζ(x′

1) − ζ(x′′
1 )
)]〉

=
Ns−1∑

m=−Ns

Ns−1∑
n=−Ns

(m+1)b∫
mb

dx′
1

(n+1)b∫
nb

dx′′
1 exp

[−ig(x′
1 − x′′

1 )
]

× 〈
exp

[−ih(αx′
1 + b1dm)

]
exp

[
ih(αx′′

1 + b1dn)
]〉
, (2.5.15)
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where, to simplify the notation, we have introduced the functions

g(θs, θ0) = (ω/c)(sin θs − sin θ0), (2.5.16a)

h(θs, θ0) = (ω/c)(cos θs + cos θ0). (2.5.16b)

Note that the function h(θs, θ0) was called a(θs, θ0) in Eq. (2.1.61). In the double sum in
Eq. (2.5.15) we separate the terms with n = m from those with n �= m, and use the fact that
the {dn} are independent random deviates, to obtain

P =
Ns−1∑

m=−Ns

(m+1)b∫
mb

dx′
1

(m+1)b∫
mb

dx′′
1 exp

[−i(g + αh)(x′
1 − x′′

1 )
]

+
Ns−1∑

m=−Ns

Ns−1∑
n=−Ns

′
(m+1)b∫
mb

dx′
1

(n+1)b∫
nb

dx′′
1 exp

[−i(g + αh)(x′
1 − x′′

1 )
]

× 〈
exp(−ihb1dm)

〉〈
exp(ihb1dn)

〉
, (2.5.17)

where the prime on the double sum indicates that the terms with n = m are omitted. If we
define the function F(ν) by

F(ν) =
∞∫

−∞
dγ f (γ ) exp(−iνγ ), (2.5.18)

we can rewrite Eq. (2.5.17) as

P =
Ns−1∑

m=−Ns

(m+1)b∫
mb

dx′ exp
[−i(g + αh)x′

1

]

×
(m+1)b∫
mb

dx′′
1 exp

[
i(g + αh)x′′

1

][
1 − ∣∣F(hb1)

∣∣2]

+
Ns−1∑

m=−Ns

Ns−1∑
m=−Ns

(m+1)b∫
mb

dx′
1 exp

[−i(g + αh)x′
1

]

×
(n+1)b∫
nb

dx′′
1 exp

[
i(g + αh)x′′

1

]∣∣F(hb1)
∣∣2. (2.5.19)
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The integrals and the resulting sums are readily carried out, with the result that

P = 2Nsb
2 sinc2[(g + αh)(b/2)

][
1 − ∣∣F(hb1)

∣∣2]
+ (2Nsb)2 sinc2[(g + αh)Nsb

]∣∣F(hb1)
∣∣2. (2.5.20)

The use of the normalization condition for f (γ ) enables showing that |F(hb1)|2 � 1, so
that the right-hand side of Eq. (2.5.20) is non-negative, as it must be.

For a given angle of incidence θ0 we choose the characteristic slope α by requiring that
the argument of each sinc function in Eq. (2.5.20) vanishes,

α = −g(θs, θ0)

h(θs, θ0)
= − sin θs − sin θ0

cos θs + cos θ0
= − tan

(
θs − θ0

2

)
, (2.5.21)

where we have used Eqs. (2.5.16) and (2.1.90). This result means that the direction of
observation is the direction of specular reflection from each segment of the surface.

Since sinc(0) equals unity, we have obtained the result that

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = (

ω

2πcr

)[
1 + cos(θs + θ0)

cos θs + cos θ0

]2

× 2Ns(2Ns − 1)b2
[∣∣F (

(ω/c)(cos θs + cos θ1)b1
)∣∣2 + 1

2Ns − 1

]
.

(2.5.22)

Let us define the experimental intensity I (ω) by

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = 2Ns(2Ns − 1)b2

(
ω

2πcr

)[
1 + cos(θs + θ0)

cos θs + cos θ0

]2

I (ω), (2.5.23)

so that

I (ω) =
[∣∣∣∣F

(
ωb1

c
(cos θs + cos θ0)

)∣∣∣∣
2

+ 1

2Ns − 1

]
. (2.5.24)

It follows from this result that

∣∣∣∣F
(

ωb1

c
(cos θs + cos θ0)

)∣∣∣∣ =
[
I (ω) − 1

2Ns − 1

] 1
2

. (2.5.25)

The problem of determining the surface profile function ζ(x1) thus reduces to the problem
of obtaining the pdf f (γ ) from a knowledge of the modulus of its Fourier transform. This
is a classical inverse problem, and we now turn to a description of its solution.
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2.5.1.3. Determination of f (γ ) from |F(ν)| In this section we describe the approach
used to obtain the pdf of dn, f (γ ), from a knowledge of the modulus of its Fourier trans-
form |F(ν)|. We begin by rewriting Eq. (2.5.18) in the form

∞∫
−∞

dγ f (γ ) exp(−iνγ ) = F(ν) ≡ ∣∣F(ν)
∣∣ exp

[
iχ(ν)

]
. (2.5.26)

If F(ν) were known, f (γ ) would be given by

f (γ ) =
∞∫

−∞

dν

2π
F(ν) exp(iγ ν). (2.5.27)

However, we know only |F(ν)|, which is given by Eq. (2.5.25),

∣∣F(ν)
∣∣ =

[
I

(
cν

b1(cos θs + cos θ0)

)
− 1

2Ns − 1

] 1
2

. (2.5.28)

We therefore adopt an iterative approach [2.68–2.70] to obtain f (γ ) from |F(ν)|.
The experimental spectrum is known in a frequency range that encompasses the fre-

quencies ω1,ω2, . . . ,ωN at which its lines are centered. We will denote this range by

ωmin � ω � ωmax, (2.5.29)

where

ωmin < ω1,ωN < ωmax. (2.5.30)

This means that |F(ν)| is known only for positive values of ν, in a range that we denote by

νmin < ν < νmax, (2.5.31)

where

νmin = ωmin

c
(cos θs + cos θ0)b1, (2.5.32a)

νmax = ωmax

c
(cos θs + cos θ0)b1. (2.5.32b)

However, it is convenient for what follows to assume that |F(ν)| exists in the interval

−νmax < ν < νmax, (2.5.33)
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and is an even function of ν, ∣∣F(−ν)
∣∣ = ∣∣F(ν)

∣∣. (2.5.34)

We can do this with no loss of generality, because the form of |F(ν)| for ν outside the
interval (2.5.31) is of no interest to us.

Moreover, instead of working with Fourier integral transforms we will use discrete
Fourier transforms. Thus, we introduce the definitions

T0 = 2νmax, (2.5.35)

νk = T0

2M
k, k = −M,−M + 1, . . . ,M, (2.5.36)

γn = 2π

T0
n, n = −M,−M + 1, . . . ,M, (2.5.37)

and

F(νk) ≡ Fk, f (γn) ≡ fn. (2.5.38)

It follows from Eqs. (2.5.35) and (2.5.37) that the domain of existence of f (γ ) is the
interval

− π

νmax
M < γ <

π

νmax
M. (2.5.39)

The discrete analogues of Eqs. (2.5.26) and (2.5.27) are

Fk =
M∑

n=−M

fne
−i πkn

M , k = −M,−M + 1, . . . ,M, (2.5.40)

fn = 1

2M

M∑
k=−M

ckFke
i πnk

M , n = −M,−M + 1, . . . ,M, (2.5.41)

where

ck =
{ 1

2 k = −M,M ,

1 k �= −M,M .
(2.5.42)

Because it is a probability density function, f (γ ) must be real, non-negative, and normal-
ized to unity. The first of these conditions has the consequence that the phase χ(ν) of the
function F(ν) = |F(ν)| exp[iχ(ν)] must be an odd function of ν,

χ(−ν) = −χ(ν). (2.5.43)

The last of these conditions requires that

χ(0) = 0. (2.5.44)
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We begin the iterative determination of f (γ ) by generating, for positive values of k,
a random sequence of real numbers {χ0(νk)}, drawn from a uniform probability density
function in the interval (−π,π), and defining χ0(ν−k) = −χ0(νk), with χ(0) = 0. We then
construct the complex functions F

(0)
k = |F(νk)| exp[iχ0(νk)]. From the {F (0)} we evaluate

the sum

f (0)
n = 1

2M

M∑
k=−M

ckF
(0)
k ei πnk

M . (2.5.45)

We implement the constraint f (γ ) � 0 in the following way. Each coefficient f
(0)
n is

checked to determine whether it is negative or positive. If it is negative it is set equal
to zero. If f

(0)
n is positive it is kept as it is. The resulting set of values of f

(0)
n is denoted by

{f̃ (0)
n } after it has been scaled to satisfy the normalization condition

2π

T0

M∑
n=−M

f̃ (0)
n = 1. (2.5.46)

The {f̃ (0)
n } are then used to generate a new set of values {F (1)

k },

F
(1)
k =

N∑
n=−M

f̃ (0)
n ei πkn

M = ∣∣F (1)
k

∣∣eiχ1(νk). (2.5.47)

From the set {F (1)
k } we generate a new set {F̃ (1)

k } according to

F̃
(1)
k = ∣∣F(νk)

∣∣eiχ1νk . (2.5.48)

From this set the next iterate for fn is obtained according to

f (1)
n = 1

2M

M∑
k=−M

ckF̃
(1)
k ei πnk

M . (2.5.49)

Each coefficient f
(1)
n is then checked to determine whether it is negative or positive. De-

pending on the outcome of this check, this coefficient is set equal to zero of left unchanged,
according to the criteria stated above. After the resulting set of coefficients is scaled so that
it satisfies the normalization conditions imposed on f (γ ), it is denoted by {f̃ (1)

n }.
The set {f̃ (1)

n } is used to generate a new set of values {F (2)
k },

F
(2)
k =

M∑
n=−M

f̃ (1)
n e−i πkn

M = ∣∣F (2)
k

∣∣eiχ2(νk), (2.5.50)
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and from it we construct a new set {F̃ (2)
k } according to

F̃
(2)
k = ∣∣F(νk)

∣∣eiχ2(νk), (2.5.51)

and the iteration scheme proceeds as before. In each iteration the resulting function
|F (n)

k | is compared with the input function F(νk). When the inequality (|F(νk)| −
|F (n)

k |)/(|F(νk)| + |F (n)
k |) � 1 is satisfied for each value of k over the entire interval

(νmin, νmax) the iteration procedure is considered to have converged.
Five to eight iterations usually suffice to produce a good result for f (γ ).
Once the function f (γ ) has been determined, a long sequence of {dn} is obtained from

it by, e.g., the rejection method [2.6], and a realization of the surface profile function is
constructed on the basis of Eq. (2.5.13).

2.5.1.4. The Solution of the Scattering Problem The surface profile defined by
Eq. (2.5.13) is a multi-valued function of x1 because of the jump discontinuities it dis-
plays at x1 = nb, n = 0, ±1,±2, . . . . This means that in a rigorous numerical solution of
the problem of the scattering of an electromagnetic wave from it we can no longer replace
integration along the surface profile by integration along the x1 axis, as was done in go-
ing from Eq. (2.1.14) to Eq. (2.1.16), for example. It is now necessary to integrate along
the profile. In this section we indicate how this can be done, following the approach of
Mendoza-Suárez and Méndez [2.73], as modified by Simonsen [2.74]. The presentation
of this approach will be in the context of the problem studied in this section, namely the
scattering of s-polarized light from a perfectly conducting surface defined by Eq. (2.5.13).
However, as reference to the work of Mendoza-Suárez and Méndez [2.73] shows, it is
applicable to scattering from much more general multi-valued surface profiles. The results
for the wavelength dependence of the intensity of the scattered field obtained by this ap-
proach are then used to judge how well the surface generated in the manner described in
Sections 2.5.1.2–2.5.1.3 reproduces the specified infrared absorption spectrum.

We begin by representing the surface profile by the continuous vector-valued function
R = (ξ, η), where (ξ, η) are the coordinates of a point on the profile. In the case of a single-
valued surface profile these coordinates would be (x1, ζ(x1)). In the case of a multi-valued
profile a more general notation is needed.

From Eq. (2.1.13) we can represent the scattered field in the form

E2(r|ω)sc = 1

4π

∫
s

ds′ G0(r|R′)F (R′|ω), (2.5.52)

where ds is the element of path length along the curve s, r = (x1, x3), and the source
function F(R|ω) is defined as

F(R|ω) = n̂(R) · (∇E2(r|ω)
)∣∣

r=R. (2.5.53)
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In Eq. (2.5.53) n̂(R) is the unit vector normal to the surface at each point, directed from
the scattering medium into the vacuum, and the operator ∇ denotes the gradient, expressed
as

∇ =
(

∂

∂x1
,

∂

∂x3

)
. (2.5.54)

The Green’s function G0(r|r′) is given by

G0(r|r′) = iπH
(1)
0

(
(ω/c)|r − r′|). (2.5.55)

If we use the large argument representation of the Hankel function H
(1)
0 (z) [2.75],

H
(1)
0 (z) ∼

(
2

πz

) 1
2

exp
[
i
(
z − (π/4)

)]
, |z| → ∞, (2.5.56)

Eq. (2.5.52) yields the scattered field in the far zone in the form

E2(r|ω)sc = − i

4

(
2c

πrω

) 1
2

exp
[
i
[
(ω/c)r − (π/4)

]]
rs(θs), (2.5.57)

with

rs(θs) =
∞∫

−∞
ds exp

[−i(ω/c)r̂ · R
]
F(R|ω). (2.5.58)

In Eq. (2.5.58) the unit vector r̂ is given by (sin θs, cos θs).
The source function F(R|ω) can be determined from the integral equation (the analogue

of Eq. (2.1.38))

E2(R′|ω)inc = 1

4π

∞∫
−∞

ds G0
(
R′ + εn̂(R′)|R)

F(R|ω), (2.5.59)

where ε is a positive infinitesimal. For the incident field we assume the plane wave

E2(r|ω)inc = exp
[
i(ω/c)r̂0 · r

]
, (2.5.60)

where the unit vector r̂0 is expressed in terms of the angle of incidence θ0 by r̂0 =
(sin θ0,− cos θ0).

In solving the integral equation (2.5.59) we begin by replacing the infinitely long surface
by a surface of finite length, which is represented by the curve Γ . We seek to describe the
surface profile parametrically in terms of the arc length along the curve Γ , so that we can
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Figure 2.28. The geometry of the scattering problem studied in this section.

express the equation for the scattering of an s-polarized wave from this surface in terms of
this parameter.

We assume that the surface profile Γ is a rectifiable Jordan arc [2.76] with a finite
number of singular points [2.77], such that Γ is a directed path from point A to point B
(see Fig. 2.28). With these conditions it is possible to find a parameter t , defined in a
closed interval, such that the curve Γ can be described by a continuous single- and vector-
valued function R of this parameter. It is convenient to choose the parameter t equal to the
length of the curve Γ measured from A, the initial point of the curve. The profile of the
surface can then be represented by the vector function R(s), such that the interval within
which s is defined, IT , is [0,LT ], where LT represents the total length of the curve Γ , viz.
LT = ∫

Γ
ds.

We assume that the first and second derivatives of the function R(s) exist at each
regular point of Γ . On the other hand, Eq. (2.5.59) is not well defined at the singular
points of the curve Γ , and to deal with this problem we proceed as follows. We assume
that the curve Γ possesses M singular points (where M can be zero), given by the vec-
tors R(s = L1), R(s = L2), . . . ,R(s = LM). Knowing the M values of the parameters at
which the singularities occur, we can divide the interval [0,LT ] into M + 1 subintervals:
I0 = [0,L1), I1 = (L1,L2), . . . , IM = (LM,LT ], so that their union is a new parametric
interval I ′

T that has no singular points. Although the function R(s) for the interval I ′
T is

not continuous, this is not a problem, at least in principle, as it can be shown that the con-
tribution from the singular points is zero, and the source function F(R|ω) at the regular
points is not affected by the existence of the singular points [2.78]. However, it should be
noted that, because of the possibility of having strong variations of the field in the vicinity
of the singular points, some difficulties in the representation of the source function in this
vicinity may arise, constituting a possible source of cumulative errors.

It is now convenient to express the two components (ξ, η) of the vector-valued function
R(s) as functions of s. Then, at each regular point of the interval I ′

T we can write

R(s) = (
ξ(s), η(s)

)
. (2.5.61)

The two parametric functions ξ(s) and η(s) are of central importance to the present formu-
lation of the scattering problem. Given a general profile that satisfies our assumptions, it is
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always possible to find, analytically or numerically, the functions ξ(s) and η(s), as well as
their first and second derivative at each point of the internal I ′

T , starting from the relation

(ds)2 = (dξ)2 + (dη)2. (2.5.62)

At least formally, in each subinterval Ij the functions ξ(s) and η(s) can be found by
inversion of the functions s(ξ) and s(η) given by

s(ξ) = s(ξj ) +
ξ∫

ξj

[
1 +

(
dη(ξ)

dξ

)2] 1
2

dξ, (2.5.63a)

s(η) = s(ηj ) +
η∫

ηj

[
1 +

(
dξ(η)

dη

)2] 1
2

dη. (2.5.63b)

In Eqs. (2.5.63) (ξj , ηj ) are the coordinates of the point R(s = Lj), and η(ξ) and ξ(η) are
functions that describe the surface profile in the interval explored by the variables of the
line integrals. This provides a formal procedure for calculating the parametric functions
ξ(s) and η(s) for each subinterval.

We now introduce the preceding results in the solution of the integral equation (2.5.59)
for the source function F(R|ω), by converting it into a matrix equation, which can then be
solved numerically. This is done in the following way.

For each subinterval Ij we introduce the set {R(j)
i } of Nj equally spaced points

R
(j)
i = (ξ(s

(j)
i ), η(s

(j)
i )) with i = 1,2, . . . ,Nj . The sampling points s

(j)
i are given by

s
(j)
i = Lj + (i − 1/2)�sj , with j = 0,1,2, . . . ,M . We take L0 = 0. To define the sam-

pling interval �sj we proceed as follows. We first specify the desired sampling interval to
be used along the surface profile, say �. Then, in terms of the length of the surface between
two consecutive singular points, Lj+1 −Lj for the subinterval Ij , we define �sj by [2.74]

�sj = Lj+1 − Lj

[(Lj+1 − Lj )/�] , (2.5.64)

where [· · ·] denotes the integer part rounded upwards (so that its smallest possible value is
one). The value of Nj is then [(Lj+1 − Lj)/�].

The integral on the right-hand side of Eq. (2.5.59) can now be written in the form

RHS = 1

4π

∫
Γ

ds G0
(
R′ + εn̂(R)|R)

F(R|ω)

= 1

4π

M∑
j=0

∫
Ij

ds G0
(
R′|R(s)

)
F
(
R(s)|ω)

, (2.5.65)
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where we have passed to the limit ε → 0, because G0(r|r′) has an integrable singularity as
r → r′. We can write Eq. (2.5.65) as

RHS = 1

4π

M∑
j=0

Nj∑
i=1

s
(j)
i + 1

2 �sj∫
s
(j)
i − 1

2 �sj

ds G
(
R′|R(s)

)
F
(
R(s)|ω)

. (2.5.66)

On the assumption that F(R(s)|ω) is a slowly varying function of s in each interval (s
(j)
i −

1
2�sj , s

(j)
i + 1

2�sj ), we evaluate it at the midpoint of each of these intervals, and remove
it from the integral. In this way we obtain

RHS ∼= 1

4π

M∑
j=0

Nj∑
i=1

F
(
R
(
s
(j)
i

)|ω) s
(j)
i + 1

2 �sj∫
s
(j)
i − 1

2 �sj

ds G
(
R′|R(s)

)
. (2.5.67)

We next make the change of variable s = s
(j)
i + ζ to obtain

RHS = 1

4π

M∑
j=0

Nj∑
i=1

{ 1
2 �sj∫

− 1
2 �sj

dζ G0
(
R′|R(

s
(j)
i + ζ

))}
F
(
R
(
s
(j)
i

)|ω)
. (2.5.68)

We now return to the integral equation (2.5.59) and replace the vector R′ by R(s
(j ′)
i′ ),

where i′ = 1,2, . . . ,Nj ′ and j ′ = 0,1,2, . . . ,M , and obtain the matrix equation

E2
(
R
(
s
(j ′)
i′

)|ω)
inc =

M∑
j=0

Nj∑
i=1

L
(j ′)(j)

i′ i
F
(
R
(
s
(j)
i

)|ω)
, (2.5.69)

where

L
(j ′) (j)

i′ i
= 1

4π

1
2 �sj∫

− 1
2 �sj

dζ G0
(
R
(
s
(j ′)
i′

)|R(
s
(j)
i + ζ

))

= i

4

1
2 �sj∫

− 1
2 �sj

dζ H
(1)
0

(
(ω/c)

∣∣R(
s
(j ′)
i′

)− R
(
s
(j)
i + ζ

)∣∣)
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= i

4

1
2 �sj∫

− 1
2 �sj

dζ H
(1)
0

(
(ω/c)

[(
ξ
(
s
(j ′)
i′

)− ξ
(
s
(j)
i + ζ

))2

+ (
η
(
s
(j ′)
i′

)− η
(
s
(j)
i + ζ

))2] 1
2
)
. (2.5.70)

In the case where (i′, j ′) �= (i, j) the argument of the Hankel function never vanishes, and
to lowest nonzero order in �sj we find

L
(j ′) (j)

i′ i
= i�sj

4 H
(1)
0

(
(ω/c)

[(
ξ
(
s
(j ′)
i′

)− ξ
(
s
(j)
i

))2 + (
η
(
s
(j ′)
i′

)− η
(
s
(j)
i

))2] 1
2
)
,

(i′, j ′) �= (i, j). (2.5.71)

The evaluation of the diagonal elements requires a bit more care. We have

L
(j) (j)
i i = i

4

1
2 �sj∫

− 1
2 �sj

dζ H
(1)
0

(
(ω/c)

[(
ξ
(
s
(j)
i

)− ξ
(
s
(j)
i + ζ

))2 + (
η
(
s
(j)
i

)− η
(
s
(j)
i + ζ

))2] 1
2
)

∼= i

4

1
2 �sj∫

− 1
2 �sj

dζ H
(1)
0

(
(ω/c)|ζ |[(ξ ′(s(j)

i

)2 + (
η′(s(j)

i

))2] 1
2
)
, (2.5.72)

where the prime denotes differentiation with respect to argument. From Eq. (2.5.62) we
find that [(

ξ ′(s(j)
i

))2 + (
η′(s(j)

i

))2] 1
2 = 1. (2.5.73)

Consequently, Eq. (2.5.72) becomes

L
(j) (j)
i i = i

2

1
2 �sj∫
0

dζH
(1)
0

(
(ω/c)ζ

)
. (2.5.74)

With the use of the small argument expansion of H
(1)
0 (z), Eq. (2.2.51), we find that

L
(j)(j)
i i = i�sj

4

{
2i

π
�n

(
1

2

ω

c

�sj

2e

)
+ iγ + 1

}
. (2.5.75)
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Figure 2.29. A realization of a surface profile defined by Eq. (2.5.13).

A second use of Eqs. (2.2.51) yields

L
(j) (j)
i i = i

�sj

4
H

(1)
0

(
ω

c

�sj

2e

)
. (2.5.76)

When the source function F(R(s
(j)
i )|ω) has been determined by solving Eq. (2.5.69),

the scattering amplitude rs(θs) can be calculated from

rs(θs) =
M∑

j=0

Nj∑
i=1

�sj F
(
ξ
(
s
(j)
i

)
, η

(
s
(j)
i

)|ω)

× exp
{−i(ω/c)

[
ξ
(
s
(j)
i

)
sin θs + η

(
s
(j)
i

)
cos θs

]}
. (2.5.77)

It is then convenient to define the experimental mean intensity by

I (ω) = 1

NT

〈∣∣rs(θs)
∣∣2〉, (2.5.78)

where NT is the total number of sampling points

NT =
M∑

j=0

Nj . (2.5.79)

We now apply the preceding results to the problem of the scattering of s-polarized
light from a perfectly conducting surface defined by Eq. (2.5.13) in the case that α = 0.
A realization of this surface is depicted in Fig. 2.29, for the case that M = 20. The initial
point of the profile is A = P0, and the path of integration is directed to the point B = PM+1.
Between these two points we have M = 4K singular points P1,P2, . . . ,PM . The horizontal
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segments of the surface are each of length b. The height of the surface in the interval I2j is
djb1, where j = 0,1,2, . . . ,2K .

For the initial and end points the arc lengths measured from A are sA = 0 and sB =
LT = (2K + 1) b +∑2K

j=1 |dj − dj−1|b1.
In the horizontal subinterval I2j , between the points P2j and P2j+1, where j =

0,1, . . . ,2K , we have

R(s) = R(s2j ) + (s − s2j ,0), (2.5.80)

where the vector R(s2j ) indicates the coordinates of the point P2j ,

R(s2j ) = (jb, djb1). (2.5.81)

In the vertical subinterval I2j+1, between the points P2j+1 and P2j+2, where j =
0,1, . . . ,2K − 1, we have

R(s) = R(s2j+1) + (
0, (s − s2j+1) sgn(dj+1 − dj )

)
, (2.5.82)

where the vector R(s2j+1) indicates the coordinates of the point P2j+1,

R(s2j+1) = (
(j + 1)b, dj b1

)
. (2.5.83)

From the preceding results and the definition (2.5.61) we obtain finally that in the inter-
val I2j

ξ
(
s
(j)
i

) = jb +
(

i − 1

2

)
�s2j , (2.5.84a)

η
(
s
(j)
i

) = djb1, (2.5.84b)

where j = 0,1,2, . . . ,2K and i = 1,2, . . . ,N2j , while in the interval I2j+1

ξ
(
s
(j)
i

) = (j + 1)b, (2.5.85a)

η
(
s
(j)
i

) = djb1 +
(

i − 1

2

)
sgn(dj+1 − dj )�s2j+1, (2.5.85b)

where j = 0,1,2, . . . ,2K − 1 and i = 1,2, . . . ,N2j+1.

2.5.1.5. Example To illustrate the approach developed here to the design of a one-
dimensional randomly rough surface that produces a scattered field with a specified de-
pendence of its intensity on the wavelength, we consider the synthesis of the IR spectrum
of HF in the region 3600–4300 cm−1 [2.64]. In this region it consists of fifteen sharp ro-
tational lines superimposed on a broad vibrational background [2.79]. The experimental
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spectrum is modeled by a sum of narrow Gaussian lines with a weak background,

I (ω) =
15∑

j=1

Aj

{
exp

[−(ω − ωj )
2/�2]+ exp

[−(ω + ωj )
2/�2]}+ I0, (2.5.86)

where the amplitude of the strongest peak, A10, is chosen to be A10 = 0.9, to ensure that
|F(ωb1/c)(cos θs + cos θ0)| � 1 over the entire spectral range. To ensure the satisfaction
of the condition |F(0)| = 1, which follows from the normalization of f (γ ), and to sim-
plify the iteration procedure, we add to the intensity a Gaussian peak at ω = 0 with an
amplitude A0 that forces |F(0)| to equal unity. Therefore, I (ω) takes the form

I (ω) = A0 exp
(−ω2/�2)+

15∑
j=1

Aj

{
exp

[−(ω −ωj )
2/�2]+ exp

[−(ω +ωj )
2/�2]}+ I0,

(2.5.87)
where

A0 = 1 + 1/(2N − 1) − I0 − 2
15∑

j=1

Aj exp
(−ω2

j /�
2). (2.5.88)

To simplify the iteration procedure still further, we assume that I0 = 1/(2Ns − 1). Then
by using the procedure described in Sections 2.5.1.2–2.5.1.3 we designed a surface that
synthesizes this spectrum for an angle of incidence θ0 = 0◦, and for an angle of scatter-
ing θs = 15◦. Hence the slope α has the value α = − tan 7.5◦ = −0.1317. Since only the
relative intensities of the peaks in the spectrum are of interest, the iteration procedure was
stopped as soon as the relative amplitudes of the target spectrum were correct.

The designed surface consisted of 2Ns = 5000 segments, each of length b = 10 µm, for
a total length of the optical element of 5 cm. The characteristic depth b1 was b1 = 0.1 µm.
A segment of one realization of the resulting surface profile is presented in Fig. 2.30. The
pdf of dn, f (γ ), used together with the rejection method and Eq. (2.5.13) to generate this
surface profile is presented in Fig. 2.31.

The experimental IR spectrum of HF is plotted in Fig. 2.32(a) [2.79]. The intensity I (ω),
calculated by means of the Kirchhoff approximation for scattering from a single realization
of the surface profile function, is plotted in Fig. 2.32(b). The Kirchhoff approximation
was used because a surface as long as 5 cm was needed to reproduce such a complicated
spectrum. It displays peaks at the correct wavelengths, whose relative amplitudes are very
close to those of the peaks in the initial spectrum I (ω). The absolute amplitudes of the
peaks in the reconstructed spectrum are about 40% smaller than those of the corresponding
peaks in the initial spectrum. We note that the function we are calculating, I (ω), is to
within a factor 1 − (b/L) the ratio of the intensity of the light scattered from the random
surface into the direction defined by the scattering angle θ0 = 15◦ and the intensity of
the light scattered from a planar surface in the same direction. Thus, a kind of universal
attenuation limit on the power efficiency in our case is 1 − (b/L). The iteration procedure,
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Figure 2.30. A segment of a single realization of a one-dimensional random surface that has been designed to
synthesize the infrared absorption spectrum of HF in the region 3600–4300 cm−1.

Figure 2.31. The probability density function f (γ ) used to generate the surface profile function presented in
Fig. 2.30.

although it provides the correct relative amplitudes of the peaks in the spectrum, can lead to
considerable power losses. This can be improved by using more iterations in determining
f (γ ). However, if the amplitudes of the peaks in the experimental spectrum satisfy the
condition

∑N
j=1 Aj < 1, the correct relative and absolute amplitudes of the peaks can be

reproduced by using very few iterations.
We stress that the wavelength dependence of the intensity of light scattered from any

realization of the surface obtained by the use of the pdf f (γ ) depicted in Fig. 2.31 re-
produces the required spectrum with a very good accuracy. It may seem surprising that
scattering from a single realization of a random surface that was constructed by requiring
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Figure 2.32. (a) The infrared absorption spectrum of HF from 3600 cm−1 to 4300 cm−1. (b) The infrared
absorption spectrum of HF in the same frequency interval synthesized by the approach presented in Section 2.5.1.

that the mean intensity of the scattered field, viz. the intensity of the scattered field av-
eraged over the ensemble of realizations of the surface profile function, have a specified
dependence on the wavelength of the incident field, yields a theoretical spectrum in such
close agreement with the input experimental spectrum. The reason that it is not necessary
to generate an ensemble of Np realizations of the surface profile function, and to calcu-
late the arithmetic mean of the intensities of the fields scattered from these realizations, is
that the intensity is calculated as a function of wavelength at a fixed scattering angle. In
this case no speckles arise along the line of sight that have to be averaged over, as is the
case if the intensity is calculated as a function of scattering angle at a fixed wavelength.
However, the random surface has to be long enough in order that scattering from a single
realization of it produces a spectrum in good agreement with the experimental spectrum.
The more complicated the spectrum that we seek to reproduce is, the more complicated is
the resulting f (γ ) and, as a result, the longer the surface should be to represent well the
statistics of the surface that are required. In the calculations whose results are depicted in
Figs. 2.30–2.32, a value of 2Ns = 5000 was found to be sufficient.

It should be noted that the interval of values that dn can assume, Eq. (2.5.39), is quite
large. This can result in the occurrence of quite a deep structure of the surface generated.
Such a surface can be discarded in favor of a smoother one obtained from the same pdf
f (γ ).

In Fig. 2.33(a) we present the experimental IR spectrum of carbonyl fluoride (COF2)
(gray line) [2.79] together with the intensity I (ω), calculated by means of the rigorous
numerical approach described in Section 2.5.1.4, for scattering from a single realization
of the surface profile function. A value of the sampling interval � in Eq. (2.5.64) given
by � = 0.2 µm was used in obtaining this result. The peaks in this spectrum are consider-
ably wider than in the case of HF and, as a result, the pdf f (γ ) presented in Fig. 2.33(b)
is confined to smaller values of γ . This allows using considerably shorter surfaces. The
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Figure 2.33. (a) The infrared absorption spectrum of COF2 from 950 cm−1 to 1100 cm−1 (gray line) and the
reconstructed spectrum (black line). (b) The probability density function f (γ ) used to generate the surface profile
function.

length of the surfaces in the calculations was taken to be 1000 µm. The shape of the recon-
structed spectrum is very close to the initial spectrum I (ω), but the absolute intensity of
the reconstructed spectrum is about 50% smaller.

Thus, a method has been proposed in this section for designing a one-dimensional ran-
domly rough perfectly conducting surface that scatters light at a fixed scattering angle with
a mean intensity that depends in a specified way on the wavelength of an s-polarized plane
wave incident normally on it. This method has been validated by the results of a calculation
of the wavelength dependence of the intensity of light scattered from a single realization
of such a surface carried out by a rigorous numerical approach.

2.5.2. Deterministic Surfaces

Although the probabilistic approach to the design of a one-dimensional randomly rough
surface that synthesizes a specified infrared spectrum presented in Section 2.5.1 is an ef-
fective one, that can be used in the design of optical elements for other applications, a sim-
pler approach to the solution of this design problem exists, which produces a deterministic
surface that can be fabricated by well-known techniques. We describe it in this section.

The physical system we consider is the same one assumed in the discussion in Sec-
tion 2.5.1. It consists of vacuum in the region x3 > ζ(x1) and a perfect conductor in the re-
gion x3 < ζ(x1). The surface x3 = ζ(x1) is illuminated from the vacuum by an s-polarized
plane wave of frequency ω, whose plane of incidence is the x1x3 plane. In the vacuum
region x3 > ζ(x1)max the single nonzero component of the electric field is the sum of an
incoming incident field and a superposition of outgoing scattered waves,

E2(x1, x3|ω) = exp
[
ikx1 − iα0(k)x3

]+
∞∫

−∞

dq

2π
R(q|k) exp

[
iqx1 + iα0(q)x3

]
. (2.5.89)
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The scattered field is given by the second term on the right-hand side of this equation,

E2(x1, x3|ω)sc =
∞∫

−∞

dq

2π
R(q|k) exp

[
iqx1 + iα0(q)x3

]
. (2.5.90)

In the far zone, where x1 � λ and x3 � λ, where λ = 2πc/ω is the wavelength of the in-
cident field, the scattered field can be determined by the method of stationary phase [2.80].
This method requires expanding the function qx1 + α0(q)x3 in the exponent in the inte-
grand on the right-hand side of Eq. (2.5.90) about the stationary point q = q0. The point q0

is the solution of the equation

∂

∂q

[
qx1 + α0(q)x3

] = x1 − q

α0(q)
x3 = 0, (2.5.91)

from which we find that

q0 = ω

c

x1

r
, (2.5.92)

where r = (x2
1 + x2

3)
1
2 . Thus, on expanding [qx1 + α0(q)x3] about q = q0, we obtain

[
qx1 + α0(q)x3

] = (ω/c)r − (1/2)
(
cr3/ωx2

3

)
(q − q0)

2 + · · · (2.5.93)

through terms of second order in (q − q0). The scattered field is then given by

E>
2 (x1, x3|ω)sc ∼= exp

[
i(ω/c)r

]
R(q0|k)

∞∫
−∞

dq

2π
exp

[−i(1/2)
(
cr3/ωx2

3

)
(q − q0)

2]

=
(

ω

2πcr

) 1
2

cos θs exp
{
i
[
(ω/c)r − π/4

]}
R(q0|k), (2.5.94)

where θs is the scattering angle measured clockwise from the x3 axis. It follows that x1/r =
sin θs , x3/r = cos θs , so that

q0 = (ω/c) sin θs. (2.5.95)

To obtain the scattering amplitude R(q|k), we invoke the Rayleigh hypothesis [2.28],
namely that we can use the expression (2.5.89) for the field in the vacuum region, which is
valid only in the region x3 > ζ(x1)max, in satisfying the boundary condition

E>
2 (x1, x3|ω)

∣∣
x3=ζ(x1)

= 0 (2.5.96)
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on the surface x3 = ζ(x1). With this assumption, R(q|k) becomes the solution of the inte-
gral equation

exp
[
ikx1 − iα0(k)ζ(x1)

]+
∞∫

−∞

dq

2π
R(q|k) exp

[
iqx1 + iα0(q)ζ(x1)

] = 0. (2.5.97)

We assume that the surface roughness is sufficiently weak that small-amplitude pertur-
bation theory can be used in solving Eq. (2.5.97). In this approach the scattering amplitude
R(q|k) is expanded in powers of the surface profile function according to

R(q|k) =
∞∑

n=0

in

n!Rn(q|k), (2.5.98)

where the subscript denotes the order of the corresponding term in ζ(x1). When
Eq. (2.5.98) is substituted into Eq. (2.5.97) and terms of the same order in ζ(x1) on both
sides of the resulting equation are equated, we obtain the following equation:

n∑
m=0

(
n

m

) ∞∫
−∞

dq

2π
αn−m

0 (q)ζ̂ (n−m)(p − q)Rm(q|k) = (−1)n+1αn
0 (k)ζ̂ (n)(p − k),

(2.5.99)

where

ζ̂ (0)(Q) = 2πδ(Q), (2.5.100a)

ζ̂ (n)(Q) =
∞∫

−∞
dx1 ζ n(x1) exp(−iQx1), n � 1. (2.5.100b)

Equation (2.5.99) can be rewritten as a recurrence relation for determining the {Rn(q|k)}:

R0(q|k) = −2πδ(q − k), (2.5.101a)

Rn(q|k) = [
1 + (−1)n+1]αn

0 (k)ζ̂ (n)(q − k)

−
n−1∑
m=1

(
n

m

) ∞∫
−∞

dp

2π
ζ̂ (n−m)(q − p)αn−m

0 (p)Rm(p|k), n � 1.

(2.5.101b)



2.5. Surfaces that Synthesize Infrared Absorption Spectra 125

With the use of Eqs. (2.5.98) and (2.5.101) we find that through the first nonzero term in
the surface profile function ζ(x1),

R(q|k) = −2πδ(q − k) + 2iα0(k)

∞∫
−∞

dx1 ζ(x1) exp
[−i(q − k)x1

]+ O
(
ζ 2). (2.5.102)

To simplify the following discussion we will assume that the surface x3 = ζ(x1) is illu-
minated at normal incidence (k = 0), while the scattering angle is assumed to be nonzero.
It follows from Eqs. (2.5.94), (2.5.95) and (2.5.102) that the leading nonspecular contribu-
tion to the intensity of the scattered field is

∣∣E>
2 (x1, x3)sc

∣∣2 = 2

πr

(
ω

c

)3

cos2 θs

∣∣∣∣∣
∞∫

−∞
dx1 ζ(x1) exp

[−i(ω/c) sin θsx1
]∣∣∣∣∣

2

. (2.5.103)

We now represent the surface profile function ζ(x1) as a superposition of N cosinusoidal
gratings, one for each line in the spectrum that we seek to reproduce. The period of the j th
grating aj is chosen so that the grating produces the (+1) order Bragg diffraction peak in
the direction defined by θs at a given frequency ωj , i.e., it is determined from the condi-
tion (ωj/c) sin θs = 2π/aj . If the spectral range of interest is sufficiently narrow, namely
2ω1 > ωN , then the (+2) order Bragg peak produced by the grating with the longest pe-
riod does not fall into this spectral range because 4π/a1 = 2(ω1/c) sin θs > (ωN/c) sin θs .
For the same reason the cross-talk peaks whose positions are determined by the condition
(ω/c) sin θs = ±[(2π/ai)− (2π/aj )] = ±[(ωi −ωj )/c] sin θs , are also outside the spectral
range we are interested in if 2ω1 > ωN . The widths and the shapes of the spectral lines can
be reproduced by modulating the gratings by slowly varying envelope functions.

Thus, we assume that the surface profile function ζ(x1) is given by

ζ(x1) =
N∑

j=1

Aj exp
(−x2

1/L2
j

)
cos(2πx1/aj ). (2.5.104)

The Gaussian function exp(−x2
1/L2

j ) in this expression is an envelope function that limits
the length of the j th grating and shapes the spectral lines to be Gaussian. A finite 1/e half
width Lj for the j th grating imparts a finite width to each of the lines in the spectrum.
With this choice of ζ(x1) the integral in Eq. (2.5.103) becomes

∞∫
−∞

dx1 ζ(x1) exp
[−i(ω/c) sin θsx1

]

=
√

π

2

N∑
j=1

AjLj

{
exp

[
−
(

ω

c
sin θs − 2π

aj

)2 L2
j

4

]
+ exp

[
−
(

ω

c
sin θs + 2π

aj

)2 L2
j

4

]}
.

(2.5.105)
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The second term in braces on the right-hand side of this expression produces no narrow
peak for positive values of ω, because the argument of the Gaussian function does not
vanish in this case. We therefore omit it in what follows. We also assume that the widths
of the peaks corresponding to (ω/c) sin θs − (2π/aj ) = 0 in the first term in braces on the
right-hand side of Eq. (2.5.105) are sufficiently narrow that different peaks do not overlap
in the squared modulus of this term, which can therefore be approximated by

∣∣∣∣∣
√

π

2

N∑
j=1

AjLj exp

[
−
(

ω

c
sin θs − 2π

aj

)2 L2
j

4

]∣∣∣∣∣
2

∼= π

4

N∑
j=1

(AjLj )
2 exp

[
−
(

ω

c
sin θs − 2π

aj

)2 L2
j

2

]
. (2.5.106)

From the relation (2πc)/(aj sin θs) = ωj , the period aj is given by

aj = 2πc

ωj sin θs

≡ λj

sin θs

, (2.5.107)

where λj = 2πc/ωj is the wavelength of the j th line in the spectrum. If the 1/e halfwidth
of the j th line in the spectrum we seek to synthesize is �j , the 1/e half width Lj of the
j th grating in the representation of ζ(x1) given by Eq. (2.5.104) is obtained from

Lj =
√

2c

�j sin θs

. (2.5.108)

With the preceding results the scattered intensity (2.5.103) can be written in the form

∣∣E>
2 (x1, x3|ω)sc

∣∣2 = 1

2r

(
ω

c

)3

cos2 θs

N∑
j=1

(AjLj )
2 exp

[
−
(

ω − ωj

�j

)2]
. (2.5.109)

We define the experimental intensity I (ω) by

I (ω) = r
∣∣E>

2 (x1, x3|ω)sc
∣∣2, (2.5.110)

so that

I (ω) = 1

2

(
ω

c

)3

cos2 θs

N∑
j=1

(AjLj )
2 exp

[
−
(

ω − ωj

�j

)2]
. (2.5.111)

The relative values of the amplitudes {Aj } are obtained by noting that the intensities of the
lines in the experimental spectrum at the frequencies {ωj } are determined by ω3

j (AjLj )
2.
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Figure 2.34. A segment of a numerically generated one-dimensional deterministic perfectly conducting rough
surface designed to synthesize the infrared absorption spectrum of HF in the region 3600–4300 cm−1.

The amplitude of the grating producing the strongest peak in the spectrum is then chosen
to be small enough that our use of small-amplitude perturbation theory is valid. This is ac-
complished on the basis of the following considerations. If the frequency range of interest
is narrow, 2ω1 > ωN , so that no peaks of second order fall into it, the contribution to I (ωj )

of the second order terms in the small-amplitude perturbation theory for R(q|k) gives rise
to an exponentially small background. However, the contribution to I (ω) from the third
order term in the surface profile function in R(q|k) gives rise to peaks at the frequencies
{ωj }, as well as to cross-talk peaks, which can fall into the frequency range ω1 < ω < ωN .
Therefore, to ensure that the relative heights of the peaks in the synthesized spectrum are
obtained correctly, this contribution must be made negligibly small compared to the result
given by Eq. (2.5.111). This requires that the amplitude of the gratings should be small
compared to the wavelengths of the corresponding peaks, (Aj/λj )

2 � 1, for all j . In this
way the parameters defining the surface profile function ζ(x1), Eq. (2.5.104) are deter-
mined.

To illustrate the approach presented in this section to the design of a one-dimensional
perfectly conducting, rough surface that produces a scattered field with a prescribed spec-
trum at a specified scattering angle, we apply it to the design of a surface that synthesizes
the infrared spectrum of HF in the region 3600–4300 cm−1, at a scattering angle θs = 15◦.
A segment of this surface is presented in Fig. 2.34. The intensity I (ω) calculated by solving
the problem of the scattering of an s-polarized plane wave incident normally on this sur-
face in the Kirchhoff approximation, Eqs. (2.1.22) and (2.1.58a), is plotted in Fig. 2.35(a).
For comparison, in Fig. 2.35(b) we have plotted the experimental spectrum of HF [2.79]
that served as the input for the calculation of I (ω). It is seen that the synthesized spectrum
displays peaks at the correct frequencies, whose relative amplitudes reproduce those of the
peaks in the experimental spectrum.
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Figure 2.35. (a) The infrared absorption spectrum of HF from 3600 cm−1 to 4300 cm−1 synthesized by the
approach presented in Section 2.5.2. (b) The experimental absorption spectrum of HF in the same spectral range.

The approach presented in this section can be generalized in two ways. First, each cosine
in the expression (2.5.104) for the surface profile function can be replaced by a cosine
with an arbitrary phase in its argument, namely cos[(2πx1/aj ) + φj ], without altering the
intensity of the scattered light under the assumptions made here. Second, each Gaussian
in the expression (2.5.104) for the surface profile function can be shifted arbitrarily along
the x1 axis, that is replaced by exp[−(x1 − Xj)

2/L2
j ], without altering the intensity of the

scattered light.

2.6. Surfaces that Produce Specified Thermal Emissivities

The emissivity of a surface is denoted by eν(θ,φ), where the subscript ν defines the po-
larization of the emitted radiation, while θ is the polar observation angle, and φ is the az-
imuthal observation angle. Through the principles of energy conservation and reciprocity,
Kirchhoff’s law relates the emissivity of an opaque surface to the reflectivity of the sur-
face [2.81],

eν(θ,φ) = 1 − rν(θ,φ). (2.6.1)

In Eq. (2.6.1) rν(θ,φ) is the reflectivity of the surface when it is illuminated by a ν = p, s

polarized wave whose polar and azimuthal angles of incidence are θ and φ, respectively.
It follows from Eq. (2.6.1) that the emissivity of a surface is affected by the rough-

ness of the surface since it is known that the reflectivity of a surface is affected by its
roughness [2.82,2.83]. Indeed there have been several calculations of the emissivity of pe-
riodically corrugated surfaces [2.84,2.85] and of randomly rough surfaces [2.86,2.87]. In
these calculations the surface profile was specified, in the case of a periodically corrugated
surface, or its statistical properties were specified in the case of a randomly rough surface.
What was sought in these calculations was the angular or wavelength dependence of the
emissivity. It was shown, for example, that the existence of surface phonon polaritons at
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a periodically corrugated SiC surface, which produces a dip in the wavelength dependence
of the reflectivity at a fixed angle of incidence at the wavelength at which these surface
electromagnetic waves are most efficiently excited through the surface periodicity by the
incident light, produces an enhancement of the emissivity in a limited spectral range [2.88].
In a subsequent study the reflectivity and emissivity of singly and doubly periodic metallic
surfaces were calculated and measured [2.89]. The existence of thermally excited surface
plasmon polaritons supported by these surfaces leads to an increase of their emissivity in
a restricted spectral range. However, in all of this work the surface was known in advance
and the emissivity it produced was determined.

In this section we consider an inverse version of this problem, namely we wish to specify
the wavelength dependence of the emissivity at a given angle of emission, and to design a
random surface that produces that emissivity. Such a surface could serve as a frequency-
stable source of thermal emission if the radiation it produces is a constant within some
desired wavelength region and vanishes outside this region.

2.6.1. Scattering Theory

The surface we consider is a one-dimensional randomly rough surface defined by x3 =
ζ(x1). The region x3 > ζ(x1) is vacuum, while the region x3 < ζ(x1) is an opaque dielec-
tric medium, characterized by a dielectric constant ε. The surface profile function ζ(x1)

is initially assumed to be a continuous single-valued function of x1 that is differentiable
and constitutes a random process. Since the surface of the emitter is randomly rough, its
reflectivity differs from the value of unity it takes when the surface is planar, so that the
emissivity is nonzero.

The surface x3 = ζ(x1) is illuminated from the vacuum by a ν-polarized plane wave
of frequency ω, whose plane of incidence is the x1x3 plane. In terms of the function
Fν(x1, x3|ω) introduced in Section 2.1.1, the single nonzero component of the electric
(s polarization) or magnetic (p polarization) field in the vacuum region x3 > ζ(x1)max that
satisfies the boundary conditions at infinity is the sum of an incoming incident field and of
outgoing scattered waves,

F>
ν (x1, x3|ω) = exp

[
ikx1 − iα0(k)x3

]+
∞∫

−∞

dq

2π
Rν(q|k) exp

[
iqx1 + iα0(q)x3

]
, (2.6.2)

where α0(q) = [(ω/c)2 − q2] 1
2 , with Reα0(q) > 0, and Imα0(q) > 0.

We have seen earlier (Eq. (2.1.37)) that the mean differential reflection coefficient
〈∂Rν/∂θs〉 is given by

〈
∂Rν

∂θs

〉
= 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

〈∣∣Rν(q|k)
∣∣2〉. (2.6.3)



130 One-Dimensional Surfaces

If we decompose Rν(q|k) into the sum of its mean value, 〈Rν(q|k)〉, and its fluctuation
about this mean value, Rν(q|k) − 〈Rν(q|k)〉,

Rν(q|k) = 〈
Rν(q|k)

〉+ [
Rν(q|k) − 〈

Rν(q|k)
〉]
, (2.6.4)

we find that each of these terms contributes separately to the mean differential reflection
coefficient, 〈

∂Rν

∂θs

〉
= 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

∣∣〈Rν(q|k)
〉∣∣2

+ 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

[∣∣Rν(q|k) − 〈
Rν(q|k)

〉∣∣2]. (2.6.5)

The first term on the right-hand side of this equation gives the contribution to the mean dif-
ferential reflection coefficient from the light that has been scattered coherently (specularly),
while the second gives the contribution from the light that has been scattered incoherently
(diffusely).

Strictly speaking, the preceding descriptions of the two contributions to the mean dif-
ferential reflection coefficient given by the two terms on the right-hand side of Eq. (2.6.5)
are valid only when the surface profile function is a stationary random process. For such
a surface profile function the mean value of the scattering amplitude Rν(q|k) is diagonal
in q and k, 〈Rν(q|k)〉 = 2πδ(q − k)Rν(k). Since in one dimension

[
2πδ(q − k)

]2 = 2πδ(q − k)2πδ(0) = L12πδ(q − k), (2.6.6)

we see that the first term on the right-hand side of Eq. (2.6.5) indeed describes the angular
and frequency dependence of the specular component of the scattered light. The second
term then describes the angular and frequency dependence of the diffuse component of the
scattered light. In what follows we will see that the use of the expression〈

∂R

∂θs

〉
coh

= 1

L1

(
ω

2πc

)
cos2 θs

cos θ0

∣∣〈R(q|k)
〉∣∣2 (2.6.7)

enables us to determine the reflectivity of the surfaces we will design in this section, i.e.,
the model of a random surface we adopt is a stationary one.

In the Kirchhoff approximation, which we adopt here due to its simplicity, the mean
scattering amplitude is given by (Eq. (2.2.13))

〈
Rν(q|k)

〉 = Rν

(
θs + θ0

2

)
1

cos θ0

cos 1
2 (θs + θ0)

cos 1
2 (θs − θ0)

×
∞∫

−∞
dx1 exp

[−i(q − k)x1
]〈

exp
[−iaζ(x1)

]〉
, (2.6.8)
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where Rν(
θs+θ0

2 ) has been defined in Eq. (2.2.12) and a(θs, θ0) has been defined in
Eq. (2.1.61).

We choose for the surface profile function the form

ζ(x1) = dnb1, nb < x1 < (n + 1)b, n = 0,±1,±2, . . . , (2.6.9)

where the {dn} are independent identically distributed random deviates, while b1 and b

are characteristic lengths. Because the {dn} are identically distributed random deviates, the
probability density function (pdf) of dn,

f (γ ) = 〈
δ(γ − dn)

〉
, (2.6.10)

is independent of n.
The assumption of a surface profile function of the form given by Eq. (2.6.9) violates our

initial assumptions that ζ(x1) is a continuous, differentiable function of x1. Nevertheless,
as we will see, this assumption allows us to solve the problem of designing a surface that
produces thermal emission with a specified spectrum at a specified angle of observation.

To simplify the notation, we use the definitions (2.5.16). The integral in Eq. (2.6.8) then
becomes

∞∫
−∞

dx1 exp(−igx1)
〈
exp

[−ihζ(x1)
]〉

=
∞∑

n=−∞

(n+1)b∫
nb

dx1 exp(−igx1)
〈
exp(−ihb1dn)

〉

=
∞∑

n=−∞

(n+1)b∫
nb

dx1 exp(−igx1)

∞∫
−∞

dγ f (γ ) exp(−ihb1γ )

=
∞∫

−∞
dγ f (γ ) exp(−ihb1γ )

∞∫
−∞

dx1 exp(−igx1)

= 2πδ(g)F (b1h), (2.6.11)

where

F(ν) =
∞∫

−∞
dγ f (γ ) exp(−iνγ ). (2.6.12)
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On combining Eqs. (2.6.8) and (2.6.11) we obtain from Eq. (2.6.7) the result that

〈
∂Rν

∂θs

〉
coh

= 1

L1

(
ω

2πc

)
cos2 θs

cos3 θ0

cos2 1
2 (θs + θ0)

cos2 1
2 (θs − θ0)

∣∣∣∣Rν

(
θs + θ0

2

)∣∣∣∣
2

× [
2πδ

(
(ω/c)(sin θs − sin θ0)

)]2∣∣Fν

(
(ωb1/c)(cos θs + cos θ0)

)∣∣2.
(2.6.13)

We now use the result that

[
2πδ

(
(ω/c)(sin θs − sin θ0)

)]2 = [
2πδ(q − k)

]2

= 2πδ(0)2πδ(q − k)

= L12πδ(q − k)

= L12πδ
(
(ω/c)(sin θs − sin θ0)

)
= L1

2πc

ω

δ(θs − θ0))

cos θ0
, (2.6.14)

where we have used the result that in one dimension 2πδ(q = 0) = L1. Equation (2.6.13)
then becomes 〈

∂Rν

∂θs

〉
coh

= δ(θs − θ0)rν(ω, θ0), (2.6.15)

where the reflectivity rν(ω, θ0) is given by

rν(ω, θ0) = ∣∣Rν(θ0)
∣∣2∣∣F (

2(ωb1/c) cos θ0
)∣∣2, (2.6.16)

where

Rν(θ0) = κν cos θ0 − [ε − sin2 θ0] 1
2

κν cos θ0 + [ε − sin2 θ0] 1
2

. (2.6.17)

Thus, if we wish to obtain a randomly rough surface that produces a particular frequency
dependence of the emissivity eν(ω, θ0) at an angle of emission θ0, we have to solve the
equation

∣∣Fν

(
(2ωb1/c) cos θ0

)∣∣ = [1 − eν(ω, θ0)] 1
2

|Rν(θ0)| (2.6.18)

to obtain fν(γ ). Note that Rν(θ0) is a function of the frequency ω when the dielectric
constant ε is in fact a function of frequency. The problem of determining fν(γ ) from
|Fν(ν)| is solved by the use of the modified Gerchberg–Saxton algorithm described in
Section 2.5.1.
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2.6.2. The Reflectivity

Once f (γ ) has been determined, a long sequence of {dn} is generated, for example by the
rejection method [2.6], and a realization of the surface profile function ζ(x1) is obtained
by the use of Eq. (2.6.9). The scattered field produced when a ν-polarized plane wave is
incident on this realization of the surface profile function is then calculated. The reflectiv-
ity, and hence the emissivity, of the surface are calculated from this result as functions of
frequency, and compared with the input emissivity to assess the validity of the approach
presented here.

To calculate the reflectivity from the results of a scattering calculation it is convenient to
return to Eq. (2.6.7) and to use the result that 〈R(q|k)〉 = 2πδ(q−k)R

(0)
ν (k) for a stationary

surface profile function, and that 2πδ(q = 0) = L1. In this way we obtain

〈
∂Rν

∂θs

〉
coh

= δ(θs − θ0)
∣∣R(0)

ν

(
(ω/c) sin θ0

)∣∣2. (2.6.19)

The reflectivity in general is therefore given by

rν(ω, θ0) = ∣∣R(0)
ν

(
(ω/c) sin θ0

)∣∣2. (2.6.20)

To determine R
(0)
ν (k) = R

(0)
ν ((ω/c) sin θ0) through a scattering calculation we use the re-

sult that

R(0)
ν (k) = 1

L1

〈
Rν(k|k)

〉
, (2.6.21)

and proceed to determine the scattering amplitude Rν(q|k) by a suitable computational
approach.

2.6.3. Solution of the Scattering Problem

Because of the jump discontinuities x1 = nb, n = 0,±1,±2, . . . , possessed by the surface
profile function (2.6.9), the scattering problem is solved here by the rigorous numerical
approach described in Section 2.5.1.4.

2.6.4. Example

To illustrate the method developed in this section, we consider the design of a one-
dimensional randomly rough surface that produces s-polarized thermal emission at a spec-
ified angle of emission θ0 with a frequency dependence given by

e(ω, θ0) =
{

(1/2) 0 < ω1 < ω < ω2,

0 otherwise.
(2.6.22)
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Figure 2.36. A plot of the pdf of dn , f (γ ) (a) and a segment of one realization of the surface profile generated
on the basis of this pdf (b).

Figure 2.37. A plot of the calculated emissivity as a function of ω/ω0 for an angle of emission θ0 = 0◦ , calculated
for a single realization of the surface profile function. A plot of the input emissivity given by Eq. (2.6.22) is also
presented for comparison.

In Fig. 2.36(a), we present a plot of the pdf of dn, f (γ ), corresponding to this choice for
e(ω, θ0). A segment of one realization of the surface profile generated on the basis of this
result for f (γ ) is presented in Fig. 2.36(b). The values of the experimental and rough-
ness parameters employed in these calculations were θ0 = 0◦, ω1/ω0 = 0.9, ω2/ω0 = 1.1,
bω0/c = 8, and b1ω0/c = 0.1. In Fig. 2.37 we present a plot of the calculated emissivity
as a function of ω for an angle of emission θ0 = 0◦, calculated for a single realization of
the surface profile function. A plot of the input emissivity given by Eq. (2.6.22) is also
presented for comparison. It is seen that the calculated emissivity is in good agreement
with the input emissivity, giving us confidence in the reliability of the approach developed
in this section.
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Thus, we have shown that it is possible to design a one-dimensional randomly rough
perfectly conducting surface that emits thermal radiation that at a specified emission angle
has a prescribed frequency dependence. Such a surface can be fabricated by techniques
such as those described in Refs. [2.65] and [2.9].

2.7. Control of the Coherence of the Light Scattered from a One-Dimensional
Randomly Rough Surface that Acts as a Schell-Model Source

2.7.1. Coherence of Light

Coherence is the property of light that is most closely related to interference. It can be
defined in the following way. Let U(x|ω) be a component of a fluctuating electromagnetic
field of frequency ω. Then the spectral degree of coherence at frequency ω of the field is
defined by [2.90]

g(x,x′|ω) = W(x,x′|ω)

[S(x|ω)] 1
2 [S(x′|ω)] 1

2

. (2.7.1)

In this expression W(x,x′|ω) is called the cross-spectral density of the field, and is defined
by

W(x,x′|ω) = 〈
U(x|ω)U∗(x′|ω)

〉
, (2.7.2)

where the angle brackets denote an average over the ensemble of realizations of the field
U(x|ω). The function S(x|ω) represents the spectral density (intensity) of the field, and is
given by

S(x|ω) = W(x,x|ω) = 〈∣∣U(x|ω)
∣∣2〉. (2.7.3)

The cross-spectral density function is clearly Hermitian,

W(x′,x|ω) = W ∗(x,x′|ω), (2.7.4)

as is the spectral degree of coherence,

g(x′,x|ω) = g∗(x,x′|ω). (2.7.5)

In obtaining Eq. (2.7.5) we have used the result that from its definition (2.7.3) the spectral
density S(x|ω) is a real non-negative function of x,

S(x|ω) � 0. (2.7.6)

From Eqs. (2.7.1)–(2.7.3) we find that

g(x,x|ω) = 1. (2.7.7)
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More generally, W(x,x′|ω) is a non-negative definite function, in the sense that for any
n points x1,x2, . . . ,xn, where n is an arbitrary positive integer, for any n real or complex
numbers a1, a2, . . . , an, and for any frequency ω,

n∑
j=1

n∑
k=1

aja
∗
kW(xj ,xk|ω) � 0. (2.7.8)

This result follows directly from the obvious inequality

〈∣∣∣∣∣
n∑

j=1

ajU(xj |ω)

∣∣∣∣∣
2〉

� 0. (2.7.9)

In the case n = 2, Eq. (2.7.8) can be rewritten in the form

(a1, a2)

(
W(x1,x1|ω) W(x1,x2|ω)

W(x2,x1|ω) W(x2,x2|ω)

)(
a∗

1
a∗

2

)
� 0. (2.7.10)

In order for this inequality to be satisfied the principal minors of the matrix entering it
should be non-negative. This condition together with Eqs. (2.7.3) and (2.7.4) yields the
inequality

S(x1|ω)S(x2|ω) − ∣∣W(x1,x2|ω)
∣∣2 � 0. (2.7.11)

It follows from this result and Eq. (2.7.1) that [2.90]

0 �
∣∣g(x,x′|ω)

∣∣ � 1. (2.7.12)

Although a fully coherent beam, such as the output from a laser, has the desirable fea-
ture of a very narrow line width, its use in such fields as microdensitometry, [2.91,2.92],
line width measurements [2.93,2.94], and lithography [2.95] sometimes has detrimental
effects because its high spatial coherence gives rise to speckled images, which make it
difficult to obtain good resolution. The reduction of the spatial coherence of a beam can
increase the resolution of an image by decreasing the speckle it produces [2.90]. More-
over, partially coherent beams have been shown to propagate farther and to spread less in
a random medium than does a fully coherent laser beam [2.96–2.98]. Thus, the ability to
control the coherence of a light beam is important for a variety of optical applications.

2.7.2. Schell-Model Sources

Among the variety of fields to which the general formulas that we have just presented are
applicable are those generated by secondary planar sources. Such a source is usually an
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aperture in an opaque planar screen illuminated, either directly or by means of an opti-
cal system, by a primary source. Chief among secondary planar sources are Schell-model
sources [2.99]. These sources are characterized by the property that their spectral degree
of coherence g(x‖,0;x′‖,0) in the source plane x3 = 0 depends on x‖ and x′‖ only through
their difference x‖ − x′‖. Here x‖ = (x1, x2,0) is an arbitrary position vector in the plane
x3 = 0. The spectral degree of coherence of such a source therefore has the form

g(x‖,0;x′‖,0) = g(0)(x‖ − x′‖). (2.7.13)

From Eq. (2.7.1) we see that the cross-spectral density in the source plane of a secondary,
planar, Schell-model source has the form

W(0)(x‖,0|x′‖,0) = [
S(0)(x‖)

] 1
2 g(0)(x‖ − x′‖)

[
S(0)(x′‖)

] 1
2 . (2.7.14)

Because everything is assumed to occur at the fixed frequency ω, we have suppressed
mention of this frequency in writing Eqs. (2.7.13) and (2.7.14). The superscript (0) in
these equations indicates that the functions involved are calculated in the source plane
x3 = 0. If S(0)(x‖) were a constant, an infinitely extended Schell-model source would be
a homogeneous source due to its dependence on x‖ and x′‖ only through their difference.

When S(0)(x‖), the spectral density of the light at a typical point in the source plane, is not
a constant, the source defined by Eq. (2.7.14) is said to be a quasi-homogeneous, planar,
secondary source.

Several methods of producing sources with different coherence properties have been
described in the literature [2.100]. One such method [2.101] consists of placing in the path
of a laser beam a rotating random phase screen created by spraying a finishing mist on
a clear glass blank. With appropriate coating a quasi-homogeneous source is produced.
Another method uses liquid crystals to scatter a laser beam [2.102,2.103]. The application
of an electric field to the liquid crystal modifies the coherence properties of the scattered
light. Other methods use transmission filters or holographic filters to change the coherence
properties of light passing through them [2.104,2.105]. The interaction of light with sound
waves has also been used to modify its coherence [2.106–2.109].

In this section we consider the possibility of designing a one-dimensional randomly
rough surface that scatters a beam of light incident normally on it into a field that possesses
a cross-spectral density in the mean scattering surface—the source plane—of the Schell-
model form. A related problem for a two-dimensional randomly rough surface is discussed
in Section 3.3.

2.7.3. An Incident Beam of General Form

Thus, in the one-dimensional case we consider here, we seek to design a surface defined
by x3 = ζ(x1) which, when illuminated at normal incidence from vacuum (x3 > ζ(x1)) by
a suitable s-polarized beam of light of frequency ω, whose plane of incidence is the x1x3
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plane, produces a scattered electric field whose only nonzero component E2(x1, x3|ω)sc

possesses the cross-spectral density function

W(0)(x1, x
′
1|ω) = 〈

E2(x1,0|ω)scE
∗
2 (x′

1,0|ω)sc
〉

= [
S(0)(x1)

] 1
2 g(0)

(|x1 − x′
1|
)[

S(0)(x′
1)
] 1

2 (2.7.15)

in the mean scattering plane x3 = 0. In writing Eq. (2.7.15) we have assumed that the
spectral degree of coherence g(0)(|x1 − x′

1|) is a function of the magnitude of the differ-
ence x1 − x′

1 instead of the difference itself. The consequence of this assumption is that
g(0)(|x1 − x′

1|) is real and symmetric in x1 and x′
1 rather than just Hermitian. This assump-

tion is easily relaxed.
The physical system we consider here is the one studied in Section 2.1. The region

x3 > ζ(x1) is vacuum, while the region x3 < ζ(x1) is a perfect conductor. The surface
profile function has the properties described in Section 2.1.1.

The surface x3 = ζ(x1) is illuminated at normal incidence by an s-polarized beam of
frequency ω. The single nonzero component of the incident electric field is written in the
form

E2(x1, x3|ω)inc =
∞∫

−∞

dk

2π
F(k) exp

[
ikx1 − iα0(k)x3

]
, (2.7.16)

where the weight function F(k) is not specified as yet. On invoking the Rayleigh hypoth-
esis [2.28], we write the scattered field as a superposition of outgoing plane waves,

E2(x1, x3|ω)sc =
∞∫

−∞

dq

2π
R(q) exp

[
iqx1 + iα0(q)x3

]
. (2.7.17)

The scattering amplitude R(q) is seen to be given by

R(q) =
∞∫

−∞
dx1 exp(−iqx1)E2(x1,0|ω)sc. (2.7.18)

It follows from this result that

〈
R(q)R∗(q ′)

〉 =
∞∫

−∞
dx1

∞∫
−∞

dx′
1 exp(−iqx1 + iq ′x′

1)
〈
E2(x1,0|ω)scE

∗
2 (x′

1,0|ω)sc
〉
.

(2.7.19)
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The substitution of Eq. (2.7.15) into this expression yields 〈R(q)R∗(q ′)〉 in the form

〈
R(q)R∗(q ′)

〉 =
∞∫

−∞
dx1

∞∫
−∞

dx′
1 exp(−iqx1 + iq ′x′

1)
[
S(0)(x1)

] 1
2

× g(0)
(|x1 − x′

1|
)[

S(0)(x′
1)
] 1

2 . (2.7.20)

The spectral density function S(0)(x1) is a real non-negative function of x1. Its square

root [S(0)(x1)] 1
2 is therefore also a real, non-negative function of x1. We introduce its

Fourier integral representation by

[
S(0)(x1)

] 1
2 =

∞∫
−∞

dp

2π
Ŝ(p) exp(ipx1), (2.7.21)

where the Fourier coefficient Ŝ(p) has the property

Ŝ(−p) = S∗(p) (2.7.22)

due to the reality of [S(0)(x1)] 1
2 . The use of Eqs. (2.7.21) and (2.7.22) in Eq. (2.7.20) yields

finally the result that

〈
R(q)R∗(q ′)

〉 =
∞∫

−∞
dug(0)

(|u|) exp

[
−i

(
q + q ′

2

)
u

]

×
∞∫

−∞

dp

2π
exp(ipu)Ŝ

(
p +

(
q − q ′

2

))
Ŝ∗

(
p −

(
q − q ′

2

))
.

(2.7.23)

2.7.3.1. Design of a Surface that Acts as a Schell-Model Source Since our goal is to
design a surface that produces a scattered field whose cross-spectral density in the plane
x3 = 0 is given by Eq. (2.7.15), we now seek an alternative expression for 〈R(q)R∗(q ′)〉
that depends on the surface profile function, to equate to the expression given by
Eq. (2.7.23). In this way we obtain an equation from which the surface profile function
can be determined. To this end we return to the expression for the scattered field given by
Eq. (2.7.17). Due to the linearity of the scattering problem, the scattering amplitude R(q)

can be written as

R(q) =
∞∫

−∞

dk

2π
R(q|k)F (k), (2.7.24)
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where R(q|k) is the amplitude for the scattering of the plane wave exp[ikx1 − iα0(k)x3]
into the plane wave exp[iqx1 + iα0(q)x3]. It is the solution of Eq. (2.5.97), and to the
lowest nonzero order in the surface profile function is given by

R(q|k) ∼= −2πδ(q − k) + 2iα0(k)

∞∫
−∞

dx1 ζ(x1) exp
[−i(q − k)x1

]

= −
∞∫

−∞
dx1

[
1 − 2iα0(k)ζ(x1)

]
exp

[−i(q − k)x1
]
. (2.7.25)

By exponentiating the factor 1 − 2iα0(k)ζ(x1) in the integrand in this expression, and
keeping only the contribution linear in ζ(x1) in the exponent, we obtain R(q|k) in the
simplest version of phase perturbation theory,

R(q|k) ∼= −
∞∫

−∞
dx1 exp

[−i(q − k)x1
]

exp
[−i2α0(k)ζ(x1)

]
. (2.7.26)

The scattering amplitude R(q), can now be written as

R(q) = −
∞∫

−∞
dx1 exp(−iqx1)

∞∫
−∞

dk

2π
F(k) exp

[
ikx1 − i2α0(k)ζ(x1)

]
. (2.7.27)

With this result the correlation function 〈R(q)R∗(q ′)〉 takes the form

〈
R(q)R∗(q ′)

〉 =
∞∫

−∞
dx1 exp(−iqx1)

∞∫
−∞

dk

2π
F(k) exp(ikx1)

×
∞∫

−∞
dx′

1 exp(iq ′x′
1)

∞∫
−∞

dk′

2π
F ∗(k′) exp(−ik′x′

1)

× 〈
exp

[−i2α0(k)ζ(x1) + i2α∗
0(k′)ζ(x′

1)
]〉
. (2.7.28)

At this point we make a major approximation. Namely, we replace α0(k) and α∗
0(k′) in this

expression by (ω/c). The neglect of the k and k′ dependence of these functions leads to
only small errors in the results obtained. With this approximation Eq. (2.7.28) becomes

〈
R(q)R∗(q ′)

〉 =
∞∫

−∞

dk

2π
F(k)

∞∫
−∞

dx1 exp
[−i(q − k)x1

]
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×
∞∫

−∞

dk′

2π
F ∗(k′)

∞∫
−∞

dx′
1 exp

[
i(q ′ − k′)x′

1

]

× 〈
exp

{−i(2ω/c)
[
ζ(x1) − ζ(x′

1)
]}〉

. (2.7.29)

To evaluate the integral over x′
1 in this expression we make an approximation that is

equivalent to passing to the geometrical optics limit: we expand ζ(x1) about x1 = x′
1,

ζ(x1) = ζ(x′
1) + (x1 − x′

1)ζ
′(x′

1) + · · · and retain only the terms up to and including those
linear in (x1 − x′

1). We then use the representation of the surface profile function ζ(x1)

given by Eq. (2.1.83), and obtain

∞∫
−∞

dx′
1 exp

[
i(q ′ − k′)x′

1

]〈
exp

[−i(2ω/c)(x1 − x′
1)ζ

′(x′
1)
]〉

=
∞∑

n=−∞

(n+1)b∫
nb

dx′
1 exp

[
i(q ′ − k′)x′

1

]〈
exp

[−i(2ω/c)(x1 − x′
1)an

]〉

=
∞∑

n=−∞

(n+1)b∫
nb

dx′
1 exp

[
i(q ′ − k′)x′

1

] ∞∫
−∞

dγ f (γ ) exp
[−i(2ω/c)(x1 − x′

1)γ
]

=
∞∫

−∞
dγ f (γ ) exp

[−i(2ω/c)x1γ
] ∞∫
−∞

dx′
1 exp

{
i
[
q ′ − k′ + 2(ωγ/c)x′

1

]}
.

(2.7.30)

With this result Eq. (2.7.29) becomes

〈
R(q)R∗(q ′)

〉 =
∞∫

−∞
dγ f (γ )

∞∫
−∞

dk F(k)δ
(
q − k + (2ω/c)γ

)

×
∞∫

−∞
dk′ F ∗(k′)δ

(
q ′ − k′ + (2ω/c)γ

)

=
∞∫

−∞
dγ f (γ )F

(
q + (2ω/c)γ

)
F ∗(q ′ + (2ω/c)γ

)
. (2.7.31)
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We now introduce the new variables

q ′ − q = Q,
1

2
(q + q ′) = P, (2.7.32)

and equate the right-hand sides of Eqs. (2.7.23) and (2.7.31):

∞∫
−∞

dug(0)
(|u|) exp(−iPu)

∞∫
−∞

dp

2π
exp(ipu)Ŝ

(
p + Q

2

)
S∗

(
p − Q

2

)

=
∞∫

−∞
dγ f (γ )F

(
P + 2ω

c
γ + Q

2

)
F ∗

(
P + 2ω

c
γ − Q

2

)
. (2.7.33)

This is the integral equation satisfied by the pdf f (γ ) of the slope an in the representation
of the surface profile function ζ(x1) given by Eq. (2.1.83).

To solve Eq. (2.7.33) we use the Fourier inversion theorem to rewrite it as

g(0)
(|u|)

∞∫
−∞

dp

2π
exp(ipu)Ŝ

(
p + Q

2

)
Ŝ∗

(
p − Q

2

)

=
∞∫

−∞
dγ f (γ ) exp

(
−i

2ω

c
uγ

) ∞∫
−∞

dp

2π
exp(ipu)F

(
p + Q

2

)
F ∗

(
p − Q

2

)
.

(2.7.34)

We see that this equation has a solution if we set

Ŝ(k) = AF(k), (2.7.35)

where A is a constant. With this identification Eq. (2.7.34) becomes

|A|2g(0)
(|u|) =

∞∫
−∞

dγ f (γ ) exp
[−i(2ωu/c)γ

]
, (2.7.36)

which can be inverted to yield

f (γ ) = |A|2
2π

∞∫
−∞

dx g(0)

(
c

2ω
|x|

)
exp(iγ x). (2.7.37)
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The pdf f (γ ) must be normalized to unity,

∞∫
−∞

dγ f (γ ) = 1 = |A|2
2π

∞∫
−∞

dγ

∞∫
−∞

dx g(0)

(
c

2ω
|x|

)
exp(iγ x)

= |A|2
∞∫

−∞
dx δ(x)g(0)

(
c

2ω
|x|

)

= |A|2, (2.7.38)

because g(0)(0) = 1. With this result we obtain finally

f (γ ) = 1

π

∞∫
0

dx g(0)

(
c

2ω
x

)
cosγ x, (2.7.39)

where it should be kept in mind that g(0)(|u|) is an even function of u.
From the result given by Eq. (2.7.39) we see that apart from the requirement that

g(0)(0) = 1 the function g(0)(|u|) is constrained only by the requirement that its Fourier
cosine transform be a non-negative function of γ . This restriction follows from the fact
that a probability density function is a non-negative function of its argument.

The preceding results also show that if we wish to have a one-dimensional random
surface that produces a scattered field whose cross-spectral density function in the plane
x3 = 0 has the form given by Eq. (2.7.15), not only must the pdf of the slope an in the repre-
sentation of the surface profile function given by Eq. (2.1.83) be obtained from Eq. (2.7.39),
but the surface must also be illuminated by a beam given by

E2(x1, x3|ω)inc =
∞∫

−∞

dk

2π
Ŝ(k) exp

[
ikx1 − iα0(k)x3

]
, (2.7.40)

where Ŝ(k) is defined in Eq. (2.7.21).
Once f (γ ) has been determined, a long sequence of {an} is generated by the rejec-

tion method [2.6], and the corresponding sequence of {bn} is obtained from Eq. (2.1.85).
A single realization of the surface profile function ζ(x1) is then constructed on the basis of
Eq. (2.1.83).

In this way we can generate a one-dimensional randomly rough surface that scatters a
beam with a suitable intensity profile incident on it into a beam with a specified spectral
density of the scattered light in the source plane (2.7.15), and a spectral degree of coherence
of the scattered light in this plane of a rather general form.
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2.7.3.2. Example To determine how well a surface generated in the manner described
produces a scattered field that possesses the correlation property expressed by Eq. (2.7.15)
we proceed as follows. The fields E2(x1,0|ω)sc and E∗

2 (x′
1,0|ω)sc scattered from this sur-

face are calculated by the rigorous approach described in Section 2.1.3.1, and their product
E2(x1,0|ω)scE

∗
2 (x′

1,0|ω)sc is formed. This calculation is repeated for a total of Np realiza-
tions of ζ(x1) for the same values of x1 and x′

1, and an arithmetic average of the results ob-
tained yields the correlation function 〈E2(x1,0|ω)scE

∗
2 (x′

1,0|ω)sc〉. A different pair of val-
ues of x1 and x′

1 then selected, and the correlation function 〈E2(x1,0|ω)scE
∗
2 (x′

1,0|ω)sc〉
is calculated for it in the manner described. These calculations are continued for enough
pairs of values of x1 and x′

1 that a comparison of the correlation function obtained with the
input function (2.7.15) can be made.

To illustrate the preceding results we generate a one-dimensional randomly rough sur-
face that produces a scattered field whose spectral density in the plane x3 = 0 is given
by

S(0)(x1) =
√

π

2
θ
(√

2σs − |x1|
)
, (2.7.41)

and a spectral degree of coherence in this plane given by

g(0)
(|u|) = J0

(
(
√

2/σg)|u|), (2.7.42)

where J0(z) is a Bessel function of the first kind and zero order. These forms for
S(0)(x1) and g(0)(|u|) were chosen because they lead to a cross-spectral density function
W(0)(x1, x

′
1|ω) with considerable structure, which poses a challenge to the design proce-

dure to reproduce. The Fourier coefficient Ŝ(p) obtained from Eqs. (2.7.21) and (2.7.41)
is

Ŝ(p) = 2π
1
4 σssinc(

√
2σsp). (2.7.43)

The pdf f (γ ) obtained from Eqs. (2.7.39) and (2.7.42) is

f (γ ) =
{ 1

π
1

[(c/√2σgω)2−γ 2]1/2 |γ | < (c/
√

2σgω),

0 |γ | > (c/
√

2σgω).
(2.7.44)

The values of the experimental and roughness parameters assumed in carrying out these
calculations were ω = 2πc/λ, where λ = 612.7 nm, σs = 12.5 µm, σg = 3 µm, b = 5 µm,
the length of the surface L = 100 µm, and Np = 3000.

In Fig. 2.38(a) we present a comparison of the result for W(0)(x1, x1|ω) =
〈E2(x1,0|ω)sc|2〉 = S(0)(x1) obtained for scattering from a perfectly conducting sur-
face and the input expression given by Eq. (2.7.15). The analogous comparison between
the computer simulation results for W(0)(x1,−x|ω) = 〈E2(x1,0|ω)scE

∗
2 (−x1,0|ω)sc〉 =

S(0)(x1)g
(0)(2|x1|) is shown in Fig. 2.38(b). In each case the comparison between the

computed and input results is very good. Thus, the results obtained show that the random
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Figure 2.38. (a) The x′
1 = x1 cross section of the cross spectral density W(0)(x1, x′

1|ω) for scattering from a
perfectly conducting surface designed to produce a scattered field with the spectral density and spectral degree of
coherence given by Eqs. (2.7.41) and (2.7.42), respectively. The solid curve shows the shape of the input function,
while the circles show the shape of W(0)(x1, x1|ω) obtained by a rigorous computer simulation approach. (b) The
same as (a) but for the x′

1 = −x1 cross section of W(0)(x1, x′
1|ω).

surfaces generated in the manner described in this section produce scattered fields that
possess the correlation property expressed by Eq. (2.7.15).

2.7.3.3. Evolution of the Scattered Field To explore the manner in which the scattered
field propagates in the vacuum region x3 > 0 we use the result that the mean intensity of the
scattered field in the far zone can be expressed in terms of g(0)(|u|) and Ŝ(p). To obtain this
relation we substitute Eq. (2.7.18) into Eq. (2.7.17) and use the parabolic approximation

α0(q) ∼= (ω/c) − (c/2ω)q2 (2.7.45)

in evaluating the integral over q . In this way we obtain

E2(x1, x3|ω)sc = exp
[
i(ω/c)x3 − i(π/4)

]( ω

2πcx3

) 1
2

×
∞∫

−∞
dx′

1 exp
[
i(ω/2cx3)(x1 − x′

1)
2]E2(x

′
1,0|ω)sc. (2.7.46)

It follows from this result that

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = ω

2πcx3

∞∫
−∞

dx′
1

∞∫
−∞

dx′′
1 exp

[
i(ω/2cx3)(x1 − x′

1)
2]

× exp
[−i(ω/2cx3)(x1 − x′′

1 )2]〈E2(x
′
1,0|ω)scE

∗
2 (x′′

1 ,0|ω)sc
〉
.

(2.7.47)
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When we substitute into this expression the representation of 〈E2(x
′
1,0|ω)scE

∗
2 (x′′

1 ,0|ω)sc〉
given by Eq. (2.7.15) we obtain

〈∣∣E2(x1, x3|ω)sc
∣∣2〉

= ω

2πcx3

∞∫
−∞

dx′
1

∞∫
−∞

dx′′
1 exp

[−i(ω/cx3)(x
′
1 − x′′

1 )x1 + i(ω/2cx3)
(
x′2

1 − x′′2
1

)]

× [
S(0)(x′

1)
] 1

2 g(0)
(|x′

1 − x′′
1 |)[S(0)(x′′

1 )
] 1

2 . (2.7.48)

The use of the representation (2.7.21) and the change of variable x′
1 = u + x′′

1 leads to

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = ω

2πcx3

∞∫
−∞

dug(0)
(|u|) exp

[−i(ωx1/cx3)u
]

×
∞∫

−∞

dp

2π
exp(ipu)Ŝ

(
p − (ωu/2cx3)

)
Ŝ∗(p + (ωu/2cx3)

)
.

(2.7.49)

An alternative, equivalent, expression for 〈|E2(x1, x3|ω)sc|2〉 is obtained if we use the in-
verse of Eq. (2.7.21),

Ŝ(p) =
∞∫

−∞
dx1

[
S(0)(x1)

] 1
2 exp(−ipx1), (2.7.50)

in Eq. (2.7.49):

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = ω

2πcx3

∞∫
−∞

dug(0)
(|u|) exp

[−i(ωx1/cx3)u
]

×
∞∫

−∞
dx exp

[
i(ωu/cx3)x

][
S(0)

(
x + (u/2)

)] 1
2
[
S(0)

(
x − (u/2)

)] 1
2 .

(2.7.51)

In some cases the use of this expression results in integrals that are easier to evaluate.
To illustrate this result we consider the evolution of the beam produced by the surface

for which S(0)(x1) is given by Eq. (2.7.41) and g(0)(|u|) is given by Eq. (2.7.42). The
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(a) (b)

Figure 2.39. (a) The profile of the beam scattered from a perfectly conducting surface designed to produce the
spectral density and spectral degree of coherence given by Eqs. (2.7.41) and (2.7.42), respectively, as a function
of the distance from the surface. (b) The profile of the beam scattered from the same perfectly conducting surface
at a fixed distance x3 = 3500 µm from the surface in the far field.

integral over x in Eq. (2.7.51) is readily calculated in this case, with the result that

∞∫
−∞

dx exp
[
i(ωu/cx3)x

][
S(0)

(
x + (u/2)

)] 1
2
[
S(0)

(
x − (u/2)

)] 1
2

= √
π

cx3

ω

1

u
sin

[(
ωu

cx3

)(√
2σs − |u|

2

)]
|u| < 2

√
2σs (2.7.52a)

= 0 |u| > 2
√

2σs. (2.7.52b)

Equation (2.7.51) then takes the form

〈∣∣E2(x1, x3|ω)sc
∣∣2〉

= 1

2
√

π

2
√

2σs∫
0

du
g(0)(u)

u

×
[

sin

(
ωu

cx3

(√
2σs − u

2
+ x1

))
+ sin

(
ωu

cx3

(√
2σs − u

2
− x1

))]
,

(2.7.53)

where we have used the fact that the spectral degree of coherence is an even function of u.
In Fig. 2.39(a) we show the evolution of the beam scattered from a perfectly conducting

surface designed to produce a scattered field whose cross-spectral density in the plane
x3 = 0 is given by Eqs. (2.7.15), (2.7.41), and (2.7.42) when it is illuminated at normal
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incidence by a beam defined by Eqs. (2.7.40) and (2.7.43). This result was calculated on
the basis of Eq. (2.7.53). The values of the experimental and roughness parameters assumed
in obtaining this result are those used in the calculations resulting in Fig. 2.38.

In Fig. 2.39(b) we plot the intensity profile of the scattered beam at a distance x3 =
3500 µm. The profile obtained from the numerical simulation is represented by open cir-
cles, while the one calculated on the basis of Eq. (2.7.53) is plotted as a solid curve. The two
peaks that develop with increasing x3 in the mean scattered intensity plotted in Figs. 2.39(a)
and 2.39(b) arise from the square-root singularities in the expression for the pdf f (γ ) given
by Eq. (2.7.44), on which the calculation of these figures is based (see Section 2.7.4.3 be-
low). The reproduction of these peaks in the result of a rigorous scattering calculation of
these mean intensity is a challenge to the corresponding surface design problem. Never-
theless, we see from Fig. 2.39(b) that the surface designed on the basis of the approach
developed in this section is able to produce a mean intensity of the field scattered from it
that displays peaks not far from the positions given by the calculation based on Eq. (2.7.53),
although their heights are smaller than predicted by Eq. (2.7.53). We feel that the surface
that produced the numerical simulation result plotted in Fig. 2.39(b) is a respectable solu-
tion to a difficult design problem.

2.7.4. A Gaussian Incident Beam

The preceding results are quite general, both as to the spectral density function of the scat-
tered field in the plane x3 = 0, which implies a particular intensity profile for the incident
field, and as to the spectral degree of coherence in that plane. In this section we special-
ize these results to the practically important case of an incident field that has a Gaussian
intensity profile, as in the case of a laser beam.

2.7.4.1. Evolution of the Scattered Field The case of a Gaussian incident beam is equiv-
alent to choosing for the spectral density function of the scattered field in the plane x3 = 0
the Gaussian form

S(0)(x1) = exp
(−x2

1/2σ 2
s

)
. (2.7.54)

To see that this is the case we note first that the function Ŝ(k) defined by Eq. (2.7.50) now
takes the form

Ŝ(k) = 2
√

πσs exp
(−σ 2

s k2). (2.7.55)

The incident field defined by Eq. (2.7.40) then becomes

E2(x1, x3|ω)inc = σs√
π

∞∫
−∞

dk exp
(−σ 2

s k2) exp
[
ikx1 − iα0(k)x3

]
. (2.7.56)

In the limit that 2πσs � λ, where λ is the wavelength of the incident light, which is the case
of interest here, we can use the parabolic approximation (2.7.45) to simplify the integrand
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in this expression, which then becomes

E2(x1, x3|ω)inc ∼= 2
σs√
π

exp
[−i(ω/c)x3

] ∞∫
0

dk coskx1 exp
{−[

σ 2
s − i(cx3/2ω)

]
k2}

= exp
[−i(ω/c)x3

]exp{−(x2
1/w2)[1 − i(2cx3/ωw2)]}

[1 − i(2cx3/ωw2)] 1
2

, (2.7.57)

where we have defined

w = 2σs, (2.7.58)

the 1/e half width of the incident beam. Under the condition assumed, λ � 2πσs = πw,
and the fact that only the incident field or its normal derivative evaluated at x3 = ζ(x1)

enters the rigorous scattering calculations, 2cx3/ωw2 can be neglected in comparison with
unity, and the incident field in the vicinity of the surface is given by

E2(x1, x3|ω)inc ∼= exp
(−x2

1/w2) exp
[−i(ω/c)x3

]
. (2.7.59)

The cross-spectral density function (2.7.15) of interest to us now has the Schell-model
form

W(0)(x1, x
′
1|ω) = exp

(−x2
1/4σ 2

s

)
g(0)

(|x1 − x′
1|
)

exp
(−x′2

1 /4σ 2
s

)
. (2.7.60)

The pdf f (γ ) of the slope an in the representation (2.1.83) of the surface profile function
ζ(x1) is still related to the spectral degree of coherence g(0)(|u|) by Eq. (2.7.39). When
we substitute the expression for the spectral density S(0)(x1) given by Eq. (2.7.54) into
Eq. (2.7.51), the mean intensity profile of the scattered field is obtained in the form

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = (

2

π

) 1
2

σs

ω

cx3

∞∫
0

dug(0)(u) cos

(
ωx1u

cx3

)

× exp

[
−
(

1

8σ 2
s

+ σ 2
s ω2

2c2x2
3

)
u2

]
. (2.7.61)

2.7.4.2. Examples To illustrate the result given by Eq. (2.7.61) we generate one-
dimensional randomly rough surfaces that produce scattered fields whose spectral degrees
of coherence in the plane x3 = 0, and the corresponding pdfs f (γ ), are given by

g(0)
a

(|u|) = exp
(−u2/2σ 2

g

)
, fa(γ ) =

(
2

π

)
σg

(
ω

c

)
exp

[
−2σ 2

g

(
ω

c

)
γ 2

]
,

(2.7.62a)
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(a) (b)

Figure 2.40. The profiles of the beams scattered from perfectly conducting surfaces designed to produce scat-
tered fields with the cross-spectral density W(0)(x1, x′

1|ω) defined by Eq. (2.7.60) and Eqs. (2.7.62a)–(2.7.62b),
respectively, as functions of the distance from the surface.

g
(0)
b

(|u|) = sin(
√

3u/σg)

(
√

3u/σg)
, fb(γ ) = σg√

3

ω

c
θ

(√
3

2

c

σgω
− |γ |

)
. (2.7.62b)

In Figs. 2.40(a) and 2.40(b) we show the evolution of the beam scattered from a per-
fectly conducting surface designed to produce a scattered field with the cross-spectral den-
sity W(0)(x1, x

′
1|ω) defined by Eq. (2.7.60) and Eqs. (2.7.62a) and (2.7.62b), respectively,

when it is illuminated at normal incidence by an s-polarized Gaussian beam defined by
Eqs. (2.7.40) and (2.7.55). These results were calculated on the basis of Eq. (2.7.61) for
the values of the parameters used in obtaining Fig. 2.38. In the case (a), where the spectral
degree of coherence in the plane x3 = 0 is a Gaussian, Eq. (2.7.62a), the scattered beam is
also a Gaussian beam. It is characterized by a mean half width given by μ2(x3,ω) = σ 2

s +
(cx3/ω)2[(1σ 2

g ) + (1/4σ 2
s )] and an angular divergence �θ = (c/ω)[(1/σ 2

g ) + (1/4σ 2
s )] 1

2 .
In contrast, in the case (b), where the spectral degree of coherence in the plane x3 = 0
is a sinc function, Eq. (2.7.62b), the scattered beam has a nearly constant mean intensity
profile as it propagates. These features of the scattered beam are clearly seen in the results
presented in Figs. 2.41(a) and 2.41(b), where we have plotted the intensity profiles of the
beams scattered from perfectly conducting surfaces designed to produce the spectral degree
of coherence of the scattered field in the plane x3 = 0 given by Eqs. (2.7.62), at a distance
x3 = 2000 µm from that plane. The profiles obtained from the numerical simulations are
represented by open circles, while those calculated on the basis of Eq. (2.7.61) are plotted
as solid curves. The agreement between the results of the two types of calculations is seen
to be excellent.

2.7.4.3. Transformations of the Incident Beam There has been considerable interest in
recent years in the design of optical elements that transform a beam with one intensity
distribution into a beam with a different intensity distribution [2.110–2.115]. Much of this
work has been devoted to the transformation of a laser beam, with a Gaussian intensity
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Figure 2.41. The profiles of the beams scattered from perfectly conducting surfaces designed to produce scat-
tered fields with the cross-spectral density W(0)(x1, x1|ω) defined by Eq. (2.7.60) and Eqs. (2.7.62a)–(2.7.62b),
respectively, at a fixed distance from the surface x3 = 3500 µm in the far field.

profile, into a beam with a constant intensity—a flat top beam. The results presented in
Figs. 2.40(b) and 2.41(b) show that a one-dimensional randomly rough surface fabricated
on the basis of Eqs. (2.7.15) and (2.7.62b) effects such a transformation.

The results we have obtained here, however, are more general than this. We see from
the plots in Figs. 2.41 that the intensity profile of the scattered beam at a fixed distance x3
in the far field resembles the pdf f (γ ) used in generating the surface from which the beam
is scattered. This is not accidental. In the limit x3 → ∞, Eq. (2.7.61) together with the
inverse of Eq. (2.7.37), with |A|2 = 1,

g(0)
(|u|) =

∞∫
−∞

dγ f (γ ) exp
[−i(2ω/c)uγ

]
, (2.7.63)

yields the result that

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = 2σ 2

s

ω

cx3

∞∫
−∞

dγ f (γ ) exp
{−8σ 2

s (ω/c)2[γ − (x1/2x3)
]2}

. (2.7.64)

In the limit σs/λ � 1, we have the equivalence

exp
{−8σ 2

s (ω/c)2[γ − (x1/2x3)
]2} = 1

2

(
π

2

) 1
2 c

ω

1

σs

δ
(
γ − (x1/2x3)

)
. (2.7.65)

With this result we find from Eq. (2.7.64) that

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = (

π

2

) 1
2 σs

x3
f

(
x1

2x3

)
. (2.7.66)
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This relationship shows how to produce a one-dimensional randomly rough surface that
transforms an incident laser beam with a Gaussian intensity profile (2.7.59), obtained from
Eqs. (2.7.40) and (2.7.55) into a beam with an arbitrary intensity profile 〈|E2(x1, x3|ω)sc|2〉
at a distance x3 from it, when the laser beam is reflected from it: one generates the surface
by means of Eq. (2.1.83) and the rejection method [2.6] on the basis of the pdf f (γ ) defined
by Eq. (2.7.66),

f (γ ) =
(

2

π

) 1
2 x3

σs

〈∣∣E2(2γ x3, x3|ω)sc
∣∣2〉. (2.7.67)

Although the preceding discussion has been based on the assumption that the incident
beam has a Gaussian intensity profile, the approach used is not limited to incident fields
with this intensity distribution. For if we return to the expression for the mean scattered
intensity given by Eq. (2.7.49), we see that in the far field it becomes

〈∣∣E2(x1, x3|ω)sc
∣∣2〉

= ω

2πcx3

∞∫
−∞

dug(0)
(|u|) exp

[−i(ωx1/cx3)u
] ∞∫
−∞

dp

2π
exp(ipu)

∣∣Ŝ(p)
∣∣2.

(2.7.68)

If we replace g(0)(|u|) by its Fourier representation (2.7.36), with |A|2 = 1, we obtain

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = ω
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−∞
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ω
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= ω
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2x3

))∣∣∣∣
2

. (2.7.69)

Thus, if the function |Ŝ( 2ω
c

(γ + x1
2x3

))|2 is sufficiently narrowly peaked as a function of γ

that it can be replaced by a delta function,

∣∣∣∣Ŝ
(

2ω

c

(
γ + x1

2x3

))∣∣∣∣
2 ∼= Bδ

(
γ + x1

2x3

)
, (2.7.70)
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we find that 〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = ω

2πcx3
Bf

(
− x1

2x3

)
. (2.7.71)

Because we have assumed that the spectral degree of coherence is an even function of u, it
follows from Eq. (2.7.39) that f (γ ) is an even function of γ . Thus we have that

〈∣∣E2(x1, x3|ω)sc
∣∣2〉 = ω

2πcx3
Bf

(
x1

2x3

)
. (2.7.72)

The constant B is obtained from the normalization of the delta function as

B =
∞∫

−∞
dγ

∣∣∣∣Ŝ
(

2ω

c

(
γ + x1

2x3
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2
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2ω

∞∫
−∞

dp
∣∣Ŝ(p)

∣∣2 (2.7.73a)

= π
c

ω

∞∫
−∞

dx1 S(0)(x1). (2.7.73b)

In general, the more slowly varying S(0)(x1) is as a function of x1, the more sharply peaked
the function |Ŝ( 2ω

c
(γ + x1

2x3
))|2 is, and the better the approximation (2.7.70) is.

As an example, we consider the case where

S(0)(x1) = 2σ 2
s

(x2
1 + 2σ 2

s )
. (2.7.74)

In this case we find that

Ŝ(p) = 2
√

2σsK0(
√

2σsp), (2.7.75)

where K0(x) is a modified Bessel function of the second kind of zero order. The squared
modulus of this function is indeed more sharply and narrowly peaked the larger σs is, i.e.,
the more slowly S(0)(x) varies with x1.

In Figs. 2.42(a) and 2.42(b) we show the evolution of the beam scattered from a per-
fectly conducting surface designed to produce a scattered field with the spectral density
S(0)(x1) defined by Eqs. (2.7.54) and (2.7.74) and the spectral degree of coherence given
by Eq. (2.7.62b) when it is illuminated at normal incidence by s-polarized beams defined
by Eqs. (2.7.54) and (2.7.74), respectively. These results were calculated on the basis of
Eq. (2.7.51) for the values of the parameters used in obtaining Fig. 2.38. Both incident
beams, Gaussian (a) and Lorentzian (b) evolve into a flat top beam at large distances from
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(a) (b)

Figure 2.42. The profiles of the beam scattered from perfectly conducting surfaces designed to produce scattered
fields with the spectral densities defined by Eqs. (2.7.54) (a) and (2.7.74) (b) and the spectral degree of coherence
defined by Eq. (2.7.62b) as functions of the distance from the surface.

the surface. However, the flat top beam forms at considerably shorter distances in the case
of the incident Lorentzian beam.

Thus, in this section we have first presented an approach to the design of a one-
dimensional randomly rough perfectly conducting surface that, when illuminated at nor-
mal incidence by an s-polarized beam with a suitable intensity profile obtained from
Eq. (2.7.40) produces a scattered field whose cross-spectral density W(0)(x1, x

′
1|ω) in the

mean scattering plane x3 = 0 has the Schell-model form given by Eq. (2.7.15). We have
then shown that when the incident field is one that produces a scattered field with an inten-
sity distribution in the plane x3 = 0, S(0)(x1), that is a slowly varying function of x1, the
surfaces designed by the approach described in this section can transform that beam into a
beam with a different, arbitrary, intensity profile, including a flat top beam. These results
could be useful for producing beams with specified coherence properties.

2.8. Surfaces that Produce a Prescribed Angular Dependence of the Mean Intensity
of the Field Transmitted through Them

Thus far in this chapter we have considered only the design of one-dimensional surfaces
that possess specified scattering properties. However, one can envision situations in which
it would be useful to have an optical diffuser that produces transmitted light with a specified
angular dependence of the mean differential transmission coefficient, or with a specified
dependence of its mean intensity on the wavelength of the incident light, for example. It is
desirable, therefore, to extend the theory developed in the preceding sections of this chapter
for the scattering problem to the transmission problem. This we do in the present section
for the case of light transmitted through a free-standing or supported dielectric film with a
planar illuminated surface and a randomly rough back surface.
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Figure 2.43. The structure studied in the present section.

The first step in designing a random surface on a film that transmits light in a prescribed
fashion is to obtain the transmission amplitude, in terms of which the transmitted field is
expressed. Because a film has two surfaces or interfaces this is a somewhat more compli-
cated task than it is in the single interface systems we have considered so far. Nevertheless,
it can be carried out, and yields a result in a form that allows the design problem to be
solved.

2.8.1. Scattering Theory

The structure we consider in this work consists of a dielectric medium characterized by a
real dielectric constant ε1 in the region x3 > d ; a dielectric medium characterized by a real
dielectric constant ε2 in the region ζ(x1) < x3 < d ; and a dielectric medium characterized
by a real dielectric constant ε3 in the region x3 < ζ(x1) (Fig. 2.43). The surface profile
function ζ(x1) is assumed to be a single-valued function of x1 that is differentiable and
constitutes a random process, but not necessarily a stationary one.

This system is illuminated from the region x3 > d by a p- or s-polarized plane wave of
frequency ω, whose plane of incidence is the x1x3 plane. With these assumptions there is
no cross-polarized scattering.

To deal simultaneously with fields of p and s polarization we again introduce a func-
tion Fν(x1, x3|ω) that is the single nonzero component of the magnetic field in the sys-
tem, H2(x1, x3|ω), when ν = p, and is the single nonzero component of the electric field,
E2(x1, x3|ω) when ν = s. This function is the solution of the Helmholtz equation

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ε1
ω2

c2

)
F (1)

ν (x1, x3|ω) = 0 (2.8.1)
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in the region x3 > d , the equation

(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ε2
ω2

c2

)
F (2)

ν (x1, x3|ω) = 0 (2.8.2)

in the region ζ(x1) < x3 < d , and the equation(
∂2

∂x2
1

+ ∂2

∂x2
3

+ ε3
ω2

c2

)
F (3)

ν (x1, x3|ω) = 0 (2.8.3)

in the region x3 < ζ(x1). It satisfies the boundary conditions

F (1)
ν (x1, x3|ω)

∣∣
x3=d

= F (2)
ν (x1, x3|ω)

∣∣
x3=d

, (2.8.4a)
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∂x3
F (1)
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x3=d

= 1

λν

∂

∂x3
F (2)

ν (x1, x3|ω)
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x3=d

(2.8.4b)

at the interface x3 = d , and the conditions

F (2)
ν (x1, x3|ω)

∣∣
x3=ζ(x1)

= F (3)
ν (x1, x3|ω)

∣∣
x3=ζ(x1)

, (2.8.5a)
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F (2)

ν (x1, x3|ω)

∣∣∣∣
x3=ζ(x1)

= 1

μν

∂
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F (3)

ν (x1, x3|ω)
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x3=ζ(x1)

(2.8.5b)

at the interface x3 = ζ(x1). In these equations κp = ε1 and κs = 1, λp = ε2 and λs = 1,
and μp = ε3 and μs = 1. The normal derivative ∂/∂n is defined by Eq. (2.1.4). In addition,
Fν(x1, x3|ω) consists of an incoming incident plane wave and outgoing scattered waves as
x3 → ∞, and of outgoing transmitted waves as x3 → −∞.

We next introduce three Green’s functions Gj(x1, x3|x′
1, x

′
3) (j = 1,2,3) that satisfy

the equations(
∂2

∂x2
1

+ ∂2

∂x2
3

+ εj

ω2

c2

)
Gj(x1, x3|x′

1, x
′
3) = −4πδ(x1 − x′

1)δ(x3 − x′
3) (2.8.6)

in all space, subject to outgoing wave or vanishing boundary conditions at infinity. These
functions have the representations

Gj(x1, x3|x′
1, x

′
3) = iπH

(1)
0

(
nj (ω/c)

[
(x1 − x′

1)
2 + (x3 − x′

3)
2] 1

2
)

(2.8.7a)

=
∞∫

−∞

dq

2π

2πi

αj (q)
exp

[
iq(x1 − x′

1) + iαj (q)|x3 − x′
3|
]
, (2.8.7b)

where H
(1)
0 (z) is a Hankel function of the first kind and zero order, nj is the index of

refraction of medium j ,
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nj = (εj )
1
2 , Renj > 0, Imnj > 0, (2.8.8)

and

αj (q) = [
εj (ω/c)2 − q2] 1

2 , Reαj (q) > 0, Imαj (q) > 0. (2.8.9)

2.8.1.1. The Scattered and Transmitted Fields We now use the preceding results in
Green’s second integral identity in the plane, Eq. (2.1.8), which we apply to the re-
gions x3 > d , ζ(x1) < x3 < d , and x3 < ζ(x1) in turn. In the first region we set
u(x1, x3) = F

(1)
ν (x1, x3|ω) and v(x1, x3) = G1(x1, x3|x′

1, x
′
3). In the second region we

set u(x1, x3) = F
(2)
ν (x1, x3|ω) and v(x1, x3) = G2(x1, x3|x′

1, x
′
3). Finally, in the third re-

gion we set u(x1, x3) = F
(3)
ν (x1, x3|ω) and v(x1, x3) = G3(x1, x3|x′

1, x
′
3). With the use

of Eq. (2.1.8) together with Eqs. (2.8.1)–(2.8.3) and (2.8.6), and the boundary conditions
at infinity satisfied by the fields and the Green’s functions, we obtain the following three
equations, respectively,
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∂x′
3
F (2)

ν (x′
1, x

′
3|ω)

}
x′

3=d

+ 1

4π

∫
s

ds′
{[

∂

∂n′ G2(x1, x3|x′
1, x

′
3)

]
F (2)

ν (x′
1, x

′
3|ω)

− G2(x1, x3|x′
1, x

′
3)

∂

∂n′ F
(2)
ν (x′

1, x
′
3|ω)

}
x′

3=ζ(x′
1)

, (2.8.11)

θ
(
ζ(x1) − x3

)
F (3)

ν (x1, x3|ω)

= − 1

4π

∫
s

ds′
{[

∂

∂n′ G3(x1, x3|x′
1, x

′
3)

]
F (3)

ν (x′
1, x

′
3|ω)

− G3(x1, x3|x′
1, x

′
3)

∂

∂n′ F
(3)
ν (x′

1, x
′
3|ω)

}
x′

3=ζ(x′
1)

. (2.8.12)
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In these equations θ(z) is the Heaviside unit step function, and ds is the element of arc
length along the curve x3 = ζ(x1), which we denote by s. The incident field Fν(x1, x3|ω)inc

is a solution of Eq. (2.8.1), and we assume that it has the plane wave form

Fν(x1, x3|ω)inc = exp
[
ikx1 − iα1(k)(x3 − d)

]
. (2.8.13)

Since we have assumed that the surface profile function ζ(x1) is a single-valued function
of x1, we can express the element of arc length ds in Eqs. (2.8.11) and (2.8.12) as in
Eq. (2.1.15). If we also use the boundary conditions (2.8.4b) and (2.8.5b) at the interfaces
x3 = d and x3 = ζ(x1), then Eqs. (2.8.10), (2.8.11), and (2.8.12) can be rewritten as

θ(x3 − d)F (1)
ν (x1, x3|ω)

= Fν(x1, x3|ω)inc + 1

4π

∞∫
−∞

dx′
1

[(
∂

∂x′
3
G1(x1, x3|x′

1, x
′
3)

)
x′

3=d

H (1)
ν (x′

1|ω)

− (
G1(x1, x3|x′

1, x
′
3)
)
x′

3=d
L(1)

ν (x′
1|ω)

]
, (2.8.14)

θ
(
x3 − ζ(x1)

)
θ(d − x3)F

(2)
ν (x1, x3|ω)

= − 1

4π

∞∫
−∞

dx′
1

[(
∂

∂x′
3
G2(x1, x3|x′

1, x
′
3)

)
x′

3=d

H (1)
ν (x′

1|ω)

− λν

κν

(
G2(x1, x3|x′

1, x
′
3)
)
x′

3=d
L(1)

ν (x′
1|ω)

]

+ 1

4π

∞∫
−∞

dx′
1

[(
∂

∂N ′ G2(x1, x3|x′
1, x

′
3)

)
x′

3=ζ(x′
1)

H (2)
ν (x′

1|ω)

− (
G2(x1, x3|x′

1, x
′
3)
)
x′

3=ζ(x′
1)

L(2)
ν (x′

1|ω)

]
, (2.8.15)

θ
(
ζ(x1) − x3

)
F (3)

ν (x1, x3|ω)

= − 1

4π

∞∫
−∞

dx′
1

[(
∂

∂N ′ G3(x1, x3|x′
1, x

′
3)

)
x′

3=ζ(x′
1)

H (2)
ν (x′

1|ω)

− μν

λν

(
G3(x1, x3|x′

1, x
′
3)
)
x′

3=ζ(x′
1)

L(2)
ν (x′

1|ω)

]
, (2.8.16)
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where we have introduced the source functions

H(1)
ν (x1|ω) = F (1)

ν (x1, x3|ω)
∣∣
x3=d

, (2.8.17a)

L(1)
ν (x1|ω) = ∂

∂x3
F (1)

ν (x1, x3|ω)

∣∣∣∣
x3=d

, (2.8.17b)

H(2)
ν (x1|ω) = F (2)

ν (x1, x3|ω)
∣∣
x3=ζ(x1)

, (2.8.17c)

L(2)
ν (x1|ω) = ∂

∂N
F (2)

ν (x1, x3|ω)

∣∣∣∣
x3=ζ(x1)

. (2.8.17d)

The scattered field in the region x3 > d is given by the second term on the right-hand side
of Eq. (2.8.14),

Fν(x1, x3|ω)sc =
∞∫

−∞

dq

2π
Rν(q|k) exp

[
iqx1 + iα1(q)(x3 − d)

]
, (2.8.18a)

where

Rν(q|k) = 1

2α1(q)

∞∫
−∞

dx1
[
α1(q)H(1)

ν (x1|ω) − iL(1)
ν (x1|ω)

]
exp(−iqx1). (2.8.18b)

The dependence of the scattering amplitude Rν(q|k) on the wave number k arises
from the dependence of the source functions H

(1)
ν (x1|ω) and L

(1)
ν (x1|ω) on the inci-

dent field, Eq. (2.8.13). In obtaining Eq. (2.8.18b) we have used the representation of
G1(x1, x3|x′

1, x
′
3) given by Eq. (2.8.7b) in the case that x3 > d .

The transmitted field in the region x3 < ζ(x1) is given by the right-hand side of
Eq. (2.8.16), and can be represented in the form

Fν(x1, x3|ω)tr =
∞∫

−∞

dq

2π
Tν(q|k) exp

[
iqx1 − iα3(q)x3

]
, (2.8.19a)

where

Tν(q|k) = 1

2α3(q)

∞∫
−∞

dx1 exp
[−iqx1 + iα3(q)ζ(x1)

]

×
{[

qζ ′(x1) + α3(q)
]
H(2)

ν (x1|ω) + i
μν

λν

L(2)
ν (x1|ω)

}
. (2.8.19b)
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We have used the representation of G3(x1, x3|x′
1, x

′
3) given by Eq. (2.8.7b) in the case that

x3 → −∞ in writing this result.

2.8.1.2. The Mean Differential Reflection and Transmission Coefficients The 3-compo-
nent of the complex Poynting vector in the region x3 > d , when the field in it is p-polarized,
is

(
Sc

3

)
p

= c

8π
E1H

∗
2

= −i
c2

8πωε1

∂H2

∂x3
H ∗

2 . (2.8.20)

The 3-component of the complex Poynting vector in the region x3 > d , when the field in it
is s-polarized, is

(
Sc

3

)
s
= − c

8π
E2H

∗
1

= i
c2

8πω

∂E∗
2

∂x3
E2. (2.8.21)

Since the time-averaged Poynting vector is given by the real part of the complex Poynting
vector, we can combine the results given by Eqs. (2.8.20) and (2.8.21) into

Re
(
Sc

3

)
ν
= Re

(
−i

c2

8πωκν

∂Fν

∂x3
F ∗

ν

)
. (2.8.22)

We assume for the incident field the plane wave (2.8.13). The magnitude of the total
time-averaged flux incident on the region |x1| < L1/2, |x2| < L2/2 of the plane x3 = d is
then given by

(Pinc)ν = −
L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2 Re

{
−i

c2

8πωκν

(−iα1(k)
)}

(2.8.23a)

= L1L2
c2α1(k)

8πωκν

. (2.8.23b)

The minus sign in front of the integral on the right-hand side of Eq. (2.8.23a) compensates
for the fact that the 3-component of the Poynting vector of the incident field is negative.
We introduce the angle of incidence θ0, measured counterclockwise from the x3 axis, by

k = √
ε1(ω/c) sin θ0. (2.8.24)
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The total time-averaged incident flux then becomes

(Pinc)ν = L1L2
c

8π

√
ε1

κν

cos θ0. (2.8.25)

The scattered field in the region x3 > d has the form (Eq. (2.8.18a))

Fν(x1, x3|ω)sc =
∞∫

−∞

dq

2π
Rν(q|k) exp

[
iqx1 + iα1(q)(x3 − d)

]
. (2.8.26)

The total time-averaged flux scattered from the region |x1| < L1/2, |x2| < L2/2 of the
plane x3 = d is then

(Psc)ν =
L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2 Re

{
−i

c2

8πωκν

∞∫
−∞

dq

2π

∞∫
−∞

dq ′

2π

× iα1(q)Rν(q|k)R∗
ν (q ′|k)ei(q−q ′)x1ei[α1(q)−α∗

1 (q ′)](x3−d)

}

= L2
c2

8πωκν

Re

∞∫
−∞

dq

2π
α1(q)

∣∣Rν(q|k)
∣∣2ei[α1(q)−α∗

1 (q)](x3−d)

= L2
c2

8πωκν

√
ε1

ω
c∫

−√
ε1

ω
c

dq

2π
α1(q)

∣∣Rν(q|k)
∣∣2, (2.8.27)

where we have let L1 tend to infinity.
We introduce the scattering angle θs , measured clockwise from the x3 axis, by

q = √
ε1(ω/c) sin θs. (2.8.28)

The total time-averaged scattered flux then becomes

(Psc)ν = L2
ωε1

16π2κν

π
2∫

− π
2

dθs cos2 θs

∣∣Rν(q|k)
∣∣2 (2.8.29a)
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≡
π
2∫

− π
2

dθs

(
Psc(θs)

)
ν
. (2.8.29b)

The differential reflection coefficient by definition is given by

∂Rν

∂θs

= (Psc(θs))ν

(Pinc(θ0))ν
=

√
ε1

L1

ω

2πc

cos2 θs

cos θ0

∣∣Rν(q|k)
∣∣2, (2.8.30)

where q and k are given by Eqs. (2.8.28) and (2.8.24), respectively. The mean differential
reflection coefficient is therefore given by

〈
∂Rν

∂θs

〉
=

√
ε1

L1

ω

2πc

cos2 θs

cos θ0

〈∣∣Rν(q|k)
∣∣2〉. (2.8.31)

We now turn to a determination of the mean differential transmission coefficient. The
3-component of the complex Poynting vector in the region x3 < ζ(x1), when the field in it
is p-polarized is

(
Sc

3

)
p

= c

8π
E1H

∗
2

= −i
c2

8πωε3

∂H2

∂x3
H ∗

2 . (2.8.32)

The 3-component of the complex Poynting vector in the region x3 < ζ(x1) when the field
in it is s-polarized is

(
Sc

3

)
s
= − c

8π
E2H

∗
1

= i
c2

8πω

∂E∗
2

∂x3
E2. (2.8.33)

We can therefore write Re(Sc
3)ν in the form

Re
(
Sc

3

)
ν
= Re

(
−i

c2

8πωμν

∂Fν

∂x3
F ∗

ν

)
. (2.8.34)

The transmitted field in the region x3 < ζ(x1) has the form (Eq. (2.8.19a))

F (3)
ν (x1, x2|ω)tr =

∞∫
−∞

dq

2π
Tν(q|k) exp

[
iqx1 − iα3(q)x3

]
. (2.8.35)
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The total time-averaged flux transmitted through the region |x1| < L1/2, |x2| < L2/2 is
then given by

(Ptr)ν = −
L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2 Re

(
−i

c2

8πωμν

)

×
∞∫

−∞

dq

2π

∞∫
−∞

dq ′

2π

(−iα3(q)
)
Tν(q|k)T ∗

ν (q ′|k)e−i(q−q ′)x1e−i[α3(q)−α∗
3 (q ′)]x3

(2.8.36a)

= L2
c2

8πωμν

Re

∞∫
−∞

dq

2π
α3(q)

∣∣Tν(q|k)
∣∣2e−i[α3(q)−α∗

3 (q)]x3

= L2
c2

16π2ωμν

√
ε3

ω
c∫

−√
ε3

ω
c

dq α3(q)
∣∣Tν(q|k)

∣∣2. (2.8.36b)

We now introduce the angle of transmission θt , measured counterclockwise from the −x3

axis,

q = √
ε3(ω/c) sin θt . (2.8.37)

The total time-averaged transmitted flux then takes the form

(Ptr)ν = L2
ωε3

16π2μν

π
2∫

− π
2

dθt cos2 θt

∣∣Tν(q|k)
∣∣2 (2.8.38a)

≡
π
2∫

− π
2

dθt

(
Ptr(θt )

)
ν
. (2.8.38b)

The differential transmission coefficient (∂Tν/∂θt ) is defined such that (∂Tν/∂θt ) dθt is the
fraction of the total time-averaged flux transmitted into the angular interval (θt , θt + dθt ).
It is therefore given by

∂Tν

∂θt

= (Ptr(θt ))ν

(Pinc(θ0))ν
= 1

L1

ε3√
ε1

κν

μν

ω

2πc

cos2 θt

cos θ0

∣∣Tν(q|k)
∣∣2, (2.8.39)
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where q and k are now given by Eqs. (2.8.37) and (2.8.24), respectively. The mean differ-
ential transmission coefficient is〈

∂Tν

∂θt

〉
= 1

L1

ε3√
ε1

κν

μν

ω

2πc

cos2 θt

cos θ0

〈∣∣Tν(q|k)
∣∣2〉. (2.8.40)

2.8.1.3. The Equations Satisfied by the Source Functions To obtain the equations satis-
fied by the source functions H

(1)
ν (x1|ω), L

(1)
ν (x1|ω), H

(2)
ν (x1|ω), and L

(2)
ν (x1|ω), we set

x3 = d + η in Eqs. (2.8.14) and (2.8.15), and set x3 = ζ(x1) + η in Eqs. (2.8.15) and
(2.8.16), where η is a positive infinitesimal. The result is the following set of four coupled
inhomogeneous integral equations.

H(1)
ν (x1|ω) = Hν(x1|ω)inc +

∞∫
−∞

dx′
1

[
H(1)(x1|x′

1)H
(1)
ν (x′

1|ω)

− L(1)(x1|x′
1)L

(1)
ν (x′

1|ω)
]
,

(2.8.41)

0 =
∞∫

−∞
dx′

1

[
H(11)(x1|x′

1)H
(1)
ν (x′

1|ω) − λν

κν

L(11)(x1|x′
1)L

(1)
ν (x′

1|ω)

− H(12)(x1|x′
1)H

(2)
ν (x′

1|ω) + L(12)(x1|x′
1)L

(2)
ν (x′

1|ω)

]
, (2.8.42)

H(2)
ν (x1|ω) =

∞∫
−∞

dx′
1

[
−H(21)(x1|x′

1)H
(1)
ν (x′

1|ω)

+ λν

κν

L(21)(x1|x′
1)L

(1)
ν (x′

1|ω) + H(22)(x1|x′
1)H

(2)
ν (x′

1|ω)

− L(22)(x1|x′
1)L

(2)
ν (x′

1|ω)

]
,

0 =
∞∫

−∞
dx′

1

[
H(3)(x1|x′

1)H
(2)
ν (x′

1|ω) − μν

λν

L(2)(x1|x′
1)L

(2)
ν (x′

1|ω)

]
,

(2.8.43)

where

Hν(x1|ω)inc = Fν(x1, x3|ω)inc
∣∣
x3=d

. (2.8.44)

The kernels entering these equations are tabulated in Appendix A.
We will return to Eqs. (2.8.41)–(2.8.45) in Section 2.8.2.1.
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2.8.1.4. The Kirchhoff Approximation and its Geometrical Optics Limit The rigorous ap-
proach to the scattering of light from, and its transmission through, a film with a rough
boundary presented in the preceding three sections cannot be used as the basis for the de-
termination of a surface profile function ζ(x1) that produces a scattered or transmitted field
with a prescribed dependence of the mean differential reflection or transmission coefficient
on the angles of scattering or transmission. An exact solution of Eqs. (2.8.41)–(2.8.44) for
the source functions H

(1)
ν (x1|ω), L

(1)
ν (x1|ω), H

(2)
ν (x1|ω), and L

(2)
ν (x1|ω) in an analytic

form that is simple enough for the scattering and transmission amplitudes to be calculated
from Eqs. (2.8.18b) and (2.8.19b) does not exist. Only numerical solutions can be obtained.
We are therefore forced to use approximate single-scattering versions of the rigorous the-
ory developed in the preceding three sections as the basis for the solution of the inverse
problem. The approximate theory that we use is the Kirchhoff approximation, otherwise
known as the tangent plane approximation. The rigorous theory derived in the preceding
three sections will be used later in this chapter to validate the results obtained by the use
of the Kirchhoff approximation. We now turn to a derivation of this approximation for
transmission through the film.

Our starting point is the expression for the transmission amplitude Tν(q|k) given by
Eqs. (2.8.17d) and (2.8.19b):

Tν(q|k) = 1

2α3(q)

∞∫
−∞

dx1 exp
[−iqx1 + iα3(q)ζ(x1)

]

×
{[

qζ ′(x1) + α3(q)
]
F (2)

ν (x1, x3|ω)
∣∣
x3=ζ(x1)

+ i
μν

λν

∂

∂N
F (2)

ν (x1, x3|ω)

∣∣∣∣
x3=ζ(x1)

}
. (2.8.45)

To obtain the source functions F
(2)
ν (x1, x3|ω)|x3=ζ(x1) and (∂F

(2)
ν (x1, x3|ω)/∂N)x3=ζ(x1)

we proceed as follows. When the plane wave (2.8.13) is incident on the planar surface
x3 = d , the field F (1)(x1, x3|ω) in the region x3 > d can be written as

F (1)
ν (x1, x3|ω) = exp

[
ikx1 − iα1(k)(x3 − d)

]
+ Rν exp

[
ikx1 + iα1(k)(x3 − d)

]
. (2.8.46)

The field transmitted into the region x3 < d , assumed for the moment to extend to x3 =
−∞, can be written as

F (2)
ν (x1, x3|ω) = Aν exp

[
ikx1 − iα2(k)x3

]
. (2.8.47)
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The satisfaction of the boundary conditions at the interface x3 = d , Eqs. (2.8.4b), yields
the results that

Rν = λνα1(k) − κνα2(k)

λνα1(k) + κνα2(k)
, (2.8.48a)

Aν = 2λνα1(k)

λνα1(k) + κνα2(k)
exp

[
iα2(k)d

]
. (2.8.48b)

We next assume that the plane wave F
(2)
ν (x1, x3|ω) = Aν exp[ikx1 − iα2(k)x3] is incident

on the surface x3 = ζ(x1), and that it is reflected from the plane tangent to this surface at
each point. It follows from the discussion in Section 2.1.1.4 that with this assumption we
have

F (2)
ν (x1, x3|ω)

∣∣
x3=ζ(x1)

= [
1 + Rν

(
α�(k|x1)

)]
Aν exp

[
ikx1 − iα2(k)ζ(x1)

]
, (2.8.49a)

∂

∂N
F (2)

ν (x1, x3|ω)

∣∣∣∣
x3=ζ(x1)

= −i
[
1 + (

ζ ′(x1)
)2] 1

2 α�(k|x1)
[
1 − Rν

(
α�(k|x1)

)]
Aν exp

[
ikx1 − iα2(k)ζ(x1)

]
.

(2.8.49b)

In these expressions α�(k|x1) is the modulus of the projection of the wave vector of the
incident wave (k,0,−α2(k)) on a local normal to the surface, n̂ = (−ζ ′(x1),0,1)/[1 +
(ζ ′(x1))

2] 1
2 , so that

α�(k|x1) = α2(k) + kζ ′(x1)

[1 + (ζ ′(x1))2] 1
2

. (2.8.50)

The function Rν(α�(k|x1)) is the Fresnel reflection coefficient Rν(α2(k)) for light of po-
larization ν and wave vector (k,0,−α2(k)) incident from the medium with a dielectric
constant ε2 onto its planar interface x3 = 0 with the medium whose dielectric constant
is ε3,

Rν

(
α2(k)

) = μνα2(k) − λνα3(k)

μνα2(k) + λνα3(k)
, (2.8.51)

but with α2(k) replaced everywhere by α�(k|x1). Thus we have that

Rν

(
α�(k|x1)

) = μνα�(k|x1) − λν[(ε3 − ε2)(ω/c)2 + α2
� (k|x1)] 1

2

μνα�(k|x1) + λν[(ε3 − ε2)(ω/c)2 + α2
� (k|x1)] 1

2

. (2.8.52)

When the results given by Eqs. (2.8.49a) and (2.8.49b) are substituted into Eq. (2.8.45),
the transmission amplitude Tν(q|k) takes the form
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Tν(q|k) = Aν

2α3(q)

∞∫
−∞

dx1 exp
[−i(q − k)x1

]
exp

[
i
(
α3(q) − α2(k)

)
ζ(x1)

]

×
{(

q + μν

λν

k

)
ζ ′(x1) +

(
α3(q) + μν

λν

α2(k)

)

+
[(

q − μν

λν

k

)
ζ ′(x1) +

(
α3(q) − μν

λν

α2(k)

)]
Rν

(
α�(k|x1)

)}
.

(2.8.53)

We again evaluate the integral in this equation by the method of stationary phase. The ith
stationary point is obtained from

ζ ′(x1i ) = q − k

α3(q) − α2(k)
. (2.8.54)

At each stationary point ζ ′(x1) has the value given by the right-hand side of this equation,
and at each stationary point

α�(k|x1i ) = |α3(q) − α2(k)|
α3(q) − α2(k)

α3(q)α2(k) + qk − ε2(ω/c)2

√
2[ 1

2 (ε2 + ε3)(ω/c)2 − α3(q)α2(k) − qk] 1
2

. (2.8.55)

We approximate the factor multiplying the exponential in the integrand on the right-hand
side of Eq. (2.8.53) by its value calculated at the stationary points with the result that

Tν(q|k) = T (0)
ν (q|k)

∞∫
−∞

dx1 exp
[−i(q − k)x1

]
exp

{
i
[
α3(q) − α2(k)

]
ζ(x1)

}
, (2.8.56)

where

T (0)
ν (q|k) = Aν(k)

2α3(q)[α3(q) − α2(k)]

×
{[(

ε3 − μν

λν

ε2

)
ω2

c2
−

(
1 − μν

λν

)(
qk + α3(q)α2(k)

)]

+
[(

ε3 + μν

λν

ε2

)
ω2

c2
−

(
1 + μν

λν

)(
qk + α3(q)α2(k)

)]
Rν

(
α�(k|x1i )

)}
.

(2.8.57)

It should be kept in mind that k = √
ε1(ω/c) sin θ0 and q = √

ε3(ω/c) sin θt .



168 One-Dimensional Surfaces

From Eqs. (2.8.40) and (2.8.56) we find that the mean differential transmission coeffi-
cient is given by

〈
∂Tν

∂θt

〉
= 1

L1

(
ω

2πc

)
ε3√
ε1

κν

μν

cos2 θt

cos θ0

∣∣T (0)
ν (q|k)

∣∣2

×
∞∫

−∞
dx1

∞∫
−∞

dx′
1 e−i(q−k)(x1−x′

1)
〈
ei[α3(q)−α2(k)][ζ(x1)−ζ(x′

1)]〉. (2.8.58)

In writing this result we have used the assumption that α2(k) = (ω/c)[ε2 − ε1 sin2 θ0] 1
2

is real. This requires that |θ0| < sin−1(ε2/ε1)
1
2 . The latter condition of course, is auto-

matically satisfied when ε2 > ε1, which we will assume to be the case. However, in the

case where ε2 < ε1, the condition |θ0| < sin−1(ε2/ε1)
1
2 implies that the angle of incidence

should be smaller than the critical angle for total internal reflection θc = sin−1(ε2/ε1)
1
2 .

Since we are interested here in the radiation transmitted through the film, this condition
does not introduce any restriction on our analysis. We recall that α3(q) = √

ε3(ω/c) sin θt

is real because we have assumed that ε3 is real.
Our goal is to obtain a surface profile function ζ(x1) that produces a specified form for

〈∂Tν/∂θt 〉. As it stands, Eq. (2.8.58) is too difficult to invert, and we pass to its geometrical
optics limit by making the change of variable x′

1 = x1 + u, and the approximation that
ζ(x1) − ζ(x1 + u) ∼= −uζ ′(x1). In this way we obtain the result that

〈
∂Tν

∂θt

〉
= 1

L1

(
ω

2πc

)
ε3√
ε1

κν

μν

cos2 θt

cos θ0

∣∣T (0)
ν (q|k)

∣∣2

×
∞∫

−∞
dx1

∞∫
−∞

duei(q−k)u
〈
e−i[α3(q)−α2(k)]uζ ′(x1)

〉
. (2.8.59)

It is this equation that we will invert to obtain the desired surface profile function.

2.8.1.5. The Inverse Problem To evaluate the double integral in Eq. (2.8.59) we again use
the representation of the surface profile function ζ(x1) given by Eq. (2.1.83), and obtain

∞∫
−∞

dx1

∞∫
−∞

duei(q−k)u
〈
e−i[α3(q)−α2(k)]uζ ′(x1)

〉

=
∞∫

−∞
duei(q−k)u

Ns−1∑
n=−Ns

(n+1)b∫
nb

dx1
〈
e−i[α3(q)−α2(k)]uan

〉
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=
∞∫

−∞
duei(q−k)u

Ns−1∑
n=−Ns

(n+1)b∫
nb

dx1

∞∫
−∞

dγ f (γ )e−i[α3(q)−α2(k)]uγ

= 2Nsb

∞∫
−∞

dγ f (γ )2πδ
(
q − k − [

α3(q) − α2(k)
]
γ
)

= 4πNsb

|α3(q) − α2(k)|f
(

q − k

α3(q) − α2(k)

)
, (2.8.60)

where f (γ ) is the pdf of an. On combining this result with Eq. (2.8.59) we obtain for the
mean differential transmission coefficient

〈
∂Tν

∂θt

〉
(q, k) = ε3√

ε1

κν

μν

cos2 θt

cos θ0

|T (0)
ν (q|k)|2

|√ε3 cos θt −
√

ε2 − ε1 sin2 θ0|

× f

( √
ε3 sin θt − √

ε1 sin θ0√
ε3 cos θt −

√
ε2 − ε1 sin2 θ0

)
. (2.8.61)

If we maintain complete generality beyond this point, and consider non-normal inci-
dence, the inversion of Eq. (2.8.61) to obtain f (γ ) in terms of 〈∂Tν/∂θt 〉, while it can be
carried out analytically, leads to such a cumbersome expression that it is simpler to effect
the inversion numerically. In order to avoid this, in what follows we restrict our attention
to the common case of normal incidence, θ0 = 0, k = 0, for which the inversion can be
carried out analytically, and produces a rather simple result.

Thus, in this case Eq. (2.8.61) becomes

〈
∂Tν

∂θt

〉
(q,0) = ε3√

ε1

κν

μν

cos2 θt

|T (0)
ν (q|0)|2

|√ε3 cos θt − √
ε2|f

( √
ε3 sin θt√

ε3 cos θt − √
ε2

)
(2.8.62)

To be specific in what follows, we will assume that ε2 > ε3. A simple expression for
T

(0)
ν (q|0) can be obtained from Eq. (2.8.57) with the aid of the results

Aν(0) = 2λν
√

ε1

λν
√

ε1 + κν
√

ε2
exp

[
i
√

ε2(ω/c)d
]

(2.8.63)

α�(0|x1i ) = ω

c

ε2 − √
ε2ε3 cos θt

[ε2 + ε3 − 2
√

ε2ε3 cos θt ] 1
2

(2.8.64)

and

[
(ε3 − ε2)(ω/c)2 + α2

� (0|x1i )
] 1

2 = ω

c

|ε3 − √
ε2ε3 cos θt |

[ε2 + ε3 − 2
√

ε2ε3 cos θt ] 1
2

. (2.8.65)
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The modulus present in the expression on the right-hand side of Eq. (2.8.65) is significant.
We also note that ε2 + ε3 − 2

√
ε2ε3 cos θt is positive independently of whether ε2 > ε3 or

ε2 < ε3. With the use of Eqs. (2.8.64) and (2.8.65) we obtain

Rν

(
α�(0|x1i )

) = μν(ε2 − √
ε2ε3 cos θt ) − λν |ε3 − √

ε2ε3 cos θt |
μν(ε2 − √

ε2ε3 cos θt ) + λν |ε3 − √
ε2ε3 cos θt | . (2.8.66)

We obtain from Eqs. (2.8.57) and (2.8.66) the result that

T (0)
ν (q|0) = 2

√
ε2

ε3
μν

Aν(0)

cos θt

× cos θt − √
ε3/ε2

μν(
√

ε2/ε3 − cos θt ) + λν(cos θt − √
ε3/ε2)

cos θt >
√

ε3/ε2

(2.8.67a)

= 0 cos θt <
√

ε3/ε2. (2.8.67b)

The restriction on cos θt arises from the existence of a critical angle for total internal re-
flection due to our assumption that ε2 > ε3.

We now make the change of variable

√
ε3 sin θt√

ε2 − √
ε3 cos θt

= γ. (2.8.68)

Keeping in mind that the left-hand side of this equation is an odd function of θt , we find
that it increases from zero as θt increases from zero until it reaches a maximum at θt =
cos−1 √

ε3/ε2, where it equals
√

ε3/
√

ε2 − ε3, and then decreases with further increase

of θt to a value of
√

ε3/ε2 at θt = π/2. However, from Eq. (2.8.67b) we see that T
(0)
ν (q|0)

is nonzero only for 0 � θt � cos−1 √
ε3/ε2. Consequently the range of variation of γ is

restricted to

|γ | �
(

ε3

ε2 − ε3

) 1
2

. (2.8.69)

From Eq. (2.8.68) we obtain the useful results

cos θt = 1

1 + γ 2

[√
ε2

ε3
γ 2 +

√
1 −

(
ε2 − ε3

ε3

)
γ 2

]
, (2.8.70)

sin θt = γ

1 + γ 2

[√
ε2

ε3
−

√
1 −

(
ε2 − ε3

ε3

)
γ 2

]
. (2.8.71)

Because of the condition (2.8.69), both cos θt and sin θt are real.
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With the preceding results we obtain

√
ε2/ε3 − cos θt = sin θt/γ, (2.8.72)

cos θt −√
ε3/ε2 = √

ε3/ε2

√
1 −

(
ε2 − ε3

ε3

)
γ 2 sin θt

γ
, (2.8.73)

which allows us to simplify Eq. (2.8.67b) further:

T (0)
ν (q|0) = 2μν

Aν(0)

cos θt

√
1 − (

ε2−ε3
ε3

)γ 2

μν + √
ε3/ε2λν

√
1 − (

ε2−ε3
ε3

)γ 2
|γ | <

(
ε3

ε2 − ε3

) 1
2

(2.8.74a)

= 0 |γ | >
(

ε3

ε2 − ε3

) 1
2

. (2.8.74b)

The mean differential transmission coefficient (2.8.62) can then be put into the form

〈
∂Tν

∂θt

〉
(γ ) = 4κνμν

√
ε3

ε1

(
2λν

√
ε1

λν
√

ε1 + κν
√

ε2

)2

× (1 + γ 2)[1 − (
ε2−ε3

ε3
)γ 2]f (−γ )

[√ε2/ε3 −
√

1 − (
ε2−ε3

ε3
)γ 2 ][μν + λν

√
ε3/ε2

√
1 − (

ε2−ε3
ε3

)γ 2 ]2
,

(2.8.75)

where 〈∂Tν/∂θt 〉(γ ) is the mean differential transmission coefficient in which its depen-
dence on the scattering angle θt has been replaced by a dependence on γ through the use
of Eqs. (2.8.70) and (2.8.71).

We invert Eq. (2.8.75) and obtain for the pdf of an

f (γ ) = 1

4κνμν

√
ε1

ε3

(
λν

√
ε1 + κν

√
ε2

2λν
√

ε1

)2

×
[√ε2/ε3 −

√
1 − (

ε2−ε3
ε3

)γ 2 ][μν + λν

√
ε3/ε2

√
1 − (

ε2−ε3
ε3

)γ 2 ]2

(1 + γ 2)[1 − (
ε2−ε3

ε3
)γ 2]

〈
∂Tν

∂θt

〉
(−γ ).

(2.8.76)
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2.8.2. Solution of the Transmission Problem

Two approaches to the solution of the transmission problem will be used to validate the
method developed in Sections 2.8.1.4 and 2.8.1.5 for designing one-dimensional randomly
rough surfaces that transmit light with a specified angular dependence of its mean inten-
sity. The first is a rigorous computer simulation approach based on the results obtained in
Section 2.8.1.3; the second is the Kirchhoff approximation developed in Section 2.8.1.4,
but without passing to its geometrical optics limit.

2.8.2.1. Computer Simulations The starting point for the rigorous solution of the trans-
mission problem is the set of four coupled integral equations for the source functions
H

(1)
ν (x1|ω), L(1)

ν (x1|ω), H(2)
ν (x1|ω), and L

(2)
ν (x1|ω) given by Eqs. (2.8.41)–(2.8.44). They

are solved by being converted into N × N matrix equations by the approach described
in Sections 2.1.3.2 and 2.2.2.1. The matrix equations that are obtained in this way are
(m = 1,2, . . . ,N)

H(1)
ν (xm|ω) = Hν(xn|ω)inc +

N∑
n=1

[
H(1)

mnH(1)
ν (xn|ω) − L(1)

mnL
(1)
ν (xn|ω)

]
, (2.8.77)

0 =
N∑

n=1

[
H(11)

mn H(1)
ν (xn|ω) − λν

κν

L(11)
mn L(1)

ν (xn|ω)

− H(12)
mn H(2)

ν (xn|ω) + L(12)
mn L(2)

ν (xn|ω)

]
, (2.8.78)

H(2)
ν (xm|ω) =

N∑
n=1

[
−H(21)

mn H(1)
ν (xn|ω) + λν

κν

L(21)
mn L(1)

ν (xn|ω)

+ H(22)
mn H(2)

ν (xn|ω) − L(22)
mn L(2)

ν (xn|ω)

]
, (2.8.79)

0 =
N∑

n=1

[
H(3)

mnH(2)
ν (xn|ω) − μν

λν

L(3)
mnL

(2)
ν (xn|ω)

]
. (2.8.80)

Explicit expressions for the matrix elements entering these equations are presented in Ap-
pendix B.

The mean differential transmission coefficient given by Eqs. (2.8.19b) and (2.8.40) can
be written as 〈

∂Tν

∂θt

〉
= 1

L1

c

8πω

κν

μν

1√
ε1

〈|tν(θt |θ0)|2〉
cos θ0

, (2.8.81)
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where

tν(θt |θ0) =
∞∫

−∞
dx1 exp

{−i
√

ε3(ω/c)
[
x1 sin θt − ζ(x1) cos θt

]}

×
{
i
√

ε3(ω/c)
[
ζ ′(x1) sin θt + cos θt

]
H(2)

ν (x1|ω) − μν

λν

L(2)
ν (x1|ω)

}
.

(2.8.82)

In terms of the solutions of Eqs. (2.8.77)–(2.8.80), we can write tν(θt |θ0) alternatively as

tν(θt |θs) ∼= �x

N∑
n=1

exp
{−i

√
ε3(ωc)

[
xn sin θt − ζ(xn) cos θt

]}

×
{
i
√

ε3(ω/c)
[
ζ ′(xn) sin θt + cos θt

]
H(2)

ν (xn|ω) − μν

λν

L(2)
ν (xn|ω)

}
.

(2.8.83)

In a similar fashion, the mean differential reflection coefficient given by Eqs. (2.8.18b)
and (2.8.31) can be rewritten as

〈
∂Rν

∂θs

〉
= 1

L1

c

8πω

1√
ε1

〈|rν(θs |θ0)|2〉
cos θ0

, (2.8.84)

where

rν(θs |θ0) =
∞∫

−∞
dx1 exp

[−i
√

ε1(ω/c)x1 sin θs

]

× {[
i
√

ε1(ω/c) cos θs

]
H(1)

ν (x1|ω) + L(1)
ν (x1|w)

}
. (2.8.85)

In terms of the solutions of Eqs. (2.8.77)–(2.8.80), the scattering amplitude rν(θs |θ0) can
be written in the form

rν(θs |θ0) ∼= �x

N∑
n=1

exp
[−i

√
ε1(ω/c)xn sin θs

]

× {[
i
√

ε1(ω/c) cos θs

]
H(1)

ν (xn|ω) + L(1)
ν (xn|ω)

}
. (2.8.86)
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2.8.2.2. The Kirchhoff Approximation The expression for the transmission amplitude
Tν(q|k) obtained in the Kirchhoff approximation is (Eq. (2.8.56))

Tν(q|k) = T (0)
ν (q|k)

∞∫
−∞

dx1 exp
[−i(q − k)x1

]
exp

{
i
[
α3(q) − α2(k)

]
ζ(x1)

}
,

(2.8.87)

where T
(0)
ν (q|k) is given by Eq. (2.8.57). When the representation of the surface profile

function ζ(x1) given by Eq. (2.1.83) is introduced into Eq. (2.8.87), the latter becomes

Tν(q|k) = T (0)
ν (q|k)

Ns−1∑
n=−Ns

exp
{
i
[
α3(q) − α2(k)

]
bn

}

×
(n+1)b∫
nb

dx1 exp
{−i

[
q − k − (

α3(q) − α2(k)
)
an

]
x1
}

= bT (0)
ν (q|k)tν(θt |θ0), (2.8.88)

where

tν(θt |θ0) =
Ns−1∑

n=−Ns

exp
{
i(ω/c)

[√
ε3 cos θt −

√
ε2 − ε1 sin2 θ0

]
bn

}

× exp

{
−i(ω/c)

[√
ε3 sin θt − √

ε1 sin θ0

− (√
ε3 cos θt −

√
ε2 − ε1 sin2 θ0

)
an

](
n + 1

2

)
b

}

× sinc(ω/c)
{√

ε3 sin θt − √
ε1 sin θ0 − [√

ε3 cos θt −
√

ε2 − ε1 sin2 θ0
]
an

}b

2
.

(2.8.89)

The mean differential transmission coefficient is now obtained from Eqs. (2.8.40) and
(2.8.88) in the form

〈
∂Tν

∂θt

〉
= b

2Ns

ε3√
ε1

κν

μν

ω

2πc

cos2 θt

cos θ0

∣∣T (0)
ν (q|k)

∣∣2〈∣∣tν(θt |θ0)
∣∣2〉. (2.8.90)
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The amplitude T
(0)
ν (q|k), defined by Eq. (2.8.57), is given explicitly in terms of the angles

of incidence and transmission by

T (0)
ν (q|k)

= μν√
ε3 cos θt

[√ε3 cos θt

√
ε2 − ε1 sin2 θ0 + √

ε1ε3 sin θt sin θ0 − ε2]√
ε3 cos θt −

√
ε2 − ε1 sin2 θ0

× 2λν
√

ε1 cos θ0 exp[i(ωd/c)
√

ε2 − ε1 sin2 θ0 ]
λν

√
ε1 cos θ0 + κν

√
ε2 − ε1 sin2 θ0

N(θt , θ0)

D(θt , θ0)
, (2.8.91)

where

N(θt , θ0) = sgn
(√

ε3 cos θt −
√

ε2 − ε1 sin2 θ0
)

× [
ε3 − √

ε3 cos θt

√
ε2 − ε1 sin2 θ0 − √

ε1ε3 sin θt sin θ0
]

+ ∣∣ε3 − √
ε3 cos θt

√
ε2 − ε1 sin2 θ0 − √

ε1ε3 sin θt sin θ0
∣∣, (2.8.92)

D(θt , θ0) = μν sgn
(√

ε3 cos θt −
√

ε2 − ε1 sin2 θ0
)

× [√
ε3 cos θt

√
ε2 − ε1 sin2 θ0 + √

ε1ε3 sin θt sin θ0 − ε2
]

+ λν

∣∣√ε3 cos θt

√
ε2 − ε1 sin2 θ0 + √

ε1ε3 sin θt sin θ0 − ε3
∣∣. (2.8.93)

2.8.3. Example: A Band-Limited Uniform Diffuser

If we wish to design a surface that produces transmitted light with a constant mean differ-
ential transmission coefficient within the interval |θt | < θm of angles of transmission, and
produces no transmission for θt outside this interval, the form of the mean dtc we wish to
reproduce is 〈

∂Tν

∂θt

〉
= Aθ

(
θm − |θt |

)
. (2.8.94)

Since sin θt is a monotonically increasing function of θt in the interval (−π/2,π/2), we
can rewrite Eq. (2.8.94) as〈

∂Tν

∂θt

〉
= Aθ

(
sin θm − | sin θt |

)

= Aθ

(
sin θm − |γ |

1 + γ 2

[√
ε2

ε3
−

√
1 −

(
ε2 − ε3

ε3

)
γ 2

])
. (2.8.95)
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This is an awkward expression to deal with. However, for small values of γ we can ap-
proximate it by 〈

∂Tν

∂θt

〉
= Aθ

(
sin θm − 2b|γ |

1 + γ 2

)
, (2.8.96)

where

2b = √
ε2/ε3 − 1. (2.8.97)

Equation (2.8.96) can be written in a more convenient form as

〈
∂Tν

∂θt

〉
= Aθ

(
γm − |γ |), (2.8.98)

where

γm = b −
√

b2 − sin2 θm

sin θm

. (2.8.99)

It follows from Eq. (2.8.76) that the pdf of an is given by

f (γ ) = A
1

4κνμν

√
ε1

ε3

(
λν

√
ε1 + κν

√
ε2

2λν
√

ε1

)2

×
[√ε2/ε3 −

√
1 − (

ε2−ε3
ε3

)γ 2 ][μν + λν

√
ε3/ε2

√
1 − (

ε2−ε3
ε3

)γ 2 ]2

(1 + γ 2)[1 − (
ε2−ε3

ε3
)γ 2] θ

(
γm − |γ |).

(2.8.100)

Of course, γm must be smaller than (ε3/(ε2 −ε3))
1
2 , in view of Eq. (2.8.69). The constant A

is determined from the normalization of f (γ ).
An ensemble of Np one-dimensional randomly rough surfaces was generated on the

basis of the preceding results. For each member of the ensemble a sequence of coefficients
{an} was obtained by the rejection method [2.6], and the surface profile function generated
by the use of Eqs. (2.1.83) and (2.1.85). The film structure depicted in Fig. 2.43 was char-
acterized by the values d = 20 µm, ε1 = 2.25 (glass), ε2 = 2.69 (photoresist), and ε3 = 1
(vacuum). The value of θm was chosen to be θm = 7◦.

This system was illuminated at normal incidence by both an s-polarized and a p-
polarized plane wave of wavelength λ = 612.7 nm (in vacuum). The mean differential
transmission coefficients was then calculated for incident light of each polarization by the
rigorous numerical approach described in Section 2.8.2.1. The characteristic length b as-
sumed in these calculations was b = 20 µm = 31.6λ. The length of the x1 axis covered by
the random surface was L1 = 85.8 µm = 140λ, and the sampling length was �x = λ/10.
The results from Np = 30 000 realizations of the random surface were averaged in ob-
taining the mean differential transmission coefficient. We note that the surfaces studied
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Figure 2.44. The mean differential transmission coefficient 〈∂Ts/∂θt 〉 for s-polarized light of wavelength
λ = 612.7 nm incident normally on the structure depicted in Fig. 2.43. The dielectric constants of the layers
constituting this structure are ε1 = 2.25, ε2 = 2.69, ε3 = 1, and the thickness parameter d = 20 µm. The solid
curve is the result of rigorous computer simulation calculations, while the dashed curve is the result given by
Eq. (2.8.94). The length of the surface used in the simulations was L1 = 85.8 µm = 140λ, and the number of
surface realizations over which ∂Ts/∂θs was averaged was Np = 30 000. The number of sampling points used
was N = 1400 (�x = λ/10). The random surface was characterized by the parameters b = 20 µm and θm = 7◦ .
(b) The same as (a) but for p-polarized incident light.

were sufficiently rough that the contribution to the mean differential transmission coeffi-
cient from the light transmitted coherently was negligible compared to the contribution
from the light transmitted incoherently. Consequently, it sufficed to calculate only the
mean differential transmission coefficient. We also note that the characteristic length b

of the surface structure is quite large and, although the maximal slope of the surface is
small (γm = 0.19784), in some realizations of the surface profile function the film could
be pierced by the structure. Such realizations were discarded in the calculations.

The result for the mean differential transmission coefficient 〈∂Ts/∂θt 〉 for s-polarized
incident light is plotted in Fig. 2.44(a) as a function of the angle of transmission θt . The
corresponding result, 〈∂Tp/∂θt 〉 for p-polarized incident light, is plotted in Fig. 2.44(b).
For incident light of both polarizations the mean differential transmission coefficient is
seen to be very well band limited. It is nonzero only for −7◦ < θt < 7◦. It is also quite
uniform within this interval of angles of transmission.

In Figs. 2.45(a) and 2.45(b) we present plots of the mean differential transmission co-
efficient calculated for the same system for which Figs. 2.44(a) and 2.44(b), respectively,
in the Kirchhoff approximation derived in Section 2.8.2.1. In these calculations a much
larger value of the characteristic length b was used, namely b = 50 µm ≈ 81.6λ. We have
noted in the discussion of the results presented in Section 2.1.4.1, that the use of a large
value of b in calculations of the mean differential reflection coefficient on the basis of
the Kirchhoff approximation for a surface that acts as a band-limited uniform diffuser in
reflection, sharpens the corners of the mean differential reflection coefficient and makes
its sides more vertical. The use of a large value of b in obtaining the results plotted in
Figs. 2.45(a) and 2.45(b) is seen to have the same effects in calculations of the mean differ-
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Figure 2.45. The mean differential transmission coefficient 〈∂Ts/∂θt 〉 for s-polarized light of wavelength
λ = 612.7 nm incident normally on the structure depicted in Fig. 2.43. The dielectric constants of the layers
constituting this structure are ε1 = 2.25, ε2 = 2.69, ε3 = 1, and d = 20 µm. The solid curve is the result of cal-
culations based on the Kirchhoff approximation, while the dashed curve is the result given by Eq. (2.8.94). The
length of the surface used in this calculation was L1 = 1 mm ≈ 1632λ, and the number of surface realizations
over which ∂Ts/∂θt was averaged was Np = 30 000. The random surface was characterized by the parameters
b = 50 µm and θm = 7◦ . (b) The same as (a) but for p-polarized incident light.

ential transmission coefficient for a band-limited uniform diffuser. The use of larger values
of the characteristic length b and considerably longer surfaces in calculations based on the
Kirchhoff approximation makes it even more important to check every realization of the
surface profile function and to discard those that pierce the film. Such a selection of the
surface profile functions, however, does not change the statistics of the surface roughness.

The results obtained in Section 2.8.2.1 enable us to calculate rigorously the mean differ-
ential reflection coefficient 〈∂Rν/∂θs〉 for the structure depicted in Fig. 2.43. In Fig. 2.46(a)
we present a plot of 〈∂Rp/∂θs〉 as a function of the scattering angle θs . In Fig. 2.46(b) we
present a plot of 〈∂Rs/∂θs〉 as a function of θs . The experimental, material, and compu-
tational parameters assumed in obtaining these results are exactly the same as the ones
assumed in obtaining the results plotted in Figs. 2.44(a) and 2.44(b), respectively. The re-
sults for 〈∂Rν/∂θs〉 plotted in Figs. 2.46(a) and 2.46(b) are seen to be band-limited. The
result for 〈∂Rp/∂θs〉 is also nonzero only for |θs | smaller than approximately 24◦; the re-
sult for 〈∂Rs/∂θs〉 is nonzero only for |θs | smaller than approximately 24◦. Both mean
differential reflection coefficients are reasonably constant within these intervals. The nar-
row peak present in the results for 〈Rp,s(θs)〉 at θs = 0◦ is due to the specular reflection of
the incident light from the planar interface at x3 = d . An argument based on the applica-
tion of Snell’s law at each interface yields the following relations between the maximum
angle defining the angular region within which the mean differential reflection coefficient
is nonzero and θm:

(sin θs)max = 2

(
ε2

ε1

) 1
2 (

√
ε2/ε3 − cos θm) sin θm

[(ε2/ε3) − 2
√

ε2/ε3 cos θm + 1)] (2.8.101)
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Figure 2.46. (a) The mean differential reflection coefficient 〈∂Rs/∂θs 〉 for s-polarized light incident normally on
the structure depicted in Fig. 2.43, calculated by means of a rigorous computer simulation approach. The values
of the experimental, material, and computational parameters used in carrying out this calculation were the same
as those used in obtaining the results presented in Fig. 2.44(a). (b) The same as (a) but for p-polarized incident
light. The vertical dashed lines in these figures are the predictions of Eq. (2.8.101).

for incident light of both polarizations. For θm = 7◦, Eq. (2.8.101) yields θs ≈ 23.5◦, which
agrees with the results depicted in Figs. 2.46(a) and 2.46(b). In view of the fact that the
surface profile function ζ(x1) was not designed to produce a band limited uniform diffuser
in reflection, but only in transmission, the results for 〈∂Rν/∂θs〉 presented in Fig. 2.46 are
quite satisfactory. Thus, the results of this section show that the approach used in the earlier
sections of this chapter to generate one-dimensional randomly rough surfaces that act as
one-dimensional band-limited uniform diffusers in reflection can be applied to solve the
same problem in transmission as well.

2.9. Replacement of Ensemble Averaging by the Use of a Broadband Incident Field
in Calculations of Scattering from Randomly Rough Surfaces

In the preceding sections of this chapter we have assumed that the rough surfaces being
designed were illuminated by a monochromatic plane wave (2.1.11). In addition, in those
cases where the rough surface was assumed to be a randomly rough surface, to determine
the pdf f (γ ) of the slope an in the representation of the surface profile function given
by Eq. (2.1.83) we carried out an average over the ensemble of realizations of the surface
profile function of the property of the scattered field that the surface was designed to pro-
duce, its intensity, for example. This averaging is inevitable in a stochastic approach to
the design of surfaces with specified scattering properties, such as the one adopted in this
book. However, in validating the predictions of the resulting algorithms, the property of the
scattered field of interest is calculated for each member of an ensemble of Np realizations
of the surface profile function by a rigorous computational approach or by the Kirchhoff
approximation, and an arithmetic average of the Np results obtained in this way yields
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the ensemble average of this property. Without this latter ensemble average the intensity,
for example, of the field scattered from a single realization of the randomly rough surface
would consist of an array of bright spots on a dark background—a speckle pattern—as a
function of the transverse coordinates on a screen at any distance from the mean scattering
surface, rather than the smooth function of these coordinates produced by the ensemble
averaging. In contrast with the ensemble averaging used in obtaining the pdf f (γ ), the
latter ensemble averaging is not inevitable.

An experimentalist after all cannot fabricate an ensemble of several thousand realiza-
tions of a random surface drawn from a given pdf f (γ ), measure the intensity of the
field scattered from each realization, and average the results of all of these measurements.
He/she measures the intensity of the field scattered from a single realization of a randomly
rough surface. Although the illuminated area of the rough surface can be quite large it is
not of the infinite size needed for a single measurement to reproduce the results obtained
by ensemble averaging. To obtain the kind of smooth curves produced by ensemble aver-
aging the experimentalist has to average over the resulting speckles in some way. One way
of doing this is to move the random surface, e.g., to rotate or dither the sample. However,
in some applications moving the surface may not be an option.

A speckle pattern depends on the wavelength of a monochromatic incident beam. This
suggests that it may be possible to average over speckles by using a polychromatic, broad-
band, beam rather than a monochromatic beam to illuminate the surface. In this section we
consider this option for the example of scattering from a one-dimensional, randomly rough
surface.

2.9.1. The Incident Field

The scattering system we consider is the one described in Section 2.1.1. It consists of
vacuum in the region x3 > ζ(x1) and a perfect conductor in the region x3 < ζ(x1). The
surface profile function is assumed to have the properties described in Section 2.1.1.

We assume that the surface x3 = ζ(x1) is illuminated at normal incidence by
an s-polarized, two-dimensional, broadband Gaussian beam rather than by the plane
wave (2.1.11). The single nonzero component of the electric vector of the incident field is
assumed to have the form

E2(x1, x3; t)inc =
∞∫

−∞

dω

2π
F(ω)

ω
c∫

− ω
c

dk

2π
G(k) exp

{
i
[
kx1 − α0(k,ω)x3 − ωt

]}
, (2.9.1)

where α0(k,ω) = [(ω/c)2 − k2] 1
2 , with Reα0(k,ω), Imα0(k,ω) > 0. The function G(k)

is

G(k) = ω

c

√
πw

α0(k,ω)
exp

[−(
w2ω2/4c2)(sin−1(ck/ω)

)2]
. (2.9.2)
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The function F(ω) is a random function that possesses the properties

〈
F(ω)F ∗(ω′)

〉
F

= 2πδ(ω − ω′)S0(ω), (2.9.3a)〈
F(ω)F (ω′)

〉
F

= 0, (2.9.3b)

where the angle brackets 〈· · ·〉F denote an average over the ensemble of realizations of the
field. The fluctuation of |F(ω)|2 as a function of ω, which depends on the integration time
of the detector, is below the resolution of a normal spectrograph, so for practical purposes
F(ω) can be considered to be delta correlated [2.116]. An incident field of this nature is
produced, for example, by a superluminescent diode [2.117]. For definiteness, we assume
that the spectral density of the incident light S0(ω) is described by a Gaussian form with
central frequency ω0 and 1/e half width �ω,

S0(ω) = 1√
π�ω

exp
[−(ω − ω0)

2/(�ω)2]. (2.9.4)

The half width �ω is assumed to be small enough that the spectral density of the incident
light can be regarded as zero when ω < 0. It is also convenient to regard the function F(ω)

as zero when ω < 0.
To see that Eq. (2.9.1) describes a broadband Gaussian beam that is incident normally

on the surface x3 = ζ(x1), we make the change of variable k = (ω/c) sin θ , which yields
for the incident field

E2(x1, x3; t)inc = w

2
√

πc

∞∫
−∞

dω

2π
ωF(ω) exp(−iωt)

×
π
2∫

− π
2

dθ exp
[−(

w2ω2/4c2)θ2] exp
[
i(ω/c)(x1 sin θ − x3 cos θ)

]
.

(2.9.5)

In the limit (wω/2c) � 1 only small values of θ contribute to the integral over θ . There-
fore, by approximating (x1 sin θ − x3 cos θ) by (x1θ − x3), and replacing the finite limits
of integration by infinite limits, we obtain the incident beam in the form

E2(x1, x3; t)inc ∼=
∞∫

−∞

dω

2π
F(ω) exp

[−(
x2

1/w2)− i(ω/c)x3 − iωt
]
. (2.9.6)

For future reference we also provide the nonzero components of the magnetic vector of
the incident field:



182 One-Dimensional Surfaces

H1(x1, x3; t)inc =
∞∫

−∞

dω

2π

c

ω
F(ω)

ω
c∫

− ω
c

dk

2π
α0(k,ω)G(k) exp

{
i
[
kx1 − α0(k,ω)x3 − ωt

]}

(2.9.7a)

∼=
∞∫

−∞

dω

2π
F(ω) exp

[−(
x2

1/w2)− i(ω/c)x3 − iωt
]

(2.9.7b)

and

H3(x1, x3; t)inc =
∞∫

−∞

dω

2π

c

ω
F(ω)

ω
c∫

− ω
c

dk

2π
k G(k) exp

{
i
[
kx1 − α0(k,ω)x3 − ωt

]}

(2.9.8a)

∼= i2
cx1

w2

∞∫
−∞

dω

2π

F(ω)

ω
exp

[−(
x2

1/w2)− i(ω/c)x3 − iωt
]
. (2.9.8b)

The approximate expressions obtain in the limit (wω/2c) � 1.

2.9.2. The Scattered Field

Due to the linearity of the scattering problem the scattered field produced by the incident
field (2.9.1) can be rewritten as

E2(x1, x3; t)sc =
∞∫

−∞

dω

2π
F(ω)

∞∫
−∞

dq

2π

ω
c∫

− ω
c

dk

2π
R(q|k)G(k)

× exp
{
i
[
qx1 + α0(q,ω)x3

]− iωt
}
. (2.9.9)

In this expression R(q|k) is the amplitude for the scattering of an incident plane wave of
frequency ω whose wavevector has a component k parallel to the mean scattering surface
into a plane wave whose wavevector has a component q parallel to the mean scattering
surface. It is the solution of Eq. (2.5.97). It has been shown in Section 2.7.3 that in the
simplest version of phase perturbation theory R(q|k) is given by

R(q|k) = −
∞∫

−∞
dx1 exp

[−i(q − k)x1
]

exp
[−i2α0(k,ω)ζ(x1)

]
. (2.9.10)

We will use it here due to its simplicity.
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When the results given by Eqs. (2.9.2) and (2.9.10) are substituted into Eq. (2.9.9), and
the change of variable k = (ω/c) sin θ is made, the latter equation becomes

E2(x1, x3; t)sc = − ω

2
√

πc

∞∫
−∞

dω

2π
ωF(ω) exp(−iωt)

×
∞∫

−∞
dx′

1

π
2∫

− π
2

dθ exp
[−(

w2ω2/4c2)θ2]

× exp
{
i(ω/c)

[
x′

1 sin θ − 2ζ(x′
1) cos θ

]}

×
∞∫

−∞

dq

2π
exp

[
iq(x1 − x′

1) + iα0(q,ω)x3
]
. (2.9.11)

We now invoke the parabolic approximation,

α0(q,ω) ∼= (ω/c) − (c/2ω)q2, (2.9.12)

which enables us to evaluate the integral over q in Eq. (2.9.19) analytically,

∞∫
−∞

dq

2π
exp

[
iq(x1 − x′

1) + iα0(q,ω)x3
]

∼=
( |ω|

2πcx3

) 1
2

exp
[
i(ω/c)x3 − i(π/4) sgnω + i(ω/2cx3)(x1 − x′

1)
2].

(2.9.13)

In the limit (wω/2c) � 1 the integral over θ can be approximated by
π
2∫

− π
2

dθ exp
[−(

w2ω2/4c2)θ2] exp
{
i(ω/c)

[
x′

1 sin θ − 2ζ(x′
1) cos θ

]}

∼=
∞∫

−∞
dθ exp

[−(
w2ω2/4c2)θ2] exp

[
i(ω/c)

(
x′

1θ − 2ζ(x′
1)
)]

= 2
√

πc

w|ω| exp
(−x′2

1 /w2) exp
[−i(2ω/c)ζ(x′

1)
]
. (2.9.14)

On combining the results given by Eqs. (2.9.10), (2.9.13) and (2.9.14), we obtain the scat-
tered field in the form
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E2(x1, x3; t)sc = − 1

(2πcx3)
1
2

∞∫
−∞

dω

2π
sgnω|ω| 1

2 F(ω)

× exp
[−iωt + i(ω/c)x3 − i(π/4) sgnω

]
G(x1, x3;ω), (2.9.15)

where

G(x1, x3;ω)

=
∞∫

−∞
dx′

1 exp
[−(x′

1/w)2 + i(ω/2cx3)(x1 − x′
1)

2 − i(2ω/c)ζ(x′
1)
]
. (2.9.16)

For completeness we also provide the nonzero components of the magnetic vector of
the scattered field, and their expressions in the limit (wω/2c) � 1:

H1(x1, x3; t)sc = −
∞∫

−∞

dω

2π

c

ω
F(ω)

∞∫
−∞

dq

2π

ω
c∫

− ω
c

dk

2π
α0(q,ω)R(q|k)

× G(k) exp
{
i
[
qx1 + α0(q,ω)x3 − ωt

]}
(2.9.17a)

∼= 1

(2πcx3)
1
2

∞∫
−∞

dω

2π
sgnω|ω| 1

2 F(ω)

× exp
[
i(ω/c)x3 − i(π/4) sgnω − iωt

]
G(x1, x3;ω) (2.9.17b)

and

H3(x1, x3; t)sc

=
∞∫

−∞

dω

2π

c

ω
F(ω)

∞∫
−∞

dq

2π

ω
c∫

− ω
c

dk

2π
qR(q|k)G(k) exp

{
i
[
qx1 + α0(q,ω)x3 − ωt

]}

(2.9.18a)

∼= − 1

(2πcx3)
1
2

∞∫
−∞

dω

2π
sgnω|ω| 1

2 F(ω) exp
[
i(ω/c)x3 − i(π/4) sgnω − iωt

]

×
∞∫

−∞
dx′

1

(
x1 − x′

1

x3

)
exp

[−(
x′2

1 /w2)− i(2ω/c)ζ(x′
1) + i(ω/2cx3)(x1 − x′

1)
2].

(2.9.18b)
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2.9.3. Examples

To illustrate the quality of the results obtained when a single realization of a designed sur-
face is illuminated by a broadband beam, we consider two properties of the scattered field,
namely its intensity and the differential reflection coefficient. For each property three cases
will be calculated: (i) the speckle pattern obtained when a single realization of the surface is
illuminated by a monochromatic Gaussian beam of frequency ω0 (F (ω) = 2πδ(ω−ω0) in
Eq. (2.9.1)), calculated on the basis of the Kirchhoff approximation; (ii) the result obtained
when the same realization of the surface is illuminated by a broadband beam centered
at the frequency ω0; (iii) the result obtained by averaging the property over the ensem-
ble of realizations of the surface profile function when the surfaces are illuminated by a
monochromatic Gaussian beam of frequency ω0. These three results illustrate the extent to
which speckle is suppressed by the use of a broadband Gaussian beam instead of a mono-
chromatic Gaussian beam in scattering from a single realization of a designed surface.
They also show how well the use of a broadband Gaussian beam illuminating a single re-
alization of such a surface reproduces the result obtained by averaging the results obtained
for an ensemble of realizations of the surface when a monochromatic Gaussian beam is
used for illuminating the ensemble. The Kirchhoff approximation is used here because it
allows to use considerably larger surfaces than are possible to use in the rigorous computer
simulation calculations.

2.9.3.1. The Intensity of the Scattered Field The intensity profile of the scattered field
at a distance x3 from the plane x3 = 0, averaged over the ensemble of realizations of the
incident field, is obtained from Eqs. (2.9.3) and (2.9.15) in the form

〈∣∣E2(x1, x3; t)sc
∣∣2〉

F
= 1

2πcx3

∞∫
−∞

dω

2π
|ω|S0(ω)

∣∣G(x1, x3;ω)
∣∣2. (2.9.19)

We emphasize that there has been no averaging over the ensemble of realizations of the
surface profile function involved in obtaining this result. The only averaging is over the
ensemble of realizations of the incident field, and that is provided by the use of a broadband
beam for illuminating the surface.

The procedure now is to generate a single realization of the surface profile func-
tion ζ(x1) of the randomly rough surface on the basis of the pdf f (γ ) of the slope an

in the representation of ζ(x1) given by Eq. (2.1.83) and to use it in calculating the speckle
pattern produced at a distance x3 from it when it is illuminated at normal incidence by
a monochromatic Gaussian beam of frequency ω0. In Fig. 2.47(a) we present a plot of
this speckle pattern. In Fig. 2.47(b) we present the intensity profile given by Eq. (2.9.19)
when the same realization of the surface profile is illuminated at normal incidence by a
broadband Gaussian beam centered at the frequency ω0. Finally, in Fig. 2.47(c) we plot the
intensity profile obtained by averaging the intensities of the fields produced by scattering
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Figure 2.47. (a) The speckle pattern produced by the scattering of a monochromatic Gaussian beam of frequency
ω0 = 2πc/λ0 with λ0 = 1.55 µm, from a single realization of a perfectly conducting randomly rough surface
generated by the use of the pdf (2.7.62b); (b) the intensity profile of the scattered field given by Eq. (2.9.19)
when this realization of the surface profile is illuminated by a broadband Gaussian beam with central frequency
ω0 = 2πc/λ0, where λ0 = 1.55 µm; (c) the mean intensity of the scattered field averaged over the ensemble of
realizations of the surface profile function generated by the use of the pdf (2.7.62b), when the perfectly conducting
surfaces are illuminated by a monochromatic Gaussian beam of frequency ω0.

a monochromatic Gaussian beam of frequency ω0 from an ensemble of Np realizations of
the surface profile function, all drawn from the same pdf f (γ ).

The pdf f (γ ) assumed in carrying out all of these calculations was the one given by
Eq. (2.7.62b). The values of the theoretical and experimental parameters used were ω0 =
2πc/λ0, where λ0 = 1.55 µm, �ω = 0.4ω0, ω = 1000 µm, σs = 500 µm, σg = 20 µm,
b = 20 µm, the length of the surface L = 8 mm, Np = 10 000, and x3 = 8 cm.

From the results presented in Fig. 2.47 we see that the use of a broadband beam in
illuminating a single realization of the randomly rough surface averages over the speckles
produced by a monochromatic incident beam. It thereby produces an intensity profile of
the scattered field that closely matches the one produced by a monochromatic beam when
the intensity of the scattered field is averaged over the ensemble of realizations of the
surface profile function. An example of the averaging effect of a polychromatic source can
be clearly seen in Fig. 2.52(c) of Section 2.11.

2.9.3.2. The Differential Reflection Coefficient To calculate the differential reflection co-
efficient we require the 3-component of the total time-averaged Poynting vector of the
incident field and of the scattered field. For an s-polarized electromagnetic field the 3-
component of the complex Poynting vector is given by

Sc
3 = − c

8π
E2(x1, x3; t)H ∗

1 (x1, x3; t). (2.9.20)
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The use of the expressions given by Eqs. (2.9.1) and (2.9.7a) and the result given by
Eq. (2.9.3a) yields the result that the average of (Sc

3)inc over the ensemble of realizations
of the incident field is

〈(
Sc

3

)
inc

〉
F

= − c2

8π

∞∫
−∞

dω

2π

S0(ω)

ω

ω
c∫
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[−ik′x1 + iα0(k

′,ω)x3
]
. (2.9.21)

The magnitude of the total time-averaged flux illuminating the region −L1/2 < x1 <

L1/2,−L2/2 < x2 < L2/2 of the plane x3 = 0 is then

Pinc = −Re

L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2
〈(
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3

)
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S0(ω)
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ω
c∫

− ω
c

dk

2π
α0(k,ω)

∣∣G(k)
∣∣2, (2.9.22)

in the limit L1 → ∞. The reversal of sign in going from Eq. (2.9.21) to Eq. (2.9.22)
compensates for the fact that Sc

3 is negative for the incident field. The change of variable
k = (ω/c) sin θ reduces Eq. (2.9.22) to

Pinc = L2
w2

16π2

∞∫
−∞

dωωS0(ω)

π
2∫

0

dθ exp
[−(

w2ω2/2c2)θ2]

= L2
cw

8(2π)3/2

∞∫
−∞

dωS0(ω)Erf

(
π√

2

w|ω|
2c

)
, (2.9.23)

where Erf(z) is the error function,

Erf(z) = 2√
π

z∫
0

dt exp
(−t2). (2.9.24)
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In the limit wω/2c � 1, Erf(πw|ω|/2
√

2c) can be replaced by unity, and we find that

Pinc = L2
cw

8(2π)3/2
, (2.9.25)

due to the normalization of S0(ω).
The use of the expressions (2.9.8a) and (2.9.17a) together with the result given by

Eq. (2.9.3a) gives the result that the average of (Sc
3)sc over the ensemble of realizations

of the incident field is

〈(
Sc

3

)
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]
, (2.9.26)

where the function R(q,ω) is defined by

R(q,ω) =
ω/c∫

−ω/c

dk

2π
R(q|k)F (k). (2.9.27)

The magnitude of the total time-averaged scattered flux leaving the region −L1/2 < x1 <

L1/2,−L2/2 < x2 < L2/2 of the plane x3 = 0 is then

Psc = Re
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∣∣2, (2.9.28)
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where we have let L1 tend to infinity. The change of variable q = (ω/c) sin θs transforms
Eq. (2.9.28) into

Psc = L2
1

16π2

π
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− π
2

dθs cos2 θs
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dω

2π
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≡
π
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− π
2

dθs Psc(θs). (2.9.29)

By definition, the differential reflection coefficient, averaged over the ensemble of real-
izations of the incident field, is given by

〈
∂Rs

∂θs
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= Psc(θs)
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(

2

π

) 1
2 cos2 θs

cw
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2π
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∣∣R(
(ω/c) sin θs,ω

)∣∣2. (2.9.30)

Again, no averaging over the ensemble of realizations of the surface profile function was
used in obtaining this result.

A simple result for the scattering amplitude R(q,ω) is obtained when we substitute into
Eq. (2.9.27) the expression for R(q|k) given by Eq. (2.9.10) and the expression for G(k)

given by Eq. (2.9.2), and then pass to the limit (wω/2c) � 1. The result is

R(q,ω) = −
∞∫

−∞
dx1 exp

[−(
x2

1/w2)− iqx1 − i(2ω/c)ζ(x1)
]
. (2.9.31)

The mean differential reflection coefficient, obtained by averaging the differential re-
flection coefficient over the ensemble of realizations of the surface profile function can be
obtained from this result according to

〈
∂R

∂θs

〉
= 1√

2ππ

ω

cw
cos2 θs

〈∣∣R(
(ω/c) sin θs,ω

)∣∣2〉. (2.9.32)

We apply the preceding results to the calculations of the differential reflection coeffi-
cients for a band-limited uniform diffuser, for which the pdf of the slope an in the represen-
tation (2.1.83) of the surface profile function ζ(x1) is given by Eq. (2.1.139). In Fig. 2.48(a)
we present a plot of the speckle pattern produced when a single realization of the surface
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Figure 2.48. (a) The differential reflection coefficient produced by the scattering of a monochromatic Gaussian
beam of frequency ω0 = 2πc/λ0 with λ0 = 632.8 nm, from a single realization of a perfectly conducting ran-
domly rough surface generated by the use of the pdf (2.1.139); (b) the differential reflection coefficient when the
same realization of the surface profile is illuminated by a broadband Gaussian beam centered at the frequency ω0;
(c) the mean differential reflection coefficient averaged over the ensemble of realizations of the surface profile
function generated by the use of the pdf (2.1.139), when the perfectly conducting surfaces are illuminated by a
monochromatic Gaussian beam of frequency ω0.

profile function is illuminated at normal incidence by a monochromatic Gaussian beam of
frequency ω0. This result is produced by the use of the expression

∂Rs

∂θs

= 1√
2ππ

ω0

cw
cos2 θ0

∣∣R(
(ω0/c) sin θs,ω0

)∣∣2, (2.9.33)

which follows from Eq. (2.9.32) in the absence of ensemble averaging.
In Fig. 2.48(b) we present the differential reflection coefficient when the same real-

ization of the surface profile is illuminated at normal incidence by a broadband Gaussian
beam centered at the frequency ω0. Finally, in Fig. 2.48(c) we plot the mean differential
reflection coefficient obtained on the basis of Eq. (2.9.32) that is produced by averaging
the differential reflection coefficients produced by scattering a monochromatic Gaussian
beam of frequency ω0 from an ensemble of Np realizations of the surface profile function,
all drawn from the same pdf f (γ ).

The values of the theoretical and experimental parameters employed in these calcula-
tions were ω0 = 2πc/λ0, with λ0 = 632.8 nm, �ω = 0.1ω0, w = 1 mm, θm = 20◦, b =
20 µm, the length of the surface L = 8 mm and Np = 10 000.

The results presented in Fig. 2.48 demonstrate that the use of a broadband source in
illuminating a single realization of the randomly rough surface averages over the speckles
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produced by a monochromatic incident beam. It consequently produces a differential re-
flection coefficient that matches well the one produced by a monochromatic beam when
the resulting differential reflection coefficient is averaged over the ensemble of realizations
of the surface profile function.

2.10. Fabrication of One-Dimensional Surfaces

Surfaces of the type considered in this chapter can be fabricated using optical techniques to
selectively expose and etch photoresist-coated plates. Photoresists are light sensitive mate-
rials used in the microelectronics industry to create patterned coatings. They absorb light
from approximately 300–450 nm, having a highly nonlinear response in the ultraviolet.
A more linear relationship between exposure and resulting surface height can be obtained
by using visible wavelengths and adjusting the coating and development processes.

In optics, photoresists are used to write the masters of two-layer or binary diffractive
optical elements. They have also been used for the fabrication of continuous level structures
like sinusoidal diffraction gratings [2.118,2.119] and one- and two-dimensional Gaussian
random surfaces [2.120–2.124]. We note that for the fabrication of two-level structures
one can use binary masks to expose the plate, but to generate more general profiles it
is preferable to expose the plate directly to an interference pattern (periodic or random),
without the use of masks.

To fabricate the kind of surfaces discussed in this chapter, one needs to find a suitable
way to convert the computer-generated realization of a surface profile function into an
exposure pattern. A linear response of the photoresist would also be required. To avoid
nonlinearities caused by the intermediate step of producing a continuous-tone mask, it is
desirable to employ a direct exposure method. One possibility is to fabricate the plates in a
raster scan fashion, using an intensity-modulated beam focused on the plate. Such a system
could also be used to fabricate multi-level two-dimensional surfaces. Although versatile,
the method requires a dedicated and expensive instrument, and can also be quite slow. For
instance, if a resolution of a few microns is required on the surface, the fabrication of a 2
by 2 inch sample could take a few days.

In this section, we describe a technique that has proved convenient and effective for the
fabrication of one-dimensional surfaces like the ones described in this chapter. We start
with a realization of a profile function ζ(x) with the desired statistical properties (pdf of
slopes), which is then used to fabricate a slit of variable width in the manner shown in
Fig. 2.49.

The mask has intensity transmittance

T (x, y) = θ(y)θ
(
ζ(x) + ζ0 − y

)
, (2.10.1)

where ζ0 is a positive constant that is larger than the largest negative value of ζ(x) and
θ(y) is the Heaviside unit step function.

A good quality optical system is used to form an incoherent, demagnified image of
the slit on the photoresist plate, as shown in Fig. 2.50. The illumination is provided by a



192 One-Dimensional Surfaces

Figure 2.49. Mask generated with a realization of the surface profile function ζ(x).

Figure 2.50. Schematic diagram of the experimental arrangement for the fabrication of surfaces with the desired
surface profile function. The mask is imaged on the photoresist plate, which is then scanned along x2.

rotating ground glass illuminated by a HeCd laser beam (λ = 0.442 µm). Assuming that
the object is resolvable, we express the intensity image on the photoresist plate as (see e.g.,
[2.125])

I (x1, x2) = I0mT (mx1,mx2)

= I0mθ(mx2)θ
(
ζ(mx1) + ζ0 − mx2

)
, (2.10.2)

where m = 1/M represents the inverse of the magnification of the optical system, and I0

is a constant.
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The plate is then scanned along the x2 direction. Its exposure (intensity times time) is
then proportional to the integral of I (x1, x2) along x2. That is,

E(x1) = K

∫
I (x1, x2) dx2

= KI0
[
ζ(mx1) + ζ0

]
, (2.10.3)

where K is a constant that depends on the speed of the scan. Then, assuming a linear
response of the photoresist, the resulting heights can be written in the generic form

z(x1) = z0 + αζ(mx1), (2.10.4)

where α is a constant that determines the vertical scale of the resulting profile, which can
be adjusted through I0 and the speed of the scan. The lateral scale can be adjusted through
the magnification.

Expression (2.10.4) shows that the surface profile function results from a linear trans-
formation of the numerically generated realization of the surface profile function. Based
on this, one can find a relationship between the pdf of slopes of the developed plate and
the f (γ ) employed to generate the surface profile function ζ(x):

pz′(x) = 1

mα
f

(
x

mα

)
. (2.10.5)

2.11. Experimental Results

In this section, we present experimental results obtained with one-dimensional samples
fabricated with the procedure described in Section 2.10. The results demonstrate the pos-
sibility of implementing the techniques discussed in the chapter and illustrate some of the
issues discussed in Section 2.9 concerning averages. For simplicity we chose to work with
uncoated samples in a transmission geometry, but the surfaces can be aluminized if one
desires to work in reflection. The similarities and differences between the two geometries
are discussed in Section 2.8.

We show results for a one-dimensional sample designed to produce a scattering pat-
tern that is uniform in a predefined angular region, with no scattering outside that range.
As discussed in Section 2.10, the angular width of the scattering pattern produced by the
developed photoresist plate depends not only on the mask properties, but also on the expo-
sure and the response of the photoresist. Thus, with this technique it is difficult to determine
a priori the angular range of the plate that will be fabricated but, after only a few trials,
a sample that produces uniform scattering in the −10◦ and 10◦ range was produced.

To evaluate the scattering properties of the samples, we have used the setups illustrated
in Fig. 2.51. They comprise, basically, an illumination system and a CCD detector array
placed in the far-field of the scattering surface. Far-field conditions are attained through the
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Figure 2.51. Schematic diagrams of the three different optical systems employed to observe the scattering pattern
of the fabricated samples. (a) Coherent illumination, (b) partially coherent quasi-monochromatic illumination and,
(c) polychromatic illumination.

use of a converging spherical beam whose focal plane coincides with that of the detector ar-
ray. In the arrangement of Fig. 2.51(a) the sample is illuminated coherently. The scattering
pattern obtained under these conditions is shown in Fig. 2.52(a). Since the profile function
impressed on the photoresist plate has variations in only one direction, the diffuser should
produce scattering in only one plane, which in this case is the horizontal one. One can see
that although the scattering pattern presents speckle, its extent is fairly well defined in this
horizontal direction. It should be mentioned that the contrast of the intensity fluctuations
in the recorded image has already been reduced by integration in the detector pixels. The
small amount of scattering observed in the orthogonal (vertical) direction is produced by
imperfections in the photoresist plate and the optical system.

It is well known that speckle can be reduced by reducing the coherence of the illu-
mination. With laser light, this can be achieved by passing the beam through a moving
diffuser. The pattern shown in Fig. 2.52(b) was recorded with the arrangement shown in
Fig. 2.51(b), which contains a ground glass diffuser that was rotated during the exposure.
The illumination can then be considered to arise from a pseudo thermal partially coher-
ent source. In this case, the size of the source is determined by the width of the beam,
and explains the increased width of the pattern in the vertical direction. One observes that
the speckle fluctuations have practically disappeared, and that the resulting pattern has the
desired properties of being uniform within the design region. A similar result is obtained
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Figure 2.52. Scattering patterns produced by a uniform one-dimensional diffuser for the three cases of illu-
mination illustrated in Fig. 2.51. (a) Coherent illumination, (b) illumination provided by a partially coherent
quasi-monochromatic source and, (c) illumination provided by a small polychromatic source. The pictures are
shown in reverse contrast and represent a region that is about 30◦-wide.

Figure 2.53. Schematic diagram of a scatterometer.

when one uses a small polychromatic source. The result, which was obtained with the
arrangement of Fig. 2.51(c), is shown in Fig. 2.52(c).

The patterns of Figs. 2.52(b) and 2.52(c) show that, when illuminated by partially co-
herent illumination (spatial and/or temporal) the diffuser can be used to produce uniform
illumination within a specified angular region.

The arrangements shown in Fig. 2.51 are useful for the characterization of samples
that produce only small-angle scattering. For reflective surfaces, or surfaces that scatter
light at large angles like the Lambertian ones, it is convenient to use a different setup.
The light scattering properties of such surfaces can be determined using purposely built
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instruments called scatterometers. A schematic diagram of a typical instrument is shown in
Fig. 2.53. The use of convergent illumination ensures the far-field condition on the detector,
which is placed on a rotating arm whose axis of rotation coincides with the plane of the
scattering surface. The speckle fluctuations are reduced by using a detecting aperture much
larger than the speckle size. Polarization optical elements can be used to make polarization
measurements but, in most of the cases considered here, the surfaces have properties that
are independent of the wavelength and the polarization.
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Chapter 3

TWO-DIMENSIONAL SURFACES

In this chapter we turn to a description of approaches to the design of a two-dimensional
randomly rough surface that produces a prescribed angular or spatial dependence of the
scattered field when it is illuminated by a scalar plane wave or by a scalar beam. In these
approaches it will be assumed that the randomly rough surface is impenetrable. In partic-
ular, it will be assumed that the total field in the vacuum region above the surface satisfies
the Dirichlet boundary condition on the surface, namely that it vanishes on the surface.
This assumption reflects the difficulties encountered at the present time in applying a vec-
tor theory of the scattering of an electromagnetic field from a two-dimensional randomly
rough surface of a penetrable medium to the design of a surface that produces not only a
specified angular dependence of the intensity of the scattered field, but also a specified an-
gular dependence of its polarization. It is hoped that the treatment of the simpler problem
addressed here will stimulate efforts to solve the latter more difficult problem.

In Section 3.1 we describe three approaches to the design of a two-dimensional ran-
domly rough surface which when illuminated by a scalar plane wave produces a scattered
field with a specified angular dependence of its mean intensity. In proceeding from the
simplest and most restricted approaches, in terms of the kinds of scattering patterns they
can produce, to the most flexible and general approach, we follow the historical develop-
ment of the subject, which also reflects the growth of our own understanding of this class
of inverse scattering problems.

In Section 3.2 we consider the problem of designing a two-dimensional randomly rough
surface that produces a scattered field with a prescribed spatial dependence of its mean
intensity. Specifically, we seek a surface in the x1x2 plane that produces a specified depen-
dence of the mean intensity of the scattered field along the x3 axis. It is then shown that
such a surface can be used to extend the depth of focus of imaging systems.

Finally, one of the approaches developed in Section 3.1 is applied in Section 3.3 to the
design of a two-dimensional random surface that scatters a scalar Gaussian beam incident
normally on it in such a way that the two-point amplitude correlation function of the scat-
tered field has a prescribed spatial dependence in the plane of the surface. An alternative
approach to the solution of this problem is also presented in this section, and has the at-
tractive feature of generating surfaces that can be fabricated by well-known experimental
techniques. The scattered field generated by both of these approaches, which is partially
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coherent, is shown to produce the same far-field intensity distribution as a completely co-
herent laser source.

These examples illustrate the versatility of the approaches described for designing sur-
faces with different types of specified scattering properties, and indicate some of the kinds
of applications in which specially designed surfaces can be used.

3.1. The Design of Two-Dimensional Randomly Rough Surfaces that Produce a
Scattered Field with a Specified Angular Dependence of its Mean Intensity

A convenient starting point for the generation of two-dimensional randomly rough surfaces
with specified scattering properties is the expression for the mean differential reflection
coefficient in the case of the scattering of a scalar plane wave from the two-dimensional
randomly rough surface of an impenetrable medium. The physical system we consider,
therefore, consists of vacuum in the region x3 > ζ(x‖), where x‖ = (x1, x2,0) is a position
vector in the plane x3 = 0, and the scattering medium in the region x3 < ζ(x‖). The surface
profile function ζ(x‖) is assumed to be a single-valued function of x‖ that is differentiable
with respect to x1 and x2, and constitutes a random process, but not necessarily a stationary
one. The surface x3 = ζ(x‖) is illuminated from the vacuum by a scalar plane wave.

3.1.1. The Scattering Problem

The problem, therefore, that concerns us is that of finding the solution of the scalar wave
equation

∇2Ψ (x; t) = 1

c2

∂2

∂t2
Ψ (x; t) (3.1.1)

in the vacuum region x3 > ζ(x‖). In Eq. (3.1.1) x = (x1, x2, x3), and c is the speed of
light in vacuum. We assume that the field Ψ (x; t) is real and monochromatic of angular
frequency ω, so that it has the form

Ψ (x; t) = Re
{
ψ(x|ω) exp(−iωt)

}
= 1

2

[
ψ(x|ω) exp(−iωt) + ψ∗(x|ω) exp(iωt)

]
, (3.1.2)

where Re denotes the real part. Substitution of Eq. (3.1.2) into Eq. (3.1.1) shows that the
complex amplitude of the wave ψ(x|ω) satisfies the Helmholtz equation

[∇2 + (ω/c)2]ψ(x|ω) = 0. (3.1.3)

If the operations on Ψ (x; t) are linear, one can drop the symbol Re in Eq. (3.1.2) and
work directly with the complex function ψ(x|ω) exp(−iωt). The real part of the resulting
expression is then understood to represent the physical quantity of interest [3.2]. However,
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in working with expressions that involve nonlinear operations, such as multiplying two
fields, one must in general take the real parts first and operate with these alone.

We assume that the field ψ(x|ω) satisfies either (a) the Dirichlet boundary condition

ψ(x|ω)
∣∣
x3=ζ(x‖) = 0, (3.1.4)

or (b) the Neumann boundary condition

∂

∂n
ψ(x|ω)

∣∣∣∣
x3=ζ(x‖)

= 0 (3.1.5)

on the rough surface x3 = ζ(x‖). In Eq. (3.1.5) ∂/∂n is the derivative along the normal to
this surface at each point, directed into the vacuum,

∂

∂n
= 1

[1 + (∇ζ(x‖))2] 1
2

(
−∂ζ(x‖)

∂x1

∂

∂x1
− ∂ζ(x‖)

∂x2

∂

∂x2
+ ∂

∂x3

)
. (3.1.6)

In addition, we require that ψ(x|ω) be the sum of an incoming incident wave and outgoing
scattered waves at x3 = ∞.

We introduce the free-space scalar Green’s function g0(x|x′) that satisfies the equation

(∇2 + (ω/c)2)g0(x|x′) = −4πδ(x − x′), (3.1.7)

subject to an outgoing wave boundary condition at infinity. It has the representations

g0(x|x′) = exp[i(ω/c)|x − x′|]
|x − x′| (3.1.8a)

=
∫

d2k‖
(2π)2

2πi

α0(k‖)
exp

[
ik‖ · (x‖ − x′‖) + iα0(k‖)|x3 − x′

3|
]
, (3.1.8b)

where

α0(k‖) = [
(ω/c)2 − k2‖

] 1
2 k‖ < ω/c (3.1.9a)

= i
[
k2‖ − (ω/c)2] 1

2 k‖ > ω/c. (3.1.9b)

3.1.1.1. The Incident and Scattered Fields We now apply Green’s second integral iden-
tity [3.1] ∫

Ω

d3x
(
u∇2v − v∇2u

) =
∫
Σ

dS

(
u

∂v

∂ν
− v

∂u

∂ν

)
, (3.1.10)
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where u(x) and v(x) are arbitrary scalar functions of x defined in a volume Ω that is
bounded by a closed surface Σ . The derivative ∂/∂ν is taken along the normal to the
surface Σ at each point, directed away from the volume Ω . We assume that the volume
Ω is the region x3 > ζ(x‖), while the surface Σ is the union of the rough surface x3 =
ζ(x‖), which we denote by S, and a hemispherical cap of infinite radius in the upper half
space, which we denote by S(+∞). Then, if we set u(x) = ψ(x|ω) and v(x) = g0(x|x′) in
Eq. (3.1.10), and use Eqs. (3.1.3) and (3.1.7), we obtain

−4πθ
(
x′

3 − ζ(x′‖)
)
ψ(x′|ω)

= −
∫
S

dS

[
ψ(x|ω)

∂

∂n
g0(x|x′) − g0(x|x′) ∂

∂n
ψ(x|ω)

]

+
∫

S(+∞)

dS

[
ψ(x|ω)

∂

∂ν
g0(x|x′) − g0(x|x′) ∂

∂ν
ψ(x|ω)

]
, (3.1.11)

where θ(x) is the Heaviside unit step function. Because the scattered field will satisfy a
radiation condition at infinity, its contribution to the integral over the hemispherical cap of
infinite radius S(+∞) on the right-hand side of Eq. (3.1.11) vanishes. The latter therefore
yields −4πψ(x′|ω)inc, where ψ(x|ω)inc is the incident field. The incident field ψ(x|ω)inc
satisfies the Helmholtz equation

(∇2 + (ω/c)2)ψ(x|ω)inc = 0. (3.1.12)

We will represent it in the form of an incoming plane wave,

ψ(x|ω)inc = exp
[
ik‖ · x‖ − iα0(k‖)x3

]
. (3.1.13)

We can then rewrite Eq. (3.1.11) as

θ
(
x3 − ζ(x‖)

)
ψ(x|ω) = ψ(x|ω)inc

+ 1

4π

∫
S

dS′
[(

∂

∂n′ g0(x|x′)
)

ψ(x′|ω) − g0(x|x′) ∂

∂n′ ψ(x′|ω)

]
.

(3.1.14)

In writing this equation we have used the symmetry of g0(x|x′) in x and x′.
We have assumed that the surface profile function ζ(x‖) is a single-valued function

of x‖. We can therefore replace integration over the surface S by integration over the plane
x3 = 0, with the aid of the relation

dS = [
1 + (∇ζ(x‖)

)2] 1
2 d2x‖. (3.1.15)
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Thus, Eq. (3.1.14) can be rewritten as

θ
(
x3 − ζ(x‖)

)
ψ(x|ω) = ψ(x|ω)inc + 1

4π

∫
d2x′‖

{[
∂g0(x|x′)/∂N ′]

x′
3=ζ(x′‖)

H(x′‖|ω)

− [
g0(x|x′)

]
x′

3=ζ(x′‖)
L(x′‖|ω)

}
, (3.1.16)

where we have introduced the un-normalized normal derivative ∂/∂N ,

∂

∂N
= −∂ζ(x‖)

∂x1

∂

∂x1
− ∂ζ(x‖)

∂x2

∂

∂x2
+ ∂

∂x3
, (3.1.17)

and have defined the source functions H(x‖ω) and L(x‖|ω) by

H(x‖|ω) = ψ(x|ω)
∣∣
x3=ζ(x‖), (3.1.18)

L(x‖|ω) = [
∂ψ(x|ω)/∂N

]∣∣
x3=ζ(x‖). (3.1.19)

When ψ(x|ω) satisfies the Dirichlet boundary condition, Eq. (3.1.4), then in view of
Eq. (3.1.18), Eq. (3.1.16) becomes

θ
(
x3 − ζ(x‖)

)
ψ(x|ω) = ψ(x|ω)inc

− 1

4π

∫
d2x′‖

[
g0(x|x′)

]
x′

3=ζ(x′‖)
L(x′‖|ω). (3.1.20)

The scattered field is given by the second term on the right-hand side of this equation

ψ(x|ω)sc = − 1

4π

∫
d2x′‖

[
g0(x|x′)

]
x′

3=ζ(x′‖)
L(x′‖|ω). (3.1.21)

In the far field, x3 � ζ(x‖)max, the use of Eq. (3.1.8b) enables us to rewrite Eq. (3.1.21) in
the form

ψ(x|ω)sc =
∫

d2q‖
(2π)2

RD(q‖|k‖) exp
[
iq‖ · x‖ + iα0(q‖)x3

]
, (3.1.22)

where the scattering amplitude RD(q‖|k‖) is

RD(q‖|k‖) = − i

2α0(q‖)

∫
d2x‖ L(x‖|ω) exp

[−iq‖ · x‖ − iα0(q‖)ζ(x‖)
]
. (3.1.23)

The dependence of RD(q‖|k‖) on k‖ is through the dependence of the source function
L(x‖|ω) on the incident field (3.1.13).
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When ψ(x|ω) satisfies the Neumann boundary condition, Eq. (3.1.5), then in view of
Eqs. (3.1.6), (3.1.15) and (3.1.19), Eq. (3.1.16) becomes

θ
(
x3 − ζ(x‖)

)
ψ(x|ω) = ψ(x|ω)inc

+ 1

4π

∫
d2x′‖

[
∂g0(x|x′)/∂N ′]

x′
3=ζ(x′‖)

H(x′‖|ω). (3.1.24)

Thus, the scattered field is now given by

ψ(x|ω)sc = 1

4π

∫
d2x′‖

[
∂g0(x|x′)/∂N ′]

x′
3=ζ(x′‖)

H(x′‖|ω). (3.1.25)

In the far-field region, x3 � ζ(x‖)max, the use of Eq. (3.1.8b) enables us to rewrite
Eq. (3.1.25) in the form

ψ(x|ω)sc =
∫

d2q‖
(2π)2

RN(q‖|k‖) exp
[
iq‖ · x‖ + iα0(q‖)x3

]
, (3.1.26)

where the scattering amplitude RN(q‖|k‖) is

RN(q‖|k‖) = −1

2α0(q‖)

∫
d2x‖ H(x‖|ω)

[
q‖ · ∇x‖ − α0(q‖)

]
× exp

[−iq‖ · x‖ − iα0(q‖)ζ(x‖)
]
. (3.1.27)

3.1.1.2. The Mean Differential Reflection Coefficient The differential reflection coef-
ficient (∂R/∂Ωs) is defined such that (∂R/∂Ωs)dΩs is the fraction of the total time-
averaged incident flux that is scattered into the element of solid angle dΩs about a given
scattering direction, in the limit as dΩs tends to zero. To calculate the energy flux vector
of the real scalar field Ψ (x; t) we use the approach presented by Born and Wolf [3.3]. We
return to Eq. (3.1.1) and multiply it by ∂Ψ (x; t)/∂t to obtain

∂Ψ (x; t)
∂t

[
∇2Ψ (x; t) − 1

c2

∂2Ψ (x; t)
∂t2

]
= 0. (3.1.28)

If we use the identities

∂Ψ (x; t)
∂t

∇2Ψ (x; t) = ∇ ·
(

∂Ψ (x; t)
∂t

∇Ψ (x; t)
)

− 1

2

∂

∂t

(∇Ψ (x; t))2 (3.1.29)

and

∂Ψ (x; t)
∂t

∂2Ψ (x; t)
∂t2

= 1

2

∂

∂t

(
∂Ψ (x; t)

∂t

)2

, (3.1.30)
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Eq. (3.1.28) can be rewritten in the form

∇ · S(x; t) + ∂W(x; t)
∂t

= 0, (3.1.31)

where

S(x; t) = −a
∂Ψ (x; t)

∂t
∇Ψ (x; t), (3.1.32)

W(x; t) = 1

2
a

[(∇Ψ (x; t))2 + 1

c2

(
∂Ψ (x; t)

∂t

)2]
. (3.1.33)

In Eqs. (3.1.32) and (3.1.33) a is an arbitrary constant which we assume to be positive.
Equation (3.1.31) has the form of an equation of continuity, and this suggests that the
vector S(x; t) may be regarded as representing the energy flux vector of the field Ψ (x; t),
while the scalar quantity W(x; t) represents its energy density.

In the case that the field Ψ (x; t) is monochromatic of frequency ω, and has the form
given by Eq. (3.1.2), the expressions for S(x; t) and W(x; t) become

S(x; t) = −a

4
(iω)

[
ψ∗∇ψ − ψ∇ψ∗ + ψ∗∇ψ∗ exp(i2ωt) − ψ∇ψ exp(−i2ωt)

]
,

(3.1.34)

W(x; t) = a

8

{
2∇ψ · ∇ψ∗ + (∇ψ)2 exp(−i2ωt) + (∇ψ∗)2 exp(i2ωt)

−
(

ω

c

)2[−2ψ∗ψ + ψ2 exp(−i2ωt) + ψ∗2 exp(i2ωt)
]}

. (3.1.35)

If we now evaluate the time averages of these expressions, which we will denote by an
over-bar, over a time interval −T ′ � t � T ′, where T ′ is large compared with the period
T = 2π/ω of the oscillations of the field, the contributions from the time-dependent terms
on the right-hand sides of Eqs. (3.1.34) and (3.1.35) are negligible, so that

S̄(x; t) = −1

4
(iω)a

[
ψ∗∇ψ − ψ∇ψ∗] (3.1.36a)

= 1

2
ωa Imψ∗∇ψ, (3.1.36b)

W̄ (x; t) = a

4

[∇ψ∗ · ∇ψ + (ω/c)2ψ∗ψ
]
. (3.1.37)

In calculating the incident or scattered energy flux we are interested only in the part of
the flux approaching or leaving the surface, respectively. Thus, we are concerned with the
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component of the time-averaged energy flux vector that is parallel to the x3 axis. From
Eq. (3.1.36b) we see that it is given by

S̄3 = 1

2
ωa Imψ∗(x|ω)

∂ψ(x|ω)

∂x3
. (3.1.38)

The magnitude of the total time-averaged flux incident on the region −L1/2 <

x1 < L1/2, −L2/2 < x2 < L2/2 of the plane x3 = 0 covered by the random surface is
therefore

Pinc = −1

2
ωa Im

L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2 ψ∗(x|ω)inc
∂ψ(x|ω)inc

∂x3
(3.1.39a)

= L1L2
1

2
ωaα0(k‖), (3.1.39b)

where the minus sign on the right-hand side of Eqs. (3.1.39a) compensates for the fact that
the 3-component of the incident flux vector is negative.

The magnitude of the total time-averaged flux scattered from the region −L1/2 < x1 <

L1/2, −L2/2 < x2 < L2/2 of the plane x3 = 0 is

Psc = 1

2
aω Im

L1
2∫

− L1
2

dx1

L2
2∫

− L2
2

dx2 ψ∗(x|ω)sc
∂ψ(x|ω)sc

∂x3

= 1

2
aω Im

L1
2∫

− L2
2

dx1

L2
2∫

− L2
2

dx2

∫
d2q‖
(2π)2

R∗(q‖|k‖) exp
[−iq‖ · x‖ − iα∗

0(q‖)x3
]

×
∫

d2q ′‖
(2π)2

iα0(q
′‖)R(q′‖|k‖) exp

[
iq′‖ · x‖ + iα0(q

′‖)x3
]

= 1

2
aω Im

∫
d2q‖
(2π)2

iα0(q‖)
∣∣R(q‖|k‖)

∣∣2 exp
[−2 Imα0(q‖)x3

]

= 1

2
aω

∫
q‖< ω

c

d2q‖
(2π)2

α0(q‖)
∣∣R(q‖|k‖)

∣∣2. (3.1.40)

Here the scattering amplitude R(q‖|k‖) is either RD(q‖|k‖) or RN(q‖|k‖). If we now in-
troduce the polar and azimuthal angles of incidence (θ0, φ0) and scattering (θs, φs), respec-
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Figure 3.1. The scattering geometry assumed in this chapter.

tively, by (Fig. 3.1)

k‖ = (ω/c) sin θ0(cosφ0, sinφ0,0), (3.1.41a)

q‖ = (ω/c) sin θs(cosφs, sinφs,0), (3.1.41b)

we find that

α0(k‖) = (ω/c) cos θ0, α0(q‖) = (ω/c) cos θs, (3.1.42)

d2q‖ = (ω/c)2 cos θs dΩs, (3.1.43)

where dΩs = sin θs dθs dφs is the element of solid angle. Thus, we can write the total
incident flux as

Pinc = S
1

2
ωa

ω

c
cos θ0, (3.1.44)

where S = L1L2 is the area of the x1x2 plane covered by the rough surface, and we can
write the total scattered flux as

Psc =
∫

dΩs Psc(Ωs), (3.1.45)

where

Psc(Ωs) = 1

2
aω

ω

c

(
ω

2πc

)2

cos2 θs

∣∣R(q‖|k‖)
∣∣2. (3.1.46)
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By definition the differential reflection coefficient is given by

(
∂R

∂Ωs

)
= Psc(Ωs)

Pinc
= 1

S

(
ω

2πc

)2 cos2 θs

cos θ0

∣∣R(q‖|k‖)
∣∣2. (3.1.47)

Since the surface defined by the profile function ζ(x‖) is a randomly rough surface, it is
the mean differential reflection coefficient that is of interest to us. It is given by

〈
∂R

∂Ωs

〉
= 1

S

(
ω

2πc

)2 cos2 θs

cos θ0

〈∣∣R(q‖|k‖)
∣∣2〉, (3.1.48)

where as before the angle brackets denote an average over the ensemble of realizations of
the surface profile function. Equations (3.1.47) and (3.1.48) apply to scattering from both
Dirichlet and Neumann surfaces.

3.1.1.3. The Equations Satisfied by the Source Functions The source functions L(x‖|ω)

and H(x‖|ω) satisfy integral equations that can be obtained in the following way. In the
case of the source function L(x‖|ω) we set x3 = ζ(x‖) + η and x3 = ζ(x‖) − η in Eq.
(3.1.20), where η is a positive infinitesimal, and add the resulting equations, taking the
boundary condition (3.1.4) into account. The result can be written

2H(x‖|ω)inc = 1

2π

∫
d2x′‖

[
g0(x|x′)

]
x′

3=ζ(x′‖)
x3=ζ(x‖)

L(x′‖|ω), (3.1.49)

where

H(x‖|ω)inc = ψ(x|ω)inc
∣∣
x3=ζ(x‖). (3.1.50)

In obtaining this equation we have used the result that [3.4]

∫
d2x′‖

[
g0(x|x′)

]
x′

3=ζ(x′‖)
x3=ζ(x‖)±η

L(x′‖|ω) =
∫

d2x′‖
[
g0(x|x′)

]
x′

3=ζ(x′‖)
x3=ζ(x‖)

L(x′‖|ω), (3.1.51)

i.e., that the singularity of [g0(x|x′)]x′
3=ζ(x′‖), x3=ζ(x‖) at x‖ = x′‖ is integrable.

A more convenient equation for L(x‖|ω) is obtained if we assume that x3 > ζ(x‖) and
apply the operator ∂/∂N to both sides of Eq. (3.1.20). In this way we obtain

θ
(
x3 − ζ(x‖)

)(
∂ψ(x|ω)/∂N

) = (
∂ψ(x|ω)inc/∂N

)
− 1

4π

∫
d2x′‖

[
∂g0(x|x′)/∂N

]
x′

3=ζ(x′‖)
L(x′‖|ω).

(3.1.52)
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We next set x3 = ζ(x‖) + η and x3 = ζ(x‖) − η in this equation, where η is a positive
infinitesimal, and add the resulting equations. The result is the equation

L(x‖|ω) = 2L(x‖|ω)inc − 1

2π
P

∫
d2x′‖

[
∂g0(x|x′)/∂N

]
x′

3=ζ(x′‖)
x3=ζ(x‖)

L(x′‖|ω), (3.1.53)

where P denotes the Cauchy principal value, and

L(x‖|ω)inc = [
∂ψ(x|ω)inc/∂N

]
x3=ζ(x‖). (3.1.54)

In writing Eq. (3.1.53) we have used the result that

[
∂g0(x|x′)/∂N

]
x′

3=ζ(x′‖)
x3=ζ(x‖)+η

+ [
∂g0(x|x′)/∂N

]
x′

3=ζ(x′‖)
x3=ζ(x‖)−η

=

⎧⎪⎨
⎪⎩

2[∂g0(x|x′)/∂N ]
x′

3=ζ(x′‖)
x3=ζ(x‖)

x‖ �= x′‖,

0 x‖ = x′‖ .

(3.1.55)

To obtain the equation satisfied by the source function H(x‖|ω) we let x3 take the values
ζ(x‖)+ η and ζ(x‖)− η in turn in Eq. (3.1.26) and add the resulting equations. In this way
we obtain the equation

H(x‖|ω) = 2H(x‖|ω)inc + 1

2π
P

∫
d2x′‖

[
∂g0(x|x′)/∂N ′]

x′
3=ζ(x′‖)

x3=ζ(x‖)

H(x′‖|ω), (3.1.56)

where H(x‖|ω)inc has been defined in Eq. (3.1.50).
In obtaining Eq. (3.1.56) we used the result that

[
∂g0(x|x′)/∂N ′]

x′
3=ζ(x′‖)

x3=ζ(x‖)+η

+ [
∂g0(x|x′)/∂N ′]

x′
3=ζ(x′‖)

x3=ζ(x‖)−η

=

⎧⎪⎨
⎪⎩

2[∂g0(x|x′)/∂N ′]
x′

3=ζ(x′‖)
x3=ζ(x‖)

x‖ �= x′‖,

0 x‖ = x′‖.

(3.1.57)

3.1.1.4. The Kirchhoff Approximation and its Geometrical Optics Limit We will return to
Eqs. (3.1.53) and (3.1.56), especially Eq. (3.1.53), later in this chapter. However to proceed
farther here, we will use the Kirchhoff approximation to each source function due to its
simplicity. It can be obtained from the exact equations (3.1.53) and (3.1.56) in the following
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way. In this approximation the source term L(x‖|ω) is given by the inhomogeneous term
on the right-hand side of Eq. (3.1.53),

L(x‖|ω)K = 2

(
−∂ζ(x‖)

∂x1

∂

∂x1
− ∂ζ(x‖)

∂x2

∂

∂x2
+ ∂

∂x3

)
ψ(x‖ω)inc

∣∣∣∣
x3=ζ(x‖)

= −2i

(
k1

∂ζ(x‖)
∂x1

+ k2
∂ζ(x‖)
∂x2

+ α0(k)

)
exp

[
ik‖ · x‖ − iα0(k‖)ζ(x‖)

]
.

(3.1.58)

This approximation is equivalent to the assumption that the scattering takes place as reflec-
tion from the plane tangent to the surface at each point [3.5].

Substitution of Eq. (3.1.58) into Eq. (3.1.25) yields the result that the amplitude for
scattering from a Dirichlet surface is

RD(q‖|k‖) = − 1

α0(q‖)

∫
d2x‖

(
k1

∂ζ(x‖)
∂x1

+ k2
∂ζ(x‖)
∂x2

+ α0(k‖)
)

× exp
[−i(q‖ − k‖) · x‖ − i

(
α0(q‖) + α0(k‖)

)
ζ(x‖)

]
. (3.1.59)

We can rewrite Eq. (3.1.59) in such a way that derivatives of the surface profile function
no longer appear in it. To accomplish this we begin by introducing the function I (γ |Q‖)
defined by

exp
[−iγ ζ(x‖)

] =
∫

d2Q‖
(2π)2

I (γ |Q‖) exp(iQ‖ · x‖). (3.1.60)

If we differentiate both sides of this equation with respect to xα (α = 1,2), we obtain

∂ζ(x‖)
∂xα

exp
[−iγ ζ(x‖)

] = −
∫

d2Q‖
(2π)2

Qα

γ
I (γ |Q‖) exp(iQ‖ · x‖). (3.1.61)

The use of Eqs. (3.1.60)–(3.1.61) in Eq. (3.1.59) yields the result

RD(q‖|k‖)

= − (ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖
α0(q‖)[α0(q‖) + α0(k‖)] I

(
α0(q‖) + α0(k‖)|q‖ − k‖

)
. (3.1.62)

The inverse of Eq. (3.1.60),

I (γ |Q‖) =
∫

d2x‖ exp(−iQ‖ · x‖) exp
[−iγ ζ(x‖)

]
, (3.1.63)
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enables us to rewrite Eq. (3.1.62) finally as

RD(q‖|k‖) = − (ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖
α0(q‖)[α0(q‖) + α0(k‖)]

×
∫

d2x‖ exp
[−i(q‖ − k‖) · x‖

]
exp

[−i
(
α0(q‖) + α0(k‖)

)
ζ(x‖)

]
.

(3.1.64)

In the Kirchhoff approximation the source function H(x‖|ω) is given by the inhomoge-
neous term on the right-hand side of Eq. (3.1.56),

H(x‖|ω)K = 2ψ(x|ω)inc
∣∣
x3=ζ(x‖)

= 2 exp
[
ik‖ · x‖ − iα0(k‖)ζ(x‖)

]
. (3.1.65)

This approximation is also equivalent to the assumption that scattering takes place as reflec-
tion from the plane tangent to the surface at each point [3.5]. Substitution of Eq. (3.1.65)
into Eq. (3.1.27) yields the result that the amplitude for scattering from a Neumann surface
is

RN(q‖|k‖) = − 1

α0(q‖)

∫
d2x‖

[
q1

∂ζ(x‖)
∂x1

+ q2
∂ζ(x‖)
∂x2

− α0(q‖)
]

× exp
[−i(q‖ − k‖) · x‖ − i

(
α0(q‖) + α0(k‖)

)
ζ(x‖)

]
. (3.1.66)

The application of Eqs. (3.1.60)–(3.1.61) to Eq. (3.1.66) produces the result

RN(q‖|k‖) = (ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖
α0(q‖)[α0(q‖) + α0(k‖)] I

(
α0(q‖) + α0(k‖)|q‖ − k‖

)
. (3.1.67)

The use of Eq. (3.1.63) gives us finally that

RN(q‖|k‖) = (ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖
α0(q‖)[α0(q‖) + α0(k‖)]

×
∫

d2x‖ exp
[−i(q‖ − k‖) · x‖

]
exp

[−i
(
α0(q‖) + α0(k‖)

)
ζ(x‖)

]
.

(3.1.68)

A comparison of Eqs. (3.1.64) and (3.1.68) reveals that the amplitude for the scatter-
ing of a scalar plane wave from a two-dimensional rough surface on which the Dirichlet
boundary condition is satisfied differs only in sign from the amplitude for the scattering
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of the same scalar plane wave from a two-dimensional rough surface on which the Neu-
mann boundary condition is satisfied. Since the mean differential reflection coefficient,
Eq. (3.1.48) is indifferent to the sign of the scattering amplitude, it follows that it is given
by

〈
∂R

∂Ωs

〉
= 1

S

1

4π2 cos θ0

[(ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖]2

[α0(q‖) + α0(k‖)]2

×
∫

d2x‖
∫

d2x′‖ exp
[−i(q‖ − k‖) · (x‖ − x′‖)

]
× 〈

exp
[−i

(
α0(q‖) + α0(k‖)

)(
ζ(x‖) − ζ(x′‖)

)]〉
(3.1.69a)

= 1

S

(
ω

2πc

)2 [1 + cos θs cos θ0 − sin θs sin θ0 cos(φs − φ0)]2

cos θ0(cos θ0 + cos θs)2

×
∫

d2x‖
∫

d2x′‖ exp
[−i(q‖ − k‖) · (x‖ − x′‖)

]
× 〈

exp
[−i(ω/c)(cos θs + cos θ0)

(
ζ(x‖) − ζ(x′‖)

)]〉
. (3.1.69b)

Because of the equality, within the Kirchhoff approximation, of the mean differential re-
flection coefficient for scattering from a Dirichlet and a Neumann surface, in what follows,
for specificity, we will confine our attention to Dirichlet surfaces whenever the Kirchhoff
approximation is used.

Our aim is to find a function ζ(x‖) that produces a prescribed form for 〈∂R/∂Ωs〉. As
it stands, Eqs. (3.1.69) are too complicated to invert to obtain ζ(x‖) in terms of 〈∂R/∂Ωs〉.
To simplify them we pass to the geometrical optics limit of the Kirchhoff approximation,
which is obtained by making the change of variable x′‖ = x‖ −u‖, expanding the difference
ζ(x‖)− ζ(x‖ −u‖) in powers of u‖, and keeping only the linear term. In this way we obtain
the result

〈
∂R

∂Ωs

〉
= 1

S

1

4π2 cos θ0

[(ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖]2

[α0(q‖) + α0(k‖)]2

×
∫

d2x‖
∫

d2u‖ exp
[−i(q‖ − k‖) · u‖

]
× 〈

exp
[−i

(
α0(q‖) + α0(k‖)

)
u‖ · ∇ζ(x‖)

]〉
(3.1.70a)

= 1

S

(
ω

2πc

)2 [1 + cos θs cos θ0 − sin θs sin θ0 cos(φs − φ0)]2

cos θ0(cos θ0 + cos θs)2

×
∫

d2x‖
∫

d2u‖ exp
[−i(q‖ − k‖) · u‖

]
× 〈

exp
[−i(ω/c)(cos θs + cos θ0)u‖ · ∇ζ(x‖)

]〉
. (3.1.70b)
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Equation (3.1.70b) simplifies greatly in the case of normal incidence, where θ0 = 0◦ and
k‖ = 0:

〈
∂R

∂Ωs

〉
= 1

S

(
ω

2πc

)2 ∫
d2u‖ exp(−iq‖ · u‖)

×
∫

d2x‖
〈
exp

[−i(ω/c)(1 + cos θs)u‖ · ∇ζ(x‖)
]〉
. (3.1.71)

We now turn to the application of the results obtained in this section to the design of two-
dimensional randomly rough surfaces with several different types of scattering properties.

3.1.2. The Design of a Two-Dimensional Randomly Rough Surface that Acts as a
Band-Limited Uniform Diffuser Within a Rectangular Domain of Scattering Angles

The earliest effort to design a two-dimensional randomly rough surface with prescribed
scattering processes was devoted to the design of such a surface that produces a mean dif-
ferential reflection coefficient that is constant within a rectangular domain of scattering
angles, and produces no scattering outside this domain [3.6]. This is perhaps the simplest
two-dimensional random surface that scatters an incident field in a prescribed fashion. The
approach used in this work consisted of representing the surface profile function of the
random surface as the superposition of two orthogonal sets of equally spaced identical
trapezoidal grooves whose amplitudes were assumed to be independent, identically dis-
tributed random deviates drawn from a probability density function determined in such
a way that the field scattered from the resulting surface produced a mean differential re-
flection coefficient that possessed the prescribed form. Such a surface was fabricated on
photoresist [3.6], and was shown to produce an intensity distribution in transmission that
resembled the specified one [3.6].

In this section we revisit the problem on the basis of an approach [3.7] that is simpler
to implement, both theoretically and experimentally, than the one that was employed in
Ref. [3.6]. Thus, we begin by representing the surface profile function ζ(x‖) in the form

ζ(x‖) = ζ1(x1) + ζ2(x2), (3.1.72)

where ζ1(x1) and ζ2(x2) are statistically independent random processes. We assume that
this surface is illuminated at normal incidence by a scalar plane wave. In this case
Eq. (3.1.71) becomes

〈
∂R

∂Ωs

〉
= 1

L1L2

(
ω

2πc

)2

I1(q1)I2(q2), (3.1.73)
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where L1 and L2 are the lengths of the x1 and x2 axes covered by the random surface, and
where (j = 1,2)

Ij (qj ) =
∞∫

−∞
dx1

∞∫
−∞

duj exp(−iqjuj )
〈
exp

[−ia0uj ζ
′
j (xj )

]〉
. (3.1.74)

In writing Eq. (3.1.74) we have simplified the notation by setting

a0(θs) ≡ (ω/c)(1 + cos θs). (3.1.75)

We assume for ζj (xj ) the form

ζj (xj ) = anj
xj + bj , nj b < xj < (nj + 1)b, nj = −Nj ,−Nj + 1, . . . ,Nj − 1,

(3.1.76)
where the {anj

} are independent, identically distributed random deviates, b is a character-
istic length, and the {bnj

} are obtained from the requirement that ζj (xj ) be a continuous
function of xj . This condition leads to the recurrence relation

bnj +1 = bnj
− (nj + 1)(anj +1 − anj

)b, (3.1.77)

which determines all of the {bnj
} once the value of one of them is known. In applying this

relation it is convenient to set b0 = 0, and we do so. The independence of the {anj
}, and the

fact that they are identically distributed, have the consequence that the probability density
function of anj

,

fj (γj ) = 〈
δ(γj − anj

)
〉

(3.1.78)

is independent of nj . The angle brackets in Eq. (3.1.78) denote an average over the en-
semble of realizations of the surface profile function ζj (xj ). In the present case this is
equivalent to an average over the ensemble of realizations of anj

.
When the result given by Eq. (3.1.76) is substituted into Eq. (3.1.74), the latter becomes

Ij (qj ) =
∞∫

−∞
duj exp(−iqjuj )

Nj −1∑
nj =−Nj

(nj +1)b∫
nj b

dxj

〈
exp[−ia0ujanj

]〉. (3.1.79)

The evaluation of this expression is carried out exactly as this was done in Section 2.1.1,
with the result

Ij (qj ) = Lj

2π

a0
fj

(
−qj

a0

)
, (3.1.80)
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where we have set Lj = 2Njb. On combining Eqs. (3.1.73) and (3.1.80) we obtain for the
mean differential reflection coefficient

〈
∂R

∂Ωs

〉
= 1

(1 + cos θs)2
f1

(
−q1

a0

)
f2

(
−q2

a0

)
. (3.1.81)

We seek a surface profile function ζ(x‖) that produces a mean differential reflection
coefficient that is a constant within a rectangular domain of scattering angles, and vanishes
outside this domain. It can be represented in the form

〈
∂R

∂Ωs

〉
= A1θ

(
q1m − |q1|

)
A2θ

(
q2m − |q2|

)
, (3.1.82)

where A1 and A2 are constants to be determined. Thus, on combining Eqs. (3.1.81) and
(3.1.82), we find that we can define f1(γ1) and f2(γ2) through the relations

1

1 + cos θs

f1

(
−q1

a0

)
= A1θ

(
q1m − |q1|

)
(3.1.83a)

and

1

1 + cos θs

f2

(
−q2

a0

)
= A2θ

(
q2m − |q2|

)
. (3.1.83b)

We now make the changes of variables

γ1 = −q1

a0
= − sin θs cosφs

1 + cos θs

, (3.1.84a)

γ2 = −q2

a0
= − sin θs sinφs

1 + cos θs

, (3.1.84b)

from which it follows that

cos θs = 1 − γ 2‖
1 + γ 2‖

, sin θs = 2γ‖
(1 + γ 2‖ )

, 1 + cos θs = 2

(1 + γ 2‖ )
, (3.1.85)

where

γ‖ = (
γ 2

1 + γ 2
2

) 1
2 . (3.1.86)

In order for f1(γ1) to be a function of γ1 alone, and not of γ1 and γ2, we have to work
in the limit of small scattering angles, where we can neglect γ 2‖ compared with unity. From
Eq. (3.1.85) we see that this is equivalent to replacing 1 + cos θs by 2. This is not a very
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restrictive condition. If θs is smaller than 23◦, 1 + γ 2‖ differs from unity by only 3% at
most. In this limit, Eqs. (3.1.83) yield the result that

fj (γj ) = 2Ajθ
(
γjm − |γj |

)
, (3.1.87)

where

γjm = (cqjm/2ω) ∼= θjm/2, (3.1.88)

which defines the angles θjm. The normalization of fj (γj )

∞∫
−∞

dγj fj (γj ) = 2Aj

γjm∫
−γjm

dγj = 4Ajγjm = 1, (3.1.89)

yields the result that

Aj = 1

4γjm

. (3.1.90)

It follows that 〈
∂R

∂Ωs

〉
= θ(γ1m − |γ1|)

4γ1m

θ(γ2m − |γ2|)
4γ2m

, (3.1.91)

fj (γj ) = θ(γjm − |γ1|)
2γjm

. (3.1.92)

With the probability density functions f1(γ1) and f2(γ2) in hand, the rejection method
[3.8] can be used to generate a long sequence of the {anj

}, from which the corresponding
{bnj

} are obtained by use of Eq. (3.1.77). The partial surface profile functions ζ1(x1) and
ζ2(x2) are then obtained from Eq. (3.1.76), and a realization of the surface profile function
ζ(x‖) is obtained from Eq. (3.1.72).

3.1.2.1. Solution of the Scattering Problem To determine how well the angular depen-
dence of the mean differential reflection coefficient obtained from the field scattered from
the random surface generated by the method just described agrees with the expression for
〈∂R/∂Ωs〉 used as the input for this method, a large number Np of realizations of the sur-
face profile function ζ(x‖) is generated, and for each realization the scattering problem for
a scalar plane wave incident normally on it is solved. The differential reflection coefficient
∂R/∂Ωs is calculated from each solution, and an arithmetic average of the Np results for
∂R/∂Ωs yields the mean differential reflection coefficient 〈∂R/∂Ωs〉. A comparison of
this result for 〈∂R/∂Ωs〉 with the expression used as the input to the determination of the
surface reveals the quality of that surface.
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3.1.2.1.1. A Rigorous Numerical Simulation Approach For this comparison to be mean-
ingful, the scattering problem should be solved by an approach that is more rigorous than
the geometrical optics limit of the Kirchhoff approximation, on which the determination
of the surface is based. This can be done by solving Eq. (3.1.53) for the source function
L(x‖|ω) numerically. For this purpose we first replace integration over the entire x′

1x
′
2

plane by integration over the finite square region −L/2 � x′
1, x

′
2 � L/2. The edge of this

square region is divided into N equal segments of length �x = L/N . The large square
region is thus subdivided into N2 square regions, each of area (�x)2. The centers of these
small square regions are given by the N2 vectors

x‖(m1,m2) =
(

−L

2
+
(

m1 − 1

2

)
�x,−L

2
+
(

m2 − 1

2

)
�x

)
, m1,m2 = 1,2,3, . . . ,N.

(3.1.93)
Integration with respect to x′‖ is then replaced by summation over these vectors according
to ∫

d2x′‖ f (x′‖) = (�x)2
N∑

m′
1=1

N∑
m′

2=1

f
(
x‖(m′

1,m
′
2)
)
. (3.1.94)

Of course, more sophisticated numerical quadrature schemes than the one given by
Eqs. (3.1.93) and (3.1.94) can be used to replace integration by summation. However,
the one given by Eqs. (3.1.93) and (3.1.94) is simple to use, and quite accurate if �x

is made small enough. Then by evaluating L(x‖|ω) in Eq. (3.1.53) at the same set of vec-
tors (3.1.93) used in evaluating the integral, we are led to the following matrix equation
for L(x‖|ω):

L
(
x‖(m1,m2)|ω

) = 2L
(
x‖(m1,m2)|ω

)
inc

− (�x)2

2π

N∑
m′

1=1

N∑
m′

2=1

′F
(
x‖(m1,m2)|x‖(m′

1,m
′
2)
)
L
(
x‖(m′

1,m
′
2)|ω

)
,

m1,m2 = 1,2,3, . . . ,N, (3.1.95)

where the kernel F(x‖|x′‖) is given explicitly by

F(x‖|x′‖) = [
∂g0(x|x′)/∂N

]
x′

3=ζ(x′‖)
x3=ζ(x‖)

= [−(x‖ − x′‖) · ∇ζ(x‖) + (
ζ(x‖) − ζ(x′‖)

)]( i(ω/c)

R
− 1

R2

)

× exp[i(ω/c)R]
R

(3.1.96)
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with

R = [
(x‖ − x′‖)2 + (

ζ(x‖) − ζ(x′‖)
)2] 1

2 . (3.1.97)

The prime on the sums in Eq. (3.1.95) indicates that the terms with (m′
1,m

′
2) = (m1,m2)

are to be omitted. This is the simplest way of evaluating the Cauchy principal values of the
integral in Eq. (3.1.53).

When L(x‖(m1,m2)|ω) has been obtained from the solution of Eq. (3.1.95), the scat-
tering amplitude, Eq. (3.1.25), can be expressed as

R(q‖|k‖) = −i

2(ω/c) cos θs

r(q‖|k‖), (3.1.98)

where

r(q‖|k‖) = (�x)2
N∑

m1=1

N∑
m2=1

L
(
x‖(m1,m2)|ω

)

× exp
[−iq‖ · x‖(m1,m2) − iα0(q‖)ζ

(
x‖(m1,m2)

)]
. (3.1.99)

The dependence of R(q‖|k‖) and r(q‖|k‖) on k‖ is due to the dependence of L(x‖|ω) on
k‖ through the dependence of L(x‖|ω)inc on k‖. The mean differential reflection coefficient
(3.1.48) is then given by

〈
∂R

∂Ωs

〉
= 1

16π2(N�x)2

〈|r(q‖|k‖)|2〉
cos θ0

, (3.1.100)

where we have used the result that S = L2 = (N�x)2.
In Fig. 3.2 we present a plot of 〈∂R/∂Ωs〉 calculated by means of Eqs. (3.1.95)–

(3.1.100), for the scattering of a scalar plane wave incident normally on a two-dimensional
randomly rough Dirichlet surface that has been designed to act as a band-limited uni-
form diffuser within a rectangular domain of scattering angles. The wavelength of the inci-
dent field was λ = 632.8 nm. The roughness parameters employed in this calculation were
b = 5λ = 3.164 µm, θ1m = 10◦, and θ2m = 20◦. The results for Np = 30 000 realizations
of the surface profile function were averaged to obtain this result. We see that the angu-
lar dependence of the mean differential reflection is very nearly constant within the range
|θ1s | < 10◦, |θ2s | < 20◦, where θjs = cqj /ω, and is essentially zero outside this range.

3.1.2.1.2. The Kirchhoff Approximation However, such rigorous numerical simulation
calculations of the scattering of a scalar plane wave from a two-dimensional randomly
rough Dirichlet surface are computationally intensive [3.9–3.11]. Calculations of the mean
differential reflection coefficient are readily carried out on the basis of the Kirchhoff ap-
proximation, without passing to the geometrical optics limit. In this approximation the
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Figure 3.2. The mean differential reflection coefficient estimated from Np = 30 000 realizations of the surface
profile function for the scattering of a scalar plane wave of wavelength λ = 632.8 nm incident normally on a
two-dimensional randomly rough Dirichlet surface designed to act as a band-limited uniform diffuser within a
rectangular region of scattering angles. The calculations were carried out on the basis of the rigorous approach
defined by Eqs. (3.1.95)–(3.1.100). The values of the parameters employed in these calculations were b = 5λ,
θ1m = 10◦ , and θ2m = 20◦ .

scattering amplitude in the case of normal incidence is obtained from Eq. (3.1.64) in the
form

R(q‖|0) = − 1

cos θs

∫
d2x‖ exp

[−iq‖ · x‖ − ia0ζ(x‖)
]

= − b2

cos θs

r1(q2)r2(q2), (3.1.101)

where

rj (qj ) = 1

b

∞∫
−∞

dxj exp
[−iqj xj − ia0ζj (xj )

]

= 1

b

Nj −1∑
nj =−Nj

(nj +1)b∫
nj b

dxj exp[−iqj xj − ia0anj
xj − ia0bnj

]

=
Nj −1∑

nj =−Nj

exp(−ia0bnj
) exp

[
−i(qj + a0anj

)

(
nj + 1

2

)
b

]

× sinc(qj + a0anj
)
b

2
. (3.1.102)
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Figure 3.3. The mean differential reflection coefficient 〈∂R/∂Ωs 〉 estimated from Np = 20 000 realizations of
the surface profile function for the case of normal incidence and a wavelength λ = 632.8 nm. The calculations
were carried out on the basis of the Kirchhoff approximation, Eqs. (3.1.102)–(3.1.103), for a two-dimensional
Dirichlet surface that acts as a band-limited uniform diffuser within a rectangular region of scattering angles. The
values of the parameters employed in this calculation were b = 200 µm, θ1m = 10◦ , and θ2m = 20◦ .

Since ζ1(x1) and ζ2(x2) are independent random processes, the substitution of Eq.
(3.1.101) into Eq. (3.1.48) (with θ0 = 0 and k‖ = 0) yields the mean differential reflec-
tion coefficient in the form

〈
∂R

∂Ωs

〉
= b2

4N1N2

(
ω

2πc

)2〈∣∣r1(q1)
∣∣2〉〈∣∣r2(q2)

∣∣2〉, (3.1.103)

where we have used the result that S = 4N1N2b
2.

3.1.2.2. Results In Fig. 3.3 we present a plot of 〈∂R/∂Ωs〉 calculated on the basis of
Eqs. (3.1.102) and (3.1.103). The wavelength of the incident field was λ = 632.8 nm.
The roughness parameters employed were b = 200 µm, θ1m = 10◦, and θ2m = 20◦. The
results for 20 000 realizations of the surface profile function were averaged to obtain this
result. It is seen that the angular dependence of the mean differential reflection coefficient
is very close to the desired result. There is almost no scattered intensity outside the range
−10◦ < θ1s < 10◦,−20◦ < θ2s < 20◦, where θjs = cqj /ω, and inside this range the mean
differential reflection coefficient is nearly constant.

It is because the two-dimensional random surface considered here is a superposition of
two one-dimensional random surfaces whose generators are perpendicular to each other,
Eq. (3.1.72), that this is a particularly simple case to treat.

3.1.2.3. Experimental Results Surfaces with rectangular symmetry in their scattering
properties can be fabricated with a simple modification of the fabrication technique pre-
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Figure 3.4. Photograph of an exposed photoresist plate. A one-dimensional surface profile has been written on
the left, and a two-dimensional surface profile with rectangular symmetry has been written on the right.

sented in Section 2.10. First, a one-dimensional surface profile function is impressed on
the photoresist plate in the manner described there. Then, the photoresist plate is rotated
by 90◦ and the operation is repeated changing, if desired, the exposure time to obtain a dif-
ferent angular range of the scattering pattern. In Fig. 3.4 we show a photograph of a plate
that has, on the left, a one-dimensional pattern, and, on the right, a pattern with rectangular
symmetry recorded in the manner just described.

In Fig. 3.5, we present the scattering distributions produced by a fabricated diffuser de-
signed to scatter light uniformly in a rectangular domain. The conditions of illumination
are those illustrated in Fig. 2.51. The pattern obtained with coherent illumination, shown
in Fig. 3.5(a), is significant only on a fairly well-defined region and contains speckle fluc-
tuations that, in this case, have rectangular symmetry. The use of a rotating ground glass in
the illumination results in a fairly uniform distribution of intensity in a rectangular region,
as shown in Fig. 3.5(b). Similarly, the use of polychromatic illumination eliminates the
speckle and produces a uniform intensity distribution in the same region. This is shown in
Fig. 3.5(c).

It is also illustrative to consider the results obtained with a binary diffractive optical
element designed to scatter light uniformly within a square region. The scattering patterns
obtained under the three different conditions of illumination are shown in Fig. 3.6. The
coherent pattern, shown in Fig. 3.6(a) contains speckle in a well-defined square region,
with a small amount of scattered light outside it. The use of the rotating ground glass
eliminates the speckle and produces the pattern shown in Fig. 3.6(b). The result is similar
to the one obtained with the refractive diffuser, which is shown in Fig. 3.5(b). However, as
shown in Fig. 3.6(c), the use of white light illumination with the diffractive optical element
does not produce acceptable results. In Fig. 3.7, we present a comparison of the white light
scattering patterns obtained with the refractive (a) and diffractive (b) diffusers as three-
dimensional images. These results illustrate one of the advantages of refractive diffusers
over the diffractive ones.
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Figure 3.5. Scattering patterns produced by a uniform rectangular optical diffuser for the three cases of illu-
mination illustrated in Fig. 2.51. (a) Coherent illumination, (b) illumination provided by a partially coherent
quasi-monochromatic source and, (c) illumination provided by a small polychromatic source. The pictures are
shown in reverse contrast and represent a region that is about 30◦-wide.

3.1.3. The Design of Two-Dimensional Randomly Rough Surfaces that Produce a
Scattered Field with Circular Symmetry

The approach described in Section 3.1.1 is effective for designing only two-dimensional
randomly rough surfaces that produce a scattered field that leads to a mean differential
reflection coefficient that is constant within a rectangular domain of scattering angles
and vanishes outside this domain. For purposes of applications it is desirable to be able
to design two-dimensional randomly rough surfaces that produce a more general spec-
ified angular dependence of the mean differential reflection coefficient in more general
regions of scattering angles. Thus, in this section we present a method for designing a
two-dimensional randomly rough surface which, when illuminated at normal incidence
by a scalar plane wave, scatters it with a prescribed circularly symmetric distribution of
intensity.

3.1.3.1. The Random Surface and its Statistical Properties The starting point for this ap-
proach is Eq. (3.1.71). The idea underlying this approach is that if the surface we seek
to design is to scatter in a circularly symmetric fashion a scalar plane wave incident nor-
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Figure 3.6. Scattering patterns produced by a uniform rectangular diffractive optical diffuser for the three cases of
illumination illustrated in Fig. 2.51. (a) Coherent illumination, (b) illumination provided by a partially coherent
quasi-monochromatic source and, (c) illumination provided by a small polychromatic source. The pictures are
shown in reverse contrast and represent a region that is about 30◦-wide.

(a) (b)

Figure 3.7. Three-dimensional representations of the scattering patterns produced by a uniform rectangular opti-
cal diffuser under the white light illumination illustrated in Fig. 2.51(c). (a) Refractive diffuser and, (b) diffractive
diffuser. The x3 axis represents the scattered intensity and the region on the x1x2 plane is about 30◦-wide.

mally on it, the surface itself, although randomly rough, should have circular symmetry.
Consequently, we assume that the surface profile function ζ(x‖) is a function of the radial
coordinate r = |x‖| alone, ζ(x‖) = H(r), and we choose H(r) to have the form

H(r) = anr + bn, nb < r < (n + 1)b, n = 0,1,2, . . . ,Ns − 1, (3.1.104)
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where the {an} are independent, identically distributed, random deviates, b is a charac-
teristic length, and the {bn} are determined from the condition that H(r) is a continuous
function of r . The continuity of H(r) at r = (n + 1)b yields the condition

an(n + 1)b + bn = an+1(n + 1)b + bn+1. (3.1.105)

This is a recurrence relation for bn that can be solved to yield

bn = b0 + (a0 + a1 + · · · + an−1 − nan)b, n � 1. (3.1.106)

We can assume that b0 = 0 with no loss of generality, and do so.
We seek the probability density function of an,

f (γ ) = 〈
δ(γ − an)

〉
, (3.1.107)

where the angle brackets denote an average over the ensemble of realizations of an, such
that the surface profile function defined by Eqs. (3.1.104) and (3.1.106) yields a mean
differential reflection coefficient of a prescribed circularly symmetric form. Due to the
independence of the {an} and the fact that they are identically distributed, the pdf f (γ ) is
independent of n.

For the form of the surface profile function we have chosen, its gradient is given by

∇ζ(x‖) = x̂‖an, nb < r < (n + 1)b, n = 0,1, . . . ,Ns − 1. (3.1.108)

The double integral in Eq. (3.1.71) therefore becomes∫
d2u‖ exp(−iq‖ · u‖)

∫
d2x‖

〈
exp

[−ia0u‖ · ∇ζ(x‖)
]〉

=
∫

d2u‖ exp(−iq‖ · u‖)

×
Ns−1∑
n=0

(n+1)b∫
nb

dx‖ x‖
π∫

−π

dφx

〈
exp

[−ia0anu‖ cos(φu − φx)
]〉
, (3.1.109)

where φx and φu are the azimuthal angles of the vectors x‖ and u‖, respectively. Equa-
tion (3.1.109) then becomes

∫
d2u‖ exp(−iq‖ · u‖)

Ns−1∑
n=0

π
[
(n + 1)2b2 − n2b2]〈J0(a0anu‖)

〉

=
∫

d2u‖ exp(−iq‖ · u‖)
Ns−1∑
n=0

π
[
(n + 1)2b2 − n2b2] ∞∫

−∞
dγ f (γ )J0(a0γ u‖)
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= S

∞∫
−∞

du‖ u‖ exp
[−iq‖u‖ cos(φq − φu)

] ∞∫
−∞

dγ f (γ )J0(a0γ u‖)

= 2πS

∞∫
−∞

dγ f (γ )

∞∫
−∞

du‖ u‖J0(q‖u‖)J0(a0γ u‖)

= 2πS

∞∫
−∞

dγ f (γ )
1

q‖
δ(q‖ − a0γ )

= S
2π

a0

1

q‖
f

(
q‖
a0

)
, (3.1.110)

where S = π(Nsb)2. On combining Eqs. (3.1.71) and (3.1.110) we find that the mean
differential reflection coefficient is given by

〈
∂R

∂Ωs

〉
= 2π

a0

(
ω

2πc

)2 1

q‖
f

(
q‖
a0

)
. (3.1.111)

We see from Eq. (3.1.111) that the mean differential reflection coefficient is a function of
the wave vector q‖ only though its magnitude q‖. Equivalently, it is a function of the polar
scattering angle θs alone, and is independent of the azimuthal scattering angle φs . Thus,
the mean differential reflection coefficient has an angular dependence that is circularly
symmetric.

If we make the change of variable

γ = q‖
a0

= tan
θs

2
, (3.1.112)

we find that f (γ ) is given by

f (γ ) = 8π
γ

(1 + γ 2)2

〈
∂R

∂Ωs

〉(
2 tan−1 γ

)
, (3.1.113)

where 〈∂R/∂Ωs〉(2 tan−1 γ ) is the form that 〈∂R/∂Ωs〉(θs) takes when θs is replaced by γ

through the use of Eq. (3.1.112).
For a particular choice of 〈∂R/∂Ωs〉(θs), from the result given by Eqs. (3.1.113) a long

sequence of {an} is obtained by the rejection method [3.8], and a realization of the surface
profile function H(r) is constructed on the basis of Eqs. (3.1.104) and (3.1.106).

3.1.3.2. Solution of the Scattering Problem To assess how well the surface designed in
this fashion produces a scattered field that reproduces the mean differential reflection co-
efficient that served as the input to the determination of that surface, the problem of the
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scattering of a normally incident scalar plane wave from the surface must be solved, and
the mean differential reflection coefficient determined from the solution. There are two
approaches to the solution of the scattering problem that can be used.

3.1.3.2.1. A Rigorous Numerical Simulation Approach A rigorous numerical approach to
the solution of the scattering problem exploits the circular symmetry of the problem. Our
starting point is the representation given by Eq. (3.1.8b) for the Green’s function g0(x|x′).
It can be rewritten more explicitly as

g0(x|x′) = i

2π

∞∫
0

dq
q

α0(q)

π∫
−π

dφs exp
[
iqr cos(φs − φx)

]

× exp
[−iqr ′ cos(φs − φx′)

]
exp

[
iα0(q)|x3 − x′

3|
]
, (3.1.114)

where φs,φx , and φx′ are the azimuthal angles of the two-dimensional vectors q‖,x‖,
and x′‖, respectively, while r = |x‖| and r ′ = |x′‖|. With the use of the expansion

exp(iz cosφ) =
∞∑

�=−∞
i� exp(i�φ)J�(z), (3.1.115)

where J�(z) is a Bessel function of the first kind of order �, the angular integration in
Eq. (3.1.114) can be carried out, with the result that

g0(x|x′) =
∞∑

�=−∞
exp

[−i�(φx − φx′)
]
G�(r, x3|r ′, x′

3), (3.1.116)

where

G�(r, x3|r ′, x′
3) = i

∞∫
0

dq
q

α0(q)
J�(qr)J�(qr ′) exp

[
iα0(q)|x3 − x′

3|
]

(3.1.117a)

= G−�(r1, x3|r ′
1, x

′
3). (3.1.117b)

We also expand the source function L(x‖|ω) as

L(x‖|ω) =
∞∑

m=−∞
im exp(imφx)�m(r|ω). (3.1.118)
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Substitution of Eqs. (3.1.116) and (3.1.118) into the right-hand side of Eq. (3.1.25) yields
the scattering amplitude R(q‖|k‖) in the form

R(q‖|k‖) = − iπ

(ω/c) cos θs

r(θs, φs), (3.1.119)

where

r(θs, φs) =
∞∑

m=−∞
exp(imφs)

R∫
0

dr exp
[−i(ω/c)H(r) cos θs

]

×Jm

(
(ωr/c) sin θs

)
r�m(r|ω). (3.1.120)

Here R is the radius of the circle in the plane x3 = 0 that is covered by the randomly
rough surface. On combining Eqs. (3.1.48) and (3.1.119), we obtain the mean differential
reflection coefficient in the form〈

∂R

∂Ωs

〉
= 1

4πR2

〈|r(θs, φs)|2〉
cos θ0

. (3.1.121)

The coefficient function �m(r|ω) entering the expansion (3.1.118) satisfies an integral
equation that is obtained by substituting Eqs. (3.1.116) and (3.1.118) into the right-hand
side of Eq. (3.1.49), and introducing the expansion

ψ(x|ω)inc
∣∣
x3=H(r)

= exp
[
ik‖ · x‖ − iα0(k‖)H(r)

]
= exp

[
ik‖r cos(φ0 − φx)

]
exp

[−iα0(k‖)H(r)
]

=
∞∑

�=−∞
i� exp

[
i�(φ0 − φx)

]
J�(k‖r) exp

[−iα0(k‖)H(r)
]

(3.1.122)

into the left-hand side. The result is

2Jm

(
(ωr/c) sin θ0

)
exp

[−imφ0 − i(ω/c)H(r) cos θ0
]

=
∞∫

−∞
dr ′ Gm

(
r,H(r)|r ′,H(r ′)

)
r ′�m(r ′|ω),

m = 0,±1,±2, . . . . (3.1.123)

This equation simplifies in the case of interest here, namely that of normal incidence,
θ0 = 0◦. By the use of the result that Jm(0) = δm0, where δm0 is the Kronecker symbol, we
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obtain the system of equations

2δm0 exp
[−i(ω/c)H(r)

] =
∞∫

0

dr ′ Gm

(
r,H(r)|r ′,H(r ′)

)
r ′�m(r ′|ω),

m = 0,±1,±2, . . . . (3.1.124)

This system separates into two systems of equations,

2 exp
[−i(ω/c)H(r)

] =
∞∫

0

dr ′ G0
(
r,H(r)|r ′,H(r ′)

)
r ′�0(r

′|ω), m = 0,

(3.1.125a)

0 =
∞∫

0

dr ′ Gm

(
r,H(r)|r ′,H(r ′)

)
r ′�m(r ′|ω), m �= 0. (3.1.125b)

The homogeneous nature of Eq. (3.1.125b) has the consequence that �m(r|ω) ≡ 0 for
m �= 0. The scattering amplitude r(θs, φs), Eq. (3.1.120), now becomes

r(θs) =
R∫

0

dr exp
[−i(ω/c)H(r) cos θs

]
J0

(
(ωr/c) sin θs

)
r�0(r|ω). (3.1.126)

The mean differential reflection coefficient in the present case is obtained by replacing
r(θs, φs) by r(θs) in Eq. (3.1.121).

The integral equations (3.1.123) and (3.1.125a) have to be solved numerically. They
have the generic form

g�(r) =
∞∫

0

dr ′ G�(r|r ′)f�(r
′), (3.1.127)

a Fredholm equation of the first kind, where

G�(r|r ′) = G�

(
r,H(r)|r ′,H(r ′)

)
. (3.1.128)

To solve this equation numerically we begin by replacing the infinite upper limit by a finite
one,

g�(r) =
R0∫

0

dr ′ G�(r|r ′)f�(r
′). (3.1.129)
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We next introduce the set of equally spaced points {rn} defined by

rn =
(

n − 1

2

)
�r, �r = R0/N, n = 1,2, . . . ,N. (3.1.130)

Equation (3.1.129) can then be written exactly as

g�(r) =
N∑

n=1

rn+ 1
2 �r∫

rn− 1
2 �r

dr ′ G�(r|r ′)f�(r
′). (3.1.131)

We now assume that the unknown function f�(r) is a slowly varying function of r in each
of the intervals (rn − 1

2�r, rn + 1
2�r). We therefore evaluate it at the midpoint of each

interval, and remove it from the integral:

g�(r) ∼=
N∑

n=1

{ rn+ 1
2 �r∫

rn− 1
2 �r

dr ′ G�(r|r ′)
}

f�(rn)

=
N∑

n=1

{ 1
2 �r∫

− 1
2 �r

duG�(r|rn + u)

}
f�(rn). (3.1.132)

Finally, we set r equal to rm (m = 1,2, . . . ,N) and obtain a matrix equation satisfied by
f (rn):

g�(rm) =
N∑

n=1

K�(rm|rn)f�(rn), m = 1,2, . . . ,N, (3.1.133)

where

K�(rm|rn) =
1
2 �r∫

− 1
2 �r

duG�(rm|rn + u). (3.1.134)

The off-diagonal matrix element K�(rm|rn) (m �= n) to lowest order in �r is given by

K�(rm|rn) = �rG�(rm|rn), m �= n. (3.1.135)

The evaluation of the diagonal element K�(rm|rn) requires some care because it is shown
in Appendix C that G�(r|r ′) has a logarithmic singularity as r ′ → r :
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G�(r|r ′) = − 1

πr
�n

{1 + [H ′(r)]2} 1
2 |r − r ′|

8r
+ 1

πr
C�(ωr/c)

+ terms that vanish as r ′ → r. (3.1.136)

An explicit expression for C�(ωr/c) is given in Appendix C. Consequently, the contribu-
tion to K�(rm|rm) of the two lowest orders in �r is

K�(rm|rm) = − �r

πrm

{
�n

{1 + [H ′(rm)]2} 1
2 �r

16erm
− C�(ωrm/c)

}
+ o(�r). (3.1.137)

The convergence of the solution of Eq. (3.1.133) is tested by increasing the upper limit
R0 of the integral in Eq. (3.1.129), and also the number of abscissas used in replacing
integration by summation in Eq. (3.1.131), until the solution no longer depends on R0.

3.1.3.2.2. The Kirchhoff Approximation A computationally simpler approach to the so-
lution of the scattering problem is provided by the Kirchhoff approximation. In this ap-
proximation the scattering amplitude R(q‖|0) is obtained from Eq. (3.1.64) in the form

R(q‖|0) = − 1

cos θs

r(q‖), (3.1.138)

where

r(q‖) =
∫

d2x‖ exp(−iq‖ · x‖) exp
[−ia0H(r)

]

=
Ns−1∑
n=0

(n+1)b∫
nb

dr r exp
[−ia0(anr + bn)

] π∫
−π

dφx exp
[−iq‖r cos(φs − φx)

]

= 2π

Ns−1∑
n=0

exp(−ia0bn)

(n+1)b∫
nb

dr rJ0(q‖r) exp(−a0anr), (3.1.139)

where we recall that a0 = (ω/c)(1 + cos θs) and q‖ = (ω/c) sin θs . The integrals in this
expression have to be evaluated numerically. The mean differential reflection coefficient in
this approximation is then given by

〈
∂R

∂Ωs

〉
= 1

S

(
ω

2πc

)2〈∣∣r(q‖)
∣∣2〉, (3.1.140)

where the area S is S = π(Nsb)2.
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3.1.3.3. Results To illustrate the approach developed in this section we apply it to the de-
sign of a two-dimensional circularly symmetric surface that acts as a band-limited uniform
diffuser, and a surface that acts as a Lambertian diffuser. We consider these two design
problems in turn.

3.1.3.3.1. A Band-Limited Uniform Diffuser In designing a surface that acts as a band-
limited uniform diffuser within the circular region 0 � θs < θm and 0 � φs � 2π . The
mean differential reflection coefficient that we seek to produce is therefore

〈
∂R

∂Ωs

〉
= Aθ(θm − θs)θ(θs), (3.1.141)

where A is an amplitude to be determined. Since tan(θs/2) is a monotonically increasing
function of θs for 0 � θs � π/2, we can rewrite Eq. (3.1.141) as

〈
∂R

∂Ωs

〉
= Aθ

(
tan(θm/2) − tan(θs/2)

)
θ
(
tan(θs/2)

)
. (3.1.142)

The change of variable (3.1.112) transforms Eq. (3.1.142) into

〈
∂R

∂Ωs

〉
= Aθ(γm − γ )θ(γ ), (3.1.143)

where γm = tan(θm/2). It follows from Eq. (3.1.113) that the probability density function
f (γ ) in this case is given by

f (γ ) = 8πA
γ

(1 + γ 2)2
θ(γm − γ )θ(γ ). (3.1.144)

The normalization condition for f (γ ) is

∞∫
−∞

dγ f (γ ) = 1 = 8πA

∫ γm

0
dγ

γ

(1 + γ 2)2

= 4πA
γ 2
m

1 + γ 2
m

. (3.1.145)

We find, therefore, that

A = 1

4π

1 + γ 2
m

γ 2
m

, (3.1.146)
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Figure 3.8. A numerically generated segment of one realization of the surface profile function H(r) (a) and its
derivative (b) for a two-dimensional randomly rough surface that acts as a band-limited uniform diffuser within
a circular region of scattering angles. The values of the parameters employed in generating this surface were
θm = 20◦ and b = 200λ.

so that

〈
∂R

∂Ωs

〉
= 1

4π

1 + γ 2
m

γ 2
m

θ(θm − θs)θ(θs), (3.1.147)

f (γ ) = 2
1 + γ 2

m

γ 2
m

γ

(1 + γ 2)2
θ(γm − γ )θ(γ ). (3.1.148)

From the results given by Eq. (3.1.148) a long sequence of {an} is obtained by
the rejection method [3.8], and the corresponding sequence of {bn} is obtained from
Eq. (3.1.106). A realization of the surface profile function H(r) is then calculated by the
use of Eq. (3.1.104). A large number of realizations of H(r) is generated in this way,
and for each realization the corresponding function |r(θs)|2 is calculated on the basis of
Eq. (3.1.126). The arithmetic average of the Np functions |r(θs)|2 obtained in this way
yields the average indicated in Eq. (3.1.121).

In Fig. 3.8 we present a segment of one realization of the surface profile function H(r)

and its derivative calculated by the approach described here for the circular band-limited
uniform diffuser defined by Eq. (3.1.147). The parameters used in generating these func-
tions were θm = 20◦, and b = 200λ. Due to the form of f (γ ) given by Eq. (3.1.148),
each slope an is positive, with the result that the surface profile function H(r) increases
monotonically with increasing r .

In Fig. 3.9 we present a plot of the mean differential reflection coefficient 〈∂R/∂Ωs〉
as a function of θs for the circular band-limited uniform diffuser defined by Eq. (3.1.147)
obtained by the approach presented in this section. The parameters employed in obtain-
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Figure 3.9. The mean differential reflection coefficient estimated from Np = 80 000 realizations of the surface
profile function for the scattering of a scalar plane wave incident normally on a two-dimensional circularly sym-
metric randomly rough Dirichlet surface designed to act as a band-limited uniform diffuser within a circular
region of scattering angles. The values of the parameters employed in this calculation were θm = 20◦ , b = 20λ,
and R = Nb = 400λ.

ing the result plotted in this figure were θm = 20◦, b = 20λ, and R = Nb = 400λ. The
results obtained for Np = 80 000 realizations of the surface profile function were used in
calculating the average indicated in Eq. (3.1.121). We see from this figure that the random
surface defined by the f (γ ) given by Eq. (3.1.148) indeed acts as a band-limited uniform
diffuser. There is no scattered intensity for scattering angles greater than 20◦, and the cutoff
is very sharp. For values of θs in the interval 0 � θs � 20◦ the scattered intensity is very
closely a constant. However, in the immediate vicinity of the specular direction θs = 0 a
peak in the mean differential reflection coefficient is present. We will return to this peak
below.

3.1.3.3.2. A Lambertian Diffuser If we wish to design a surface that acts as a Lambertian
diffuser, i.e., a surface that gives rise to a mean differential reflection coefficient that is
proportional to the cosine of the polar scattering angle, we have that

〈
∂R

∂Ωs

〉
= A cos θs 0 � θs � π/2 (3.1.149a)

= A
1 − γ 2

1 + γ 2
θ(1 − γ )θ(γ ), (3.1.149b)

where the second form is obtained by the use of Eq. (3.1.112). It follows from Eq. (3.1.113)
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Figure 3.10. A numerically generated segment of one realization of the surface profile function H(r) (a) and its
derivative (b) for a two-dimensional randomly rough surface that acts as a Lambertian diffuser. The value of the
parameter b assumed in generating this surface was b = 200λ.

that the probability density function f (γ ) in this case is given by

f (γ ) = 8πA
γ (1 − γ 2)

(1 + γ 2)3
θ(1 − γ )θ(γ ). (3.1.150)

The normalization of f (γ ),

8πA

1∫
0

dγ
γ (1 − γ 2)

(1 + γ 2)3
= πA = 1, (3.1.151)

yields the result that

A = 1

π
, (3.1.152)

from which it follows that 〈
∂R

∂Ωs

〉
= 1

π
cos θs, 0 � θs � π/2, (3.1.153)

f (γ ) = 8
γ (1 − γ 2)

(1 + γ 2)3
θ(1 − γ )θ(γ ). (3.1.154)

In Fig. 3.10 we present a plot of a segment of a single realization of the surface profile
function H(r) and its derivative calculated by the approach described here, for the Lam-
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Figure 3.11. The mean differential reflection calculation estimated from Np = 80 000 realizations of the surface
profile function for the scattering of a scalar plane wave incident normally on a two-dimensional circularly sym-
metric randomly rough Dirichlet surface designed to act as a Lambertian diffuser. The values of the parameters
employed in this calculation were b = 20λ and R = Nb = 400λ.

bertian diffuser defined by Eq. (3.1.153). The parameter b used in calculating these func-
tions was b = 200λ. Again, because the probability density function of an,f (γ ), given by
Eq. (3.1.154) is nonzero only for positive values of γ , each slope an is positive, so that the
surface profile function H(r) increases monotonically with increasing r .

Similarly, in Fig. 3.11 we have plotted the mean differential reflection coefficient
〈∂R/∂Ωs〉 as a function of θs for the Lambertian diffuser defined by Eq. (3.1.153), ob-
tained by the method presented in this section. The parameters used in obtaining the re-
sult plotted in this figure were b = 20λ, and R = Nb = 400λ. The results obtained from
Np = 80 000 realizations of the surface profile function were used in obtaining the average
indicated in Eq. (3.1.121). The random surface defined by the f (γ ) given by Eq. (3.1.154)
is seen from this figure to act as a Lambertian diffuser: the mean differential coefficient
follows the cosine law Eq. (3.1.153) very closely, apart from the presence of a peak in the
immediate vicinity of the specular direction θs = 0.

Thus, the results presented in Figs. 3.9 and 3.11 show that although the surfaces as-
sumed in obtaining these figures were designed on the basis of the geometrical optics limit
of the Kirchhoff approximation, apart from the narrow peak in the specular direction in
the mean differential reflection coefficients they produce, they nevertheless retain the scat-
tering properties they were designed to possess when multiple-scattering processes of all
orders are taken into account in calculations of scattering from them. We now turn to the
discussion of these peaks.

3.1.3.4. Discussion If the coefficients {an} are obtained by a straightforward application
of the rejection method to the pdfs given by Eqs. (3.1.148) and (3.1.154), a fraction of
the surfaces that are generated possess regions in which several consecutive an are very
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Figure 3.12. The mean differential reflection coefficient for scattering from a circular band-limited uniform dif-
fuser, estimated from Np = 8000 realizations of the surface profile function for the case of normal incidence.
The values of the parameters employed in this calculation were θm = 20◦ , b = 200λ, and Ns = 200. The dashed
curve is a plot of the function defined by Eq. (3.1.147).

small (< 10−2). The presence of such practically horizontal regions on the surface gives
rise to a peak in the mean differential reflection coefficient in the immediate vicinity of the
specular direction θs = 0◦. To eliminate this peak, as a particular realization of the surface
profile function H(r) was being generated, the corresponding differential reflection coef-
ficient at θs = 0◦ was also calculated. If its value exceeded 2 max〈∂R/∂Ωs〉, that surface
was discarded. Although this procedure alters the statistics of the resulting surface from the
statistics defined by the pdf f (γ ), the altered statistics produce surfaces with the desired
scattering properties, and can be used in fabricating surfaces with these properties.

The circular symmetry of the surface, which gives rise to the rings of specular points
on the surface that produce constructive interference of the scattered waves in the specular
direction, also contributes to the peak in the mean differential reflection coefficient in the
immediate vicinity of θs = 0. The angular width of this peak is smaller the larger R = Nb

is, i.e., the larger the portion of the plane x3 = 0 covered by the random surface.
To show that the peak in the specular direction can be eliminated by the approaches

described, we present in Figs. 3.12 and 3.13 plots of the mean differential reflection coeffi-
cients for scattering from a circular band-limited uniform diffuser and from a Lambertian
diffuser, respectively, calculated in the manner just described. These calculations were car-
ried out on the basis of the Kirchhoff approximation, Eqs. (3.1.139)–(3.1.140), since its use
permits the use of larger surfaces than can be used in the rigorous computational approach.

In Fig. 3.12, we present a plot of 〈∂R/∂Ωs〉 as a function of θs for the circular band-
limited uniform diffuser defined by Eq. (3.1.147). The values of the parameters assumed
in obtaining the result plotted in this figure were the same as those assumed in obtaining
the surface profile function plotted in Fig. 3.4 and the corresponding mean differential
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Figure 3.13. The mean differential reflection coefficient for scattering from a two-dimensional Lambertian dif-
fuser, estimated from Np = 15 000 realizations of the surface profile function for the case of normal incidence.
The values of the parameters assumed in this calculation were b = 200λ and Ns = 200. The dashed curve is a
plot of the function defined by Eq. (3.1.153).

reflection coefficient plotted in Fig. 3.9. The results obtained for Np = 8000 realizations of
the surface profile function were used in calculating the average indicated in Eq. (3.1.140).
We see from this figure that the random surface defined by the pdf (3.1.148) indeed acts as
a band-limited uniform diffuser: there is no scattered intensity for scattering angles larger
than 20◦, and the cutoff is very sharp. For values of θs in the interval 0 � θs < 20◦ the
scattered intensity is very closely a constant.

A plot of 〈∂R/∂Ωs〉 as a function of θs for the Lambertian diffuser defined by
Eq. (3.1.153) is presented in Fig. 3.13. The values of the parameters used in obtaining the
result plotted in this figure were the same as those assumed in obtaining the surface profile
function plotted in Fig. 3.10 and the corresponding mean differential reflection coefficient
plotted in Fig. 3.11. The results obtained for Np = 15 000 realizations of the surface profile
function were used in obtaining the average appearing in Eq. (3.1.140). The random surface
defined by the pdf (3.1.154) is seen to act as a Lambertian diffuser: the mean differential
reflection coefficient follows the cosine law given by Eq. (3.1.153) very closely.

The results presented in Figs. 3.12 and 3.13 display no peaks in the specular direction.
The peak in the mean differential reflection coefficient in the immediate vicinity of the

specular direction θs = 0 can be also eliminated in the following way. The differential re-
flection coefficient (∂R/∂Ωs) is calculated for a single realization of the surface profile
function H(r). An angular average of this function is then carried out. This, in fact, is what
the detector does in a measurement of the intensity of the field scattered from a single re-
alization of a rough surface. If the angular range over which the average is carried out is
broader than that under the peak in the specular direction, the peak is eliminated from the
average. In Figs. 3.14 and 3.15 we have plotted the angle-averaged differential reflection
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Figure 3.14. The angle-averaged differential reflection coefficient for the surface designed to act as a band-limited
uniform diffuser within a circular domain of scattering angles. The values of the parameters employed in this
calculation were the ones used in obtaining Fig. 3.9.

Figure 3.15. The angle-averaged differential reflection coefficient for the surface designed to act as a Lambertian
diffuser. The values of the parameters employed in this calculation were those used in obtaining Fig. 3.11.

coefficients (∂R/∂Ωs) calculated for the surface designed to act as a band-limited uniform
diffuser within a circular domain of scattering angles, and for the surface designed to act as
a Lambertian diffuser, respectively. It is seen that for both surfaces the peak in the specular
direction has been removed by the averaging. Since the angular width of the peak in the
specular direction is smaller the larger the portion of the plane x3 = 0 covered by the ran-
dom surface is, the angular averaging is more effective when the Kirchhoff approximation
is used because in this case we can use considerably longer surfaces than when using the
rigorous approach.

Circularly symmetric randomly rough surfaces of the type considered here can be fab-
ricated on photoresist by the approach described in Section 3.4.



3.1. The Design of Two-Dimensional Randomly Rough Surfaces 241

3.1.4. The Design of Two-Dimensional Randomly Rough Surfaces, Formed from
Triangular Facets, that Scatter Light in a Prescribed Fashion

In Section 3.1.2 a method was presented for designing a two-dimensional rough surface
that when illuminated at normal incidence by a scalar plane wave scatters it with a con-
stant intensity within a rectangular domain of scattering angles, and produces no scattering
outside this domain. In Section 3.1.3 a method was presented for designing a surface that
scatters the plane wave and produces a circularly symmetric distribution of the scattered
intensity. However, the approach presented in Section 3.1.2 cannot design a surface that
scatters a plane wave to produce a scattered field that has a circularly symmetric distrib-
ution of its intensity. Similarly, the approach presented in Section 3.1.3 cannot design a
surface that scatters a plane wave to produce a scattered field that has a constant intensity
within a rectangular domain of scattering angles, and zero intensity outside this domain.
Moreover, the direct application of the latter approach yields an undesired peak in the
retroreflection direction in the angular dependence of the intensity of the scattered field
that requires some modification of the original approach to eliminate it.

In this section we present a method for designing a two-dimensional randomly rough
Dirichlet surface which, when illuminated by a scalar plane wave, produces a scattered
field with an arbitrary angular dependence of its intensity within an arbitrary domain of
scattering angles. For greater generality we also assume non-normal incidence of the inci-
dent field.

Our starting point, therefore, is Eq. (3.1.70a), which we write in the form

〈
∂R

∂Ωs

〉
= (ω/c)

4π2S

[F(q‖,k‖)]2

α0(k‖)

∫
d2x‖

∫
d2u‖ exp

[−i(q‖ − k‖) · u‖
]

× 〈
exp

[−iau‖ · ∇ζ(x‖)
]〉
, (3.1.155)

where

F(q‖,k‖) = [(ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖]
[α0(q‖) + α0(k‖)] (3.1.156)

and

a(θ0, θs) = α0(k‖) + α0(q‖) = (ω/c)(cos θ0 + cos θs). (3.1.157)

3.1.4.1. The Random Surface and its Statistical Properties We evaluate the double in-
tegral in Eq. (3.1.155) in the following way. We begin by covering the x1x2 plane by
equilateral triangles of edge b (Fig. 3.16). The vertices of these triangles are given by the
vectors {x‖(m,n)} that are defined by

x‖(m,n) = ma1 + na2, (3.1.158)
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Figure 3.16. A segment of the x1x2 plane showing the equilateral triangles above which the triangular facets are
placed that generate the two-dimensional randomly rough surface defined by Eqs. (3.1.160) and (3.1.161).

where m,n,0,±1,±2, . . . , and the basis vectors a1 and a2 are

a1 = (b,0), a2 =
(

b

2
,

√
3b

2

)
. (3.1.159)

Each triangle is labeled by the coordinates of its center of gravity. These are given by the
mean values of the coordinates of its three vertices. Therefore, the triangle defined by the
vertices (m,n), (m + 1, n), and (m,n + 1) is the (m + 1

3 , n + 1
3 ) triangle. Similarly, the

triangle defined by the vertices (m + 1, n), (m + 1, n + 1), and (m,n + 1) is the (m +
2
3 , n + 2

3 ) triangle. As m and n take the values 0,±1,±2, . . . , the (m + 1
3 , n + 1

3 ) triangles
generated constitute the subset of triangles with horizontal bases and peaks at the top, while
the (m + 2

3 , n + 2
3 ) triangles generated constitute the subset of triangles with peaks at the

bottom and horizontal tops. Together these two sets of triangles cover the x1x2 plane.
For x‖ contained within the triangle (m + 1

3 , n + 1
3 ) the surface profile function is as-

sumed to be given by

ζ(x‖) = b
(0)

m+ 1
3 ,n+ 1

3
+ a

(1)

m+ 1
3 ,n+ 1

3
x1 + a

(2)

m+ 1
3 ,n+ 1

3
x2. (3.1.160)

For x‖ contained within the triangle (m+ 2
3 , n+ 2

3 ) the surface profile function is assumed
to be given by

ζ(x‖) = b
(0)

m+ 2
3 ,n+ 2

3
+ a

(1)

m+ 2
3 ,n+ 2

3
x1 + a

(2)

m+ 2
3 ,n+ 2

3
x2. (3.1.161)

The coefficients a
(1,2)

m+ 1
3 ,n+ 1

3
and a

(1,2)

m+ 2
3 ,n+ 2

3
are assumed to be independent identically dis-

tributed random deviates. Therefore, the joint probability density functions of the two co-
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efficients associated with a given triangle,

〈
δ
(
s1 − a

(1)

m+ 1
3 ,n+ 1

3

)
δ
(
s2 − a

(2)

m+ 1
3 ,n+ 1

3

)〉 = 〈
δ
(
s1 − a

(1)

m+ 2
3 ,n+ 2

3

)
δ
(
s2 − a

(2)

m+ 2
3 ,n+ 2

3

)〉
= f (s1, s2), (3.1.162)

are independent of the coordinates labeling the triangles.
The double integral in Eq. (3.1.155) can now be written in the form

∫
d2x‖

∫
d2u‖ exp

[−i(q‖ − k‖) · u‖
]〈

exp
[−iau‖ · ∇ζ(x‖)

]〉
=

∫
d2u‖ exp

[−i(q1 − k1)u1 − i(q2 − k2)u2
]

×
∑
m,n

{ ∫
(m+ 1

3 ,n+ 1
3 )

d2x‖
〈
exp

[−iau1a
(1)

m+ 1
3 ,n+ 1

3
− iau2a

(2)

m+ 1
3 ,n+ 1

3

]〉

+
∫

(m+ 2
3 ,n+ 2

3 )

d2x‖
〈
exp

[−iau1a
(1)

m+ 2
3 ,n+ 2

3
− iau2a

(2)

m+ 2
3 ,n+ 2

3

]〉}
, (3.1.163)

where the notation
∫
(m+ 1

3 ,n+ 1
3 )

d2x‖ indicates that the integration is carried out over the

area of the triangle (m + 1
3 , n + 1

3 ). With the use of Eqs. (3.1.162) the averages in Eq.
(3.1.163) can be evaluated, with the result that the double integral becomes

∫
d2u‖ exp

{[−i(q1 − k1)u1 + (q2 − k2)u2
]}

×
∑
m,n

{ ∫
(m+ 1

3 ,n+ 1
3 )

d2x‖
∫

d2s‖f (s‖) exp[−iau1s1 − iau2s2]

+
∫

(m+ 2
3 ,n+ 2

3 )

d2x‖
∫

d2s‖ f (s‖) exp[−iau1s1 − iau2s2]
}
. (3.1.164)

The integrand in each integral over x‖ is independent of x‖. Consequently each integral
yields just the area of the corresponding triangle. Each sum over m and n thus gives half the
area of the plane x3 = 0 covered by the randomly rough surface. Therefore, the expression
given by (3.1.164) becomes

S

∫
d2u‖

∫
d2s‖ f (s‖) exp

[−i(q1 − k1)u1 − i(q2 − k2)u2
]

exp
[−ia(u1s1 + u2s2)

]
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= S

∫
d2s‖ f (s‖)2πδ(q1 − k1 + as1)2πδ(q2 − k2 + as2)

= S
(2π)2

a2
f

(
k1 − q1

a
,
k2 − q2

a

)
. (3.1.165)

With this result the mean differential reflection coefficient, Eq. (3.1.155), takes the form

〈
∂R

∂Ωs

〉
= ω

c

[F(q‖,k‖)]2

α0(k‖)[α0(q‖) + α0(k‖)]2
f

(
k1 − q1

a
,
k2 − q2

a

)
. (3.1.166)

We can invert Eq. (3.1.166) to obtain

f

(
k1 − q1

a
,
k2 − q2

a

)
= c

ω

α0(k‖)[α0(q‖) + α0(k‖)]4

[(ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖]2

〈
∂R

∂Ωs

〉
(q1, q2).

(3.1.167)
In writing Eq. (3.1.167) we have indicated explicitly that the mean differential reflection
coefficient is a function of the two-dimensional wave vector q‖. It is also a function of k‖,
but we have not indicated this explicitly.

We now make the changes of variables

k1 − q1

a
= s1,

k2 − q2

a
= s2. (3.1.168)

To invert these equations to obtain q‖ in terms of k‖ and s‖ we begin by writing them with
the aid of Eqs. (3.1.41) as

sin θs cosφs = sin θ0 cosφ0 − s1(cos θ0 + cos θs), (3.1.169a)

sin θs sinφs = sin θ0 sinφ0 − s2(cos θ0 + cos θs). (3.1.169b)

On squaring each equation and adding the results we obtain a quadratic equation for cos θs(
1 + s2‖

)
cos2 θs − 2(a1s1 + a2s2) cos θs + a2

1 + a2
2 − 1 = 0, (3.1.170)

where

a1 = sin θ0 cosφ0 − s1 cos θ0, (3.1.171a)

a2 = sin θ0 sinφ0 − s2 cos θ0. (3.1.171b)

The solution of Eq. (3.1.170) is

cos θs = 1

1 + s2‖

[
A sin θ0 − s2‖ cos θ0 ± (A sin θ0 + cos θ0)

]
, (3.1.172)
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where

A = s1 cosφ0 + s2 sinφ0. (3.1.173)

The “+” sign has to be chosen on the right-hand side of Eq. (3.1.172) in order that the
expression for cos θs reduce to the result cos θs = (1 − s2‖ )/(1 + s2‖), rather than to the
unphysical result cos θs = −1, when θ0 = 0. With a second use of Eqs. (3.1.41) we find
that

cos θs = c

ω

1

1 + s2‖

[(
1 − s2‖

)
α0(k‖) + 2s‖ · k‖

]
. (3.1.174)

From this result and Eqs. (3.1.169) we obtain finally

q1 = k1 − 2s1
α0(k‖) + s‖ · k‖

1 + s2‖
, (3.1.175a)

q2 = k2 − 2s2
α0(k‖) + s‖ · k‖

1 + s2‖
. (3.1.175b)

Equation (3.1.167) then becomes

f (s1, s2) = c

ω

α0(k‖)[α0(k‖) + α0(|k‖ − Bs‖|)]4

[α2
0(k‖) + α0(k‖)α0(|k‖ − Bs‖|) + Bk‖ · s‖]2

×
〈

∂R

∂Ωs

〉
(k1 − Bs1, k2 − Bs2), (3.1.176)

where we have introduced the function

B = 2
α0(k‖) + k‖ · s‖

1 + s2‖
. (3.1.177)

The dependence of f (s1, s2) on k‖ means that if we wish to obtain the same function
〈∂R/∂Ωs〉(q1, q2) for different angles of incidence, a new surface has to be generated for
each set of values of (θ0, φ0).

For constructing the surface we will also need the (marginal) pdf of a
(1)

m+ 1
3 ,n+ 1

3
and of

a
(1)

m+ 2
3 ,n+ 2

3
,

f (s1) = 〈
δ
(
s1 − a

(1)

m+ 1
3 ,n+ 1

3

)〉 = 〈
δ
(
s1 − a

(1)

m+ 2
3 ,n+ 2

3

)〉

=
∞∫

−∞
ds2 f (s1, s2), (3.1.178)
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and the conditional pdf of a
(2)

m+ 1
3 ,n+ 1

3
(a

(2)

m+ 2
3 ,n+ 2

3
) given a

(1)

m+ 1
3 ,n+ 1

3
(a

(1)

m+ 2
3 ,n+ 2

3
),

f (s2|s1) = f (s1, s2)

f (s1)
. (3.1.179)

The physical meaning of the coefficients a
(1,2)

m+ 1
3 ,n+ 1

3
(a

(1,2)

m+ 2
3 ,n+ 2

3
) is that they are the

derivatives of the surface profile function ζ(x‖) with respect to x1 and x2, respectively,
when x‖ is within the triangle (m + 1

3 , n + 1
3 ) ((m + 2

3 , n + 2
3 )). That is to say, they are the

derivatives of ζ(x‖) along the horizontal edges of these triangles and along the normals to
these edges inside the triangles.

To construct the surface we will also need the joint pdf of the derivatives of ζ(x‖) along
the other edges of the triangles and along the normals to these edges, and the corresponding
marginal and conditional pdfs. Thus, let us consider the triangle (m + 1

3 , n + 1
3 ). The unit

vector along the left edge of this triangle is ( 1
2 ,

√
3

2 ). If we denote the derivative of ζ(x‖),
within this triangle, along this vector by α

(1)

m+ 1
3 ,n+ 1

3
, we obtain

α
(1)

m+ 1
3 ,n+ 1

3
=

(
1

2
,

√
3

2

)
· ∇ζ(x‖) = 1

2
a

(1)

m+ 1
3 ,n+ 1

3
+

√
3

2
a

(2)

m+ 1
3 ,n+ 1

3
. (3.1.180a)

The unit vector along the normal to this edge, directed into the triangle, is (
√

3
2 ,− 1

2 ). If we

denote the derivative of ζ(x‖) within this triangle along this vector by α
(2)

m+ 1
3 ,n+ 1

3
we obtain

α
(2)

m+ 1
3 ,n+ 1

3
=

(√
3

2
,−1

2

)
· ∇ζ(x‖) =

√
3

2
a

(1)

m+ 1
3 ,n+ 1

3
− 1

2
a

(2)

m+ 1
3 ,n+ 1

3
. (3.1.180b)

The inverses of Eqs. (3.1.180a) and (3.1.180b) are

a
(1)

m+ 1
3 ,n+ 1

3
= 1

2
α

(1)

m+ 1
3 ,n+ 1

3
+

√
3

2
α

(2)

m+ 1
3 ,n+ 1

3
, (3.1.181a)

a
(2)

m+ 1
3 ,n+ 1

3
=

√
3

2
α

(1)

m+ 1
3 ,n+ 1

3
− 1

2
α

(2)

m+ 1
3 ,n+ 1

3
. (3.1.181b)

Let us now consider the triangle (m + 2
3 , n + 2

3 ). The unit vector along the left edge of

this triangle is (− 1
2 ,

√
3

2 ). We denote the derivative of ζ(x‖) within this triangle along the

vector by β
(1)

m+ 1
3 ,n+ 1

3
and obtain

β
(1)

m+ 1
3 ,n+ 1

3
=

(
−1

2
,

√
3

2

)
· ∇ζ(x‖) = −1

2
a

(1)

m+ 2
3 ,n+ 2

3
+

√
3

2
a

(2)

m+ 2
3 ,n+ 2

3
. (3.1.182a)
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The unit vector perpendicular to this vector, directed into the triangle is (
√

3
2 , 1

2 ). We denote

the derivative of ζ(x‖) within this triangle along this vector by β
(2)

m+ 2
3 ,n+ 2

3
, and obtain

β
(2)

m+ 2
3 ,n+ 2

3
=

(√
3

2
,

1

2

)
· ∇ζ(x‖) =

√
3

2
a

(1)

m+ 2
3 ,n+ 2

3
+ 1

2
a

(2)

m+ 2
3 ,n+ 2

3
. (3.1.182b)

The inverses of Eqs. (3.1.182a) and (3.1.182b) are

a
(1)

m+ 2
3 ,n+ 2

3
= −1

2
β

(1)

m+ 2
3 ,n+ 2

3
+

√
3

2
β

(2)

m+ 2
3 ,n+ 2

3
, (3.1.183a)

a
(2)

m+ 2
3 ,n+ 2

3
=

√
3

2
β

(1)

m+ 2
3 ,n+ 2

3
+ 1

2
β

(2)

m+ 2
3 ,n+ 2

3
. (3.1.183b)

The joint pdf of α
(1)

m+ 1
3 ,n+ 1

3
and α

(2)

m+ 1
3 ,n+ 1

3
will be denoted by f̃ (s1, s2) and is given by

f̃ (s1, s2) = 〈
δ
(
s1 − α

(1)

m+ 1
3 ,n+ 1

3

)
δ
(
s2 − α

(2)

m+ 1
3 ,n+ 1

3

)〉

=
〈
δ

(
s1 − 1

2
a

(1)

m+ 1
3 ,n+ 1

3
−

√
3

2
a

(2)

m+ 1
3 ,n+ 1

3

)

× δ

(
s2 −

√
3

2
a

(1)

m+ 1
3 ,n+ 1

3
+ 1

2
a

(2)

m+ 1
3 ,n+ 1

3

)〉

=
∞∫

−∞
dγ1

∞∫
−∞

dγ2 f (γ1, γ2)δ

(
s1 − 1

2
γ1 −

√
3

2
γ2

)

×δ

(
s2 −

√
3

2
γ1 + 1

2
γ2

)
. (3.1.184)

We make the change of variables 1
2γ1 +

√
3

2 γ2 = v1,
√

3
2 γ1 − 1

2γ2 = v2, so that γ1 = 1
2v1 +√

3
2 v2, γ2 =

√
3

2 v1 − 1
2v2. In this way we obtain the result that

f̃ (s1, s2) =
∞∫

−∞
dv1

∞∫
−∞

dv2 f

(
1

2
v1 +

√
3

2
v2,

√
3

2
v1 − 1

2
v2

)
δ(v1 − s1)δ(v2 − s2)

= f

(
1

2
s1 +

√
3

2
s2,

√
3

2
s1 − 1

2
s2

)
. (3.1.185)
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The marginal pdf f̃ (s1) = 〈δ(s1 − α
(1)

m+ 1
3 ,n+ 1

3
)〉 is then given by

f̃ (s1) =
∞∫

−∞
ds2 f

(
1

2
s1 +

√
3

2
s2,

√
3

2
s1 − 1

2
s2

)
. (3.1.186)

The joint pdf of β
(1)

m+ 2
3 ,n+ 2

3
and β

(2)

m+ 2
3 ,n+ 2

3
will be denoted by ˜̃

f (s1, s2) and is given by

˜̃
f (s1, s2) = 〈

δ
(
s1 − β

(1)

m+ 2
3 ,n+ 2

3

)
δ
(
s2 − β

(2)

m+ 2
3 ,n+ 2

3

)〉

=
〈
δ

(
s1 + 1

2
a

(1)

m+ 2
3 ,n+ 2

3
−

√
3

2
a

(2)

m+ 2
3 ,n+ 2

3

)

× δ

(
s2 −

√
3

2
a

(1)

m+ 2
3 ,n+ 2

3
− 1

2
a

(2)

m+ 2
3 ,n+ 2

3

)〉

=
∞∫

−∞
dγ1

∞∫
−∞

dγ2 f (γ1, γ2)δ

(
s1 + 1

2
γ1 −

√
3

2
γ2

)

× δ

(
s2 −

√
3

2
γ1 − 1

2
γ2

)
. (3.1.187)

We make the changes of variables − 1
2γ1 +

√
3

2 γ2 = v1,
√

3
2 γ1 + 1

2γ2 = v2, so that γ =
− 1

2v1 +
√

3
2 v2, γ2 =

√
3

2 v1 + 1
2v2. We thus obtain the result that

˜̃
f (s1, s2) =

∞∫
−∞

dv1

∞∫
−∞

dv2 f

(
1

2
v1 +

√
3

2
v2,

√
3

2
v1 + 1

2
v2

)
δ(v1 − s1)δ(v2 − s2)

= f

(
−1

2
s1 +

√
3

2
s2,

√
3

2
s1 + 1

2
s2

)
. (3.1.188)

The marginal pdf ˜̃
f (s1) = 〈δ(s1 − β

(1)

m+ 2
3 ,n+ 2

3
)〉 is then given by

˜̃
f (s1) =

∞∫
−∞

ds2 f

(
1

2
s1 +

√
3

2
s2,

√
3

2
s1 + 1

2
s2

)
. (3.1.189)

We note that if the joint pdf f (s1, s2) is a function of s1 and s2 only through the com-

bination s‖ = (s2
1 + s2

2)
1
2 , i.e., if the angular dependence of the mean differential reflection
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coefficient is circularly symmetric, then in this case

f̃ (s1, s2) = ˜̃
f (s1, s2) = f (s1, s2), (3.1.190)

and

f̃ (s1) = ˜̃
f (s1) = f (s1). (3.1.191)

In concluding this section we note the following useful results. If we denote the heights
of the surface at the three vertices of the triangle (m + 1

3 , n + 1
3 ) by hm,n,hm+1,n, hm,n+1,

we find that⎛
⎜⎜⎝

b
(0)

m+ 1
3 ,n+ 1

3

a
(1)

m+ 1
3 ,n+ 1

3

a
(2)

m+ 1
3 ,n+ 1

3

⎞
⎟⎟⎠ =

⎛
⎝ (m + n + 1) −m −n

− 1
b

1
b

0
− 1√

3b
− 1√

3b

2√
3b

⎞
⎠(

hm,n

hm+1,n

hm,n+1

)
. (3.1.192)

In particular, we have the result

b
(0)

m+ 1
3 ,n+ 1

3
= (m + n + 1)hm,n − mhm+1,n − nhm,n+1. (3.1.193)

Similarly, if we denote the heights of the surface at the three vertices of the triangle (m +
2
3 , n + 2

3 ) by hm+1,n, hm+1,n, hm,n+1, we find that

⎛
⎜⎜⎝

b
(0)

m+ 2
3 ,n+ 2

3

a
(1)

m+ 2
3 ,n+ 2

3

a
(2)

m+ 2
3 ,n+ 2

3

⎞
⎟⎟⎠ =

⎛
⎝ n + 1 −(m + n + 1) m + 1

0 1
b

− 1
b

− 2√
3b

1√
3b

1√
3b

⎞
⎠(

hm+1,n

hm+1,n+1
hm,n+1

)
. (3.1.194)

In particular we obtain the result

b
(0)

m+ 2
3 ,n+ 2

3
= (n + 1)hm+1,n − (m + n + 1)hm+1,n+1 + (m + 1)hm,n+1. (3.1.195)

We now turn to a discussion of how the coefficients b
(0)

m+ 1
3 ,n+ 1

3
, a

(1,2)

m+ 1
3 ,n+ 1

3
, and

b
(0)

m+ 2
3 ,n+ 2

3
, a

(1,2)

m+ 2
3 ,n+ 2

3
are obtained in practice.

3.1.4.2. Construction of the Surface Let us consider the system of triangles depicted in
Fig. 3.16.

To construct a realization of the surface we assume with no loss of generality that the
height of the surface at the vertex (m,n) is zero, hm,n = 0. The marginal pdf f (s1) is
used with the rejection method [3.8] to obtain the coefficient a

(1)

m+ 1
3 ,n+ 1

3
, which yields the
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height hm+1,n. The conditional pdf f (s2|s1) is used with this value of a
(1)

m+ 1
3 ,n+ 1

3
as s1 to

obtain the coefficient a
(2)

m+ 1
3 ,n+ 1

3
and hence the height hm,n+1. The coefficient b

(0)

m+ 1
3 ,n+ 1

3
is

determined from hm,n,hm+1,n, and hm,n+1 according to Eq. (3.1.193). The surface above
the triangle (m + 1

3 , n + 1
3 ) is now specified.

The slope of the edge joining the vertices (m + 1, n) and (m,n + 1), namely (hm,n+1 −
hm+1,n)/b is β

(1)

m+ 2
3 ,n+ 2

3
. If this value of β

(1)

m+ 2
3 ,n+ 2

3
is used as the value of s1 in the marginal

pdf ˜̃
f (s1) and in the joint pdf ˜̃

f (s1, s2), the use of the conditional pdf ˜̃
f (s2|s1) with the

rejection method gives the values of the slope β
(2)

m+ 2
3 ,n+ 2

3
in the direction normal to the

edge joining (m + 1, n) and (m,n + 1), and hence the height hm+1,n+1. The values of
a

(1,2)

m+ 2
3 ,n+ 2

3
are then obtained from these values of β

(1,2)

m+ 2
3 ,n+ 2

3
by the use of Eq. (3.1.183).

From the heights hm+1,n, hm+1,n+1, and hm,n+1 the coefficient b
(0)

m+ 2
3 ,n+ 2

3
is determined

from Eq. (3.1.195). The surface above the triangle (m + 2
3 , n + 2

3 ) is now specified.
Since the edge joining the vertices (m+1, n) and (m,n+1) is shared by the neighboring

triangles (m + 1
3 , n + 1

3 ) and (m + 2
3 , n + 2

3 ), the surface is continuous as one passes from
one of these triangles to the other across this edge.

Continuing the construction of the surface, the slope of the edge joining the vertices
(m+1, n) and (m+1, n+1), namely (hm+1,n+1 −hm+1,n)/b is α

(1)

m+ 4
3 ,n+ 1

3
. If this value of

α
(1)

m+ 4
3 ,n+ 1

3
is used as the value of s1 in the marginal pdf f̃ (s1) and in the joint pdf f̃ (s1, s2),

the use of the conditional pdf f̃ (s2|s1) together with the rejection method gives the values
of the slope α

(2)

m+ 4
3 n+ 1

3
in the direction normal to the edge joining (m + 1, n) and (m +

1, n + 1), and hence the height hm+2,n. The values of a
(1,2)

m+ 4
3 ,n+ 1

3
are then obtained from

these values of α
(1,2)

m+ 4
3 ,n+ 1

3
by the use of Eqs. (3.1.181). From the heights hm+1,n, hm+2,n,

and hm+1,n+1 the coefficient b
(0)

m+ 4
3 ,n+ 1

3
is obtained from Eq. (3.1.193). The surface above

the triangle (m + 4
3 , n + 1

3 ) is now specified.
The edge joining the vertices (m+1, n) and (m+1, n+1) is shared by the neighboring

triangles (m + 2
3 , n + 2

3 ) and (m + 4
3 , n + 1

3 ). Therefore the surface is continuous as one
passes from one of these triangles to the other across this edge.

By proceeding in this fashion the contribution to the surface profile function ζ(x‖) from
the first row of triangles is constructed.

Turning now to the second row of triangles, the slope of the edge joining the ver-
tices (m,n + 1) and (m + 1, n + 1), namely (hm+1,n+1 − hm,n+1)/b = a

(1)

m+ 1
3 ,n+ 4

3
, is

known because the heights hm,n+1 and hm+1,n+1 were obtained in constructing the sur-
face above the first row. The conditional pdf f (s2|s1) is used with this value of a

(1)

m+ 1
3 ,n+ 4

3

as s1 and the rejection method to obtain the value of the slope a
(2)

m+ 1
3 ,n+ 4

3
for the triangle
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(m + 1
3 , n + 4

3 ), and hence the height hm,n+2. From the heights hm,n+1, hm+1,n+1, and

hm,n+2 the coefficient b
(0)

m+ 1
3 ,n+ 4

3
is obtained from Eq. (3.1.193). The surface above the

triangle (m + 1
3 , n + 4

3 ) is now specified.
Since the edge joining the vertices (m,n + 1) and (m + 1, n + 1) is shared by the

neighboring triangles (m + 1
3 , n + 1

3 ) and (m + 1
3 , n + 4

3 ), the surface is continuous as one
passes from one of these triangles to the other across this edge.

If the slope of the edge joining the vertices (m + 1, n + 1) and (m,n + 2), namely

(hm,n+2 − hm+1,n+1)/b = β
(1)

m+ 1
3 ,n+ 5

3
, is used as the value of s1 in the marginal pdf ˜̃

f (s1)

and in the joint pdf ˜̃
f (s1, s2), the use of the conditional pdf ˜̃

f (s2|s1) in the rejection method
gives the value of the slope β

(2)

m+ 2
3 ,n+ 5

3
in the direction normal to the edge joining (m +

1, n + 1) and (m,n + 2), and therefore the height hm+1,n+2. The values of a
(1,2)

m+ 2
3 ,n+ 4

3
are

then obtained from the values β
(1,2)

m+ 2
3 ,n+ 5

3
by the use of Eqs. (3.1.183). From the heights

hm+1,n+1, hm+1,n+2, and hm,n+2 the coefficient b
(0)

m+ 2
3 ,n+ 5

3
is obtained from Eq. (3.1.192).

The surface above the triangle (m + 2
3 , n + 5

3 ) is now specified.
The surface is continuous as one passes from the triangle (m + 1

3 , n + 4
3 ) to the triangle

(m + 2
3 , n + 5

3 ) across the edge joining the vertices (m + 1, n + 1) and (m,n + 2), since
that edge is shared by both triangles.

When we turn to the triangle (m + 4
3 , n + 4

3 ) a new feature arises: the heights of the
surface at its three vertices, hm+1,n+1, hm+2,n+1, and hm+1,n+2 have already been deter-
mined. The heights hm+1,n+1 and hm+2,n+1 were determined during the construction of
the surface above the first row of triangles, while the height hm+1,n+2 was determined in
the manner described in the preceding paragraph. From these three heights the amplitude
b

(0)

m+ 4
3 ,n+ 4

3
and the slopes a

(1,2)

m+ 4
3 ,n+ 4

3
are then obtained by means of Eq. (3.1.181). In this

way the surface above the triangle (m + 4
3 , n + 4

3 ) is specified.
The surface is continuous as one passes between the triangles (m + 2

3 , n + 5
3 ) and (m +

4
3 , n + 4

3 ) across the edge joining the vertices (m + 1, n + 1) and (m + 1, n + 2), since this
edge is shared by both triangles. It is also continuous along the edge joining the vertices
(m + 1, n + 1) and (m + 2, n + 1), since this edge is shared by the neighboring triangles
(m + 4

3 , n + 4
3 ) and (m + 5

3 , n + 2
3 ).

The surface above the triangle (m + 5
3 , n + 5

3 ) is determined in the same way as the
surface above the triangle (m + 2

3 , n + 5
3 ) was determined.

As one proceeds to determine the surface above the second row of triangles, every suc-
cessive triangle of the type of (m + 1

3 , n + 1
3 ) will have its heights at its three vertices

determined as in the case of the triangle (m + 4
3 , n + 4

3 ). The use of Eq. (3.1.192) then
yields the values of the corresponding coefficients b(0), a(1), and a(2).

The surface above the third, fourth, . . . , rows of triangles is determined in the same
way as the surface above the second row of triangles was determined. In this way, a single
realization of a two-dimensional rough surface is constructed. It is a continuous function
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of x‖ across each edge joining two nearest neighbor vertices because that edge is shared
by two neighboring triangles, and the surface therefore is a continuous function of x‖ in its
entirety, whose statistical properties are defined by the joint pdf f (s1, s2).

It should be noted that the continuity of the surface, which is achieved by construction,
determines the value of the amplitude b(0) for each triangle, but does not imply any corre-
lation among the coefficients a(1,2) in one triangle and the coefficients a(1,2) in any of its
six neighboring triangles. These coefficients are obtained on the assumption that they are
independent, identically distributed random deviates whose joint pdf is f (s1, s2).

We have defined the surface above each triangle in terms of the values of b(0), a(1), and
a(2) for that triangle because the expression for the mean differential reflection coefficient
〈∂R/∂Ωs〉 in the Kirchhoff approximation is conveniently expressed in terms of these am-
plitudes and slopes. It is to the determination of 〈∂R/∂Ωs〉 in this approximation that we
now turn.

3.1.4.3. The Kirchhoff Approximation We will illustrate the present approach to the de-
sign of random surfaces that scatter an incident field in a prescribed fashion by performing
the calculations of the mean differential reflection coefficient in the Kirchhoff approxima-
tion, but without passing to the geometrical optical limit of it. The scattering amplitude
R(q‖|k‖) in the case of non-normal incidence is given by Eq. (3.1.64). We rewrite it as

R(q‖|k‖) = −F(q‖|k‖)
α0(q‖)

r(q‖|k‖), (3.1.196)

where

r(q‖|k‖) =
∫

d2x‖ exp
[−i(q‖ − k‖) · x‖ − iaζ(x‖)

]
. (3.1.197)

By the use of the representation of ζ(x‖) given by Eqs. (3.1.160) and (3.1.161), we can
rewrite this expression in the form

r(q‖|k‖) =
N−1∑

m=−N

N−1∑
n=−N

{
exp

(−iab
(0)

m+ 1
3 ,n+ 1

3

)

×
∫

(m+ 1
3 ,n+ 1

3 )

d2x‖ exp
[−i

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)
x1

− i
(
q2 − k2 + aa

(2)

m+ 1
3 ,n+ 1

3

)
x2
]

+ exp
(−iab

(0)

m+ 2
3 ,n+ 2

3

) ∫
(m+ 2

3 ,n+ 2
3 )

d2x‖ exp
[−i

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)
x1

− i
(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)
x2
]}

, (3.1.198)
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where
∫
(m+ 1

3 ,n+ 1
3 )

d2x‖, for example, denotes an integral over the area of the triangle

(m + 1
3 , n + 1

3 ). The area of the x1x2 plane covered by the random surface is therefore

S = 8N2(
√

3b2/4). With the aid of the results

∫
(m+ 1

3 ,n+ 1
3 )

d2x‖ =

√
3

2 (n+1)b∫
√

3
2 nb

dx2

∫ (m+n+1)b− x2√
3

mb+ x2√
3

dx1, (3.1.199a)

∫
(m+ 2

3 ,n+ 2
3 )

d2x‖ =

√
3

2 (n+1)b∫
√

3
2 nb

dx2

(m+1)b+ x2√
3∫

(m+n+1)b− x2√
3

dx1, (3.1.199b)

the integrals in Eq. (3.1.198) can be evaluated straightforwardly with the result that

r(q‖|k‖) = r1(q‖|k‖) + r2(q‖|k‖), (3.1.200)

where

r1(q‖|k‖) = i

√
3

2
b

N−1∑
m=−N

N−1∑
n=−N

exp(−iab
(0)

m+ 1
3 ,n+ 1

3
)

q1 − k1 + aa
(1)

m+ 1
3 ,n+ 1

3

×
{

exp

[
−i

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)(
m + 1

2
n + 1

2

)
b

− i

√
3

2

(
q2 − k2 + aa

(2)

m+ 1
3 ,n+ 1

3

)(
n + 1

2

)
b

]}
{

exp

[
−i

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)b
4

]
sinc

[√
3

4
b
(
q2 − k2 + aa

(2)

m+ 1
3 ,n+ 1

3

)

−b

4

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)]− exp

[
i
(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)b
4

]

× sinc

[√
3

4
b
(
q2 − k2 + aa

(2)

m+ 1
3 ,n+ 1

3

)

+ b

4

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)]}
, (3.1.201a)

r2(q‖|k‖) = i

√
3

2
b

N−1∑
m=−N

N−1∑
n=−N

exp(−iab
(0)

m+ 2
3 ,n+ 2

3
)

q1 − k1 + aa
(1)

m+ 2
3 ,n+ 2

3
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×
{

exp

[
−i

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)(
m + 1

2
n + 1

)
b

− i

√
3

2

(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)(
n + 1

2

)
b

]}

×
{

exp

[
−i

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)b
4

]
sinc

[√
3b

4

(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)

+ b

4

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)]− exp

[
i
(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)b
4

]

× sinc

[√
3b

4

(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)

− b

4

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)]}
, (3.1.201b)

where sincx = sinx/x. The mean differential reflection coefficient is now obtained by
combining Eqs. (3.1.48) and (3.1.196):

〈
∂R

∂Ωs

〉
= 1

4π2S

∣∣F(q‖|k‖)
∣∣2 〈|r1(q‖|k‖) + r2(q‖|k‖)|2〉

cos θ0
. (3.1.202)

To determine how well the angular dependence of the mean intensity of the field scat-
tered from the random surface generated by the method developed in this section agrees
with the mean differential reflection coefficient 〈∂R/∂Ωs〉 used as the input to this method,
a large number Np of realizations of the random surface is generated, and for each real-
ization the corresponding value of |r1(q‖|k‖) + r2(q‖|k‖)|2 is calculated, recalling that
q1 = (ω/c) sin θs cosφs, q2 = (ω/c) sin θs sinφs , and a = (ω/c)(cos θ0 + cos θs). An arith-
metic average of the Np values of |r1(q‖|k‖) + r2(q‖|k‖)|2 obtained in this way yields the
average indicated in Eq. (3.1.202). It should be noted that 〈|r1(q‖|k‖)+r2(q‖|k‖)|2〉 should
increase quadratically with N if the result for 〈∂R/∂Ωs〉 is to be independent of N . (Care
should be taken when calculating r1(q‖), Eq. (3.1.201a) and r2(q‖), Eq. (3.1.201b), since

the denominators q1 − k1 + aa
(1)

m+ 1
3 ,n+ 1

3
and q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3
can vanish. However, it

is easy to check that the expressions for r1(q‖) and r2(q‖) can be represented through sinc
functions of these arguments.)

3.1.4.4. Results: Non-Normal Incidence As it stands, the result for f (s1, s2) given
by Eq. (3.1.176) is sufficiently complicated that in general the marginal pdf f (s1),
Eq. (3.1.178) and the conditional pdf f (s2|s1), Eq. (3.1.179), can be obtained from it only

numerically. This is also the case in obtaining f̃ (s1, s2), f̃ (s1), f̃ (s2|s1), and ˜̃
f (s1, s2),˜̃

f (s1),
˜̃

f (s2|s1). However, a reasonable approximation yields an expression for f (s1, s2)
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that allows these functions to be obtained analytically in many cases. Thus, we will as-
sume that the polar angles of incidence and scattering are small enough that we can make
the replacement cos θ0 + cos θs ≈ 2. In this case we find that

f (s1, s2) ∼= 4

〈
∂R

∂Ωs

〉(
k1 − 2ω

c
s1, k2 − 2

ω

c
s2

)
. (3.1.203)

This is the approximation to f (s1, s2) that we will use in the remainder of this section.
As an example of the application of the method for generating a two-dimensional ran-

domly rough Dirichlet surface that scatters a scalar plane wave in a prescribed fashion that
has been formulated in this section, we will use it to design a surface that acts as a band-
limited uniform diffuser within a square domain of scattering angles when illuminated by
a scalar plane wave at non-normal incidence. Thus, the mean differential reflection coeffi-
cient that we wish the surface to produce is

〈
∂R

∂Ωs

〉
(q1, q2) = Aθ

(
qm − |q1|

)
θ
(
qm − |q2|

)
. (3.1.204)

We also assume that k1 = k2 = k = k‖/
√

2. Therefore 〈∂R/∂Ωs〉(k1 − 2(ω/c)s1, k2 −
2(ω/c)s2) becomes

〈
∂R

∂Ωs

〉
= Aθ

(
qm − ∣∣k − 2(ω/c)s1

∣∣)θ(qm − ∣∣k − 2(ω/c)s2
∣∣)

= Aθ
(
(c/2ω)(k + qm) − s1

)
θ
(
s1 − (c/2ω)(k − qm)

)
× θ

(
(c/2ω)(k + qm) − s2

)
θ
(
s2 − (c/2ω)(k − qm)

)
. (3.1.205)

From Eqs. (3.1.203) and (3.1.205) we find that f (s1, s2) is given by

f (s1, s2) = 4Aθ(Q − s1)θ(s1 − P)θ(Q − s2)θ(s2 − P), (3.1.206)

where

Q = (c/2ω)(k + qm), P = (c/2ω)(k − qm). (3.1.207)

From the normalization condition for f (s1, s2),

4A

Q∫
P

ds1

Q∫
P

ds2 f (s1, s2) = 4A(Q − P)2 = 1, (3.1.208)

we find that

A = 1

4(Q − P)2
= 1

4(cqm/ω)2
. (3.1.209)
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Therefore we have 〈
∂R

∂Ωs

〉
= θ(qm − |q1|)

2(cqm/ω)

θ(qm − |q2|)
2(cqm/ω)

, (3.1.210)

f (s1, s2) = θ(Q − s1)θ(s1 − P)

(cqm/ω)

θ(Q − s2)θ(s2 − P)

(cqm/ω)
. (3.1.211)

The marginal pdf f (s1) is

f (s1) = θ(Q − s1)θ(s1 − P)

(cqm/ω)
, (3.1.212)

while the conditional pdf f (s2|s1) is

f (s2|s1) = θ(Q − s2)θ(s2 − P)

(cqm/ω)
. (3.1.213)

In what follows, rather than maintaining complete generality we will assume that Q =√
3P . It follows that (cqm/ω) = Q − P = (

√
3 − 1)P .

From Eqs. (3.1.185) and (3.1.211) we find that the joint pdf f̃ (s1, s2) is given by

f̃ (s1, s2) = θ(
√

3P − 1
2 s1 −

√
3

2 s2)θ( 1
2 s1 +

√
3

2 s2 − P)

(
√

3 − 1)P

×θ(
√

3P −
√

3
2 s1 + 1

2 s2)θ(
√

3
2 s1 − 1

2 s2 − P)

(
√

3 − 1)P
. (3.1.214)

This expression can be rewritten as

f̃ (s1, s2) = 1

(
√

3 − 1)2P 2
θ

(
s2 −

(
2√
3
P − 1√

3
s1

))
θ(−2P + √

3s1 − s2)

1

2
(
√

3 + 1)P < s1 <
√

3P (3.1.215a)

= 1

(
√

3 − 1)2P 2
θ

(
s2 −

(
2√
3
P − 1√

3
s1

))
θ

((
2P − 1√

3
s1

)
− s2

)
√

3P < s1 < 2P (3.1.215b)

= 1

(
√

3 − 1)2P 2
θ
(
s2 − (−2

√
3P + √

3s1)
)
θ

((
2P − 1√

3
s1

)
− s2

)

2P < s1 <

√
3

2
(
√

3 + 1)P (3.1.215c)

= 0 otherwise. (3.1.215d)
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The marginal pdf f̃ (s1) is then obtained in the form

f̃ (s1) = 1

(
√

3 − 1)2P 2

−2P+√
3s1∫

2√
3
P− 1√

3
s1

ds2

= − 1

(
√

3 − 1)2P 2

[
− 2√

3
(
√

3 + 1)P + 4√
3
s1

]

1

2
(
√

3 + 1)P < s1 <
√

3P (3.1.216a)

= 1

(
√

3 − 1)2P 2

2P− 1√
3
s1∫

2√
3
P− 1√

3
s1

ds2 = 1

(
√

3 − 1)P

2√
3

√
3P < s1 < 2P (3.1.216b)

= 1

(
√

3 − 1)2P 2

2P− 1√
3
s1∫

−2
√

3P+√
3s1

ds2

= 1

(
√

3 − 1)2P 2

[
2(

√
3 + 1)P − 4√

3
s1

]

2P < s1 <

√
3

2
(
√

3 + 1)P (3.1.216c)

= 0 otherwise. (3.1.216d)

The conditional pdf f̃ (s2|s1) is given by

f̃ (s2|s1) = f̃
(s1, s2)

f̃ (s1)
. (3.1.217)

The joint pdf ˜̃
f (s1, s2) is obtained from Eqs. (3.1.188) and (3.1.211) in the form

˜̃
f (s1, s2) = θ(

√
3P + 1

2 s1 −
√

3
2 s2)θ(− 1

2 s1 +
√

3
2 s2 − P)

(
√

3 − 1)P

× θ(
√

3P −
√

3
2 s1 − 1

2 s2)θ(
√

3
2 s1 + 1

2 s2 − P)

(
√

3 − 1)P
. (3.1.218)
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This expression can be rewritten as

˜̃
f (s1, s2) = 1

(
√

3 − 1)2P 2
θ
(
s2 − (2P − √

3s1)
)
θ

((
2P + 1√

3
s1

)
− s2

)

0 < s1 <
1

2
(
√

3 − 1)P (3.1.219a)

= 1

(
√

3 − 1)2P 2
θ

(
s2 −

(
2√
3
P + 1√

3
s1

))
θ

((
2P + 1√

3
s1

)
− s2

)

1

2
(
√

3 − 1)P < s1 <

√
3

2
(
√

3 − 1)P (3.1.219b)

= 1

(
√

3 − 1)2P 2
θ

(
s2 −

(
2√
3
P + 1√

3
s1

))
θ
(
(2

√
3P − √

3s1) − s2
)

√
3

2
(
√

3 − 1)P < s1 < P (3.1.219c)

= 0 otherwise. (3.1.219d)

The marginal pdf ˜̃
f (s1) is then

˜̃
f (s1) = 1

(
√

3 − 1)2P 2

2P+ 1√
3
s1∫

2P−√
3s1

ds2 = 1

(
√

3 − 1)2P 2

4√
3
s1

0 < s1 <
1

2
(
√

3 − 1)P (3.1.220a)

= 1

(
√

3 − 1)2P 2

2P+ 1√
3
s1∫

2√
3
P+ 1√

3
s1

ds2 = 2√
3

1

(
√

3 − 1)P

1

2
(
√

3 − 1)P < s1 <

√
3

2
(
√

3 − 1)P (3.1.220b)

= 1

(
√

3 − 1)2P 2

2
√

3P−√
3s1∫

2√
3
P+ 1√

3
s1

ds2 = 1

(
√

3 − 1)2P 2

4√
3
(P − s1)

√
3

2
(
√

3 − 1)P < s1 < P (3.1.220c)

= 0 otherwise. (3.1.220d)
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Figure 3.17. A segment of a single realization of the surface profile function for the band-limited uniform diffuser
for which f (s1, s2) is given by Eq. (3.1.211). The values of the parameters assumed in generating this surface
were qm = 0.07(ω/c), k = 0.26(ω/c), and b = 20 µm.

Figure 3.18. The mean differential reflection coefficient, estimated from Np = 10 000 realizations of the sur-
face profile function for the scattering of a scalar plane wave incident obliquely on a two-dimensional ran-
domly rough Dirichlet surface that has been designed to act as a band-limited uniform diffuser within a
square region of scattering angles. The values of the parameters used in this calculation were λ = 632.8 nm,
qm = sin 4◦(ω/c) ≈ 0.07(ω/c), k = sin 15.1◦(ω/c) ≈ 0.26(ω/c), and b = 20 µm.

The conditional pdf ˜̃
f (s2|s1) is then obtained as

˜̃
f (s1|s2) =

˜̃
f (s1, s2)

˜̃
f (s1)

. (3.1.221)

In Fig. 3.17 we present a plot of a segment of a single realization of the surface profile
function ζ(x‖) determined in the manner described in this section, for the case of a surface
that acts as a band-limited uniform diffuser within a square region of scattering angles,
under non-normal incidence, for which f (s1, s2) is given by Eq. (3.1.211).

In Fig. 3.18 we present a plot of 〈∂R/∂Ωs〉 calculated on the basis of the Kirch-
hoff approximation for the surface defined by Eq. (3.1.211). The wavelength of the in-
cident field was λ = 632.8 nm. The characteristic length b employed was b = 20 µm,
qm = (ω/c) sin 4◦ ≈ 0.07(ω/c), and k = (ω/c)(

√
3 + 1)/(

√
3 − 1) sin 15.1◦ ≈ 0.26(ω/c).
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The results for Np = 10 000 realizations of the surface profile function were averaged to
obtain the average indicated in Eq. (3.1.202). It is seen that the dependence of the mean dif-
ferential reflection coefficient on the angles of scattering reproduces very well the desired
result given by Eq. (3.1.210). The intensity of the scattered field vanishes for scattering
angles outside the square domain defined by Eq. (3.1.210), and the cutoff is very sharp.
For scattering angles within this square domain the intensity of the scattered field is very
nearly constant.

3.1.4.5. Results: Normal Incidence The result given by Eq. (3.1.176) simplifies signifi-
cantly in the case of normal incidence, k‖ = 0:

f (s1, s2) =
(

c

ω

)2[
(ω/c) + α0(a0s‖)

]2
〈

∂R

∂Ωs

〉
(−a0s1,−a0s2), (3.1.222)

where a0(θs) has been defined in Eq. (3.1.75). When k‖ = 0, it follows from Eqs. (3.1.168)
and the definitions q‖ = (ω/c) sin θs , a0 = (ω/c)(1 + cos θs), that

sin θs = 2s‖
1 + s2‖

, cos θs = 1 − s2‖
1 + s2‖

, (3.1.223)

so that

a0 = (ω/c)
2

1 + s2‖
. (3.1.224)

It follows that α0(a0s‖) = (ω/c)(1 − s2‖ )/(1 + s2‖ ), so that Eq. (3.1.222) finally becomes

f (s1, s2) = 4

(1 + s2‖)2

〈
∂R

∂Ωs

〉(
−2(ω/c)s1

1 + s2‖
,−2(ω/c)s2

1 + s2‖

)
. (3.1.225)

The mean differential reflection coefficient, Eq. (3.1.202), now takes the form

〈
∂R

∂Ωs

〉
= 1

S

(
ω

2πc

)2〈∣∣r1(q‖|0) + r2(q‖|0)
∣∣2〉, (3.1.226)

where r1(q‖|0) and r2(q‖|0) are obtained from Eqs. (3.1.201a) and (3.1.201b), respectively.
To illustrate the method developed in this section for generating a two-dimensional

randomly rough Dirichlet surface that scatters a scalar plane wave incident normally on
it in such a way that the resulting mean differential reflection coefficient has a prescribed
dependence on the scattering angles, we will apply it to the design of a) a surface that acts
as a Lambertian diffuser; b) a surface that acts as a band-limited uniform diffuser within a
circular region of scattering angles; c) a surface that acts as a band-limited uniform diffuser
within an elliptical region of scattering angles; d) a surface that acts as a band-limited
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uniform diffuser within a rectangular domain of scattering angles; and e) a surface that
acts as a band-limited uniform diffuser within a triangular domain of scattering angles.
These examples demonstrate the versatility of the present approach to the design problem.

3.1.4.5.1. A Lambertian Diffuser A Lambertian diffuser is defined by the requirement
that it produce a mean differential reflection coefficient that is proportional to the cosine of
the polar scattering angle θs ,

〈
∂R

∂Ωs

〉
(q1, q2) = A

a2
0 − q2‖

a2
0 + q2‖

0 � q‖ � a0 (3.1.227a)

= A cos θs 0 � θs � π/2, (3.1.227b)

where we have used the definitions a0 = (ω/c)(1 + cos θs) and q‖ = (ω/c) sin θs in obtain-
ing Eq. (3.1.227b). With the use of Eq. (3.1.224) we find that

〈
∂R

∂Ωs

〉(
−2(ω/c)s1

1 + s2‖
, −2(ω/c)s2

1 + s2‖

)
= A

1 − s2‖
1 + s2‖

θ(1 − s‖). (3.1.228)

On combining this result with Eq. (3.1.225) we obtain for the joint pdf f (s1, s2)

f (s1, s2) = 4A
1 − s2‖

(1 + s2‖)3
θ(1 − s‖). (3.1.229)

The normalization of f (s1, s2),

∞∫
−∞

ds1

∞∫
−∞

ds2 f (s1, s2) = 1 = 8πA

1∫
0

ds‖ s‖
1 − s2‖

(1 + s2‖)3
= πA, (3.1.230)

yields the result that A = 1/π , so that

〈
∂R

∂Ωs

〉
= 1

π
cos θs, (3.1.231)

f (s1, s2) = 4

π

1 − s2‖
(1 + s2‖)3

θ(1 − s‖). (3.1.232)
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Figure 3.19. A segment of a single realization of the surface profile function for the Lambertian diffuser for
which f (s1, s2) is given by Eq. (3.1.232). The value of b assumed in generating this surface was b = 20 µm.

The marginal pdf f (s1) is then

f (s1) = 4

π

√
1−s2

1∫
−
√

1−s2
1

ds2
1 − s2

1 − s2
2

(1 + s2
1 + s2

2)3
θ
(
1 − |s1|

)

= 1

π

1

(1 + s2
1)5/2

{
2
(
1 − 2s2

1

)
tan−1

√
1 − s2

1

1 + s2
1

+ (
2 − s2

1

)√
1 − s4

1

}
θ
(
1 − |s1|

)
. (3.1.233)

The conditional pdf f (s2|s1) is then obtained from Eqs. (3.1.179) and the expressions given
by Eqs. (3.1.232) and (3.1.233).

Due to the result that f (s1, s2) is a function of s1 and s2 only through the combination

s‖ = (s2
1 + s2

2)
1
2 , the joint pdfs f̃ (s1, s2) and ˜̃

f (s1, s2) in the present case are equal to

f (s1, s2). For the same reason the marginal pdfs f̃ (s1) and ˜̃
f (s1) are equal to f (s1). The

conditional pdfs f̃ (s2|s1) and ˜̃
f (s2|s1) are therefore given by f (s2|s1), Eq. (3.1.179).

In Fig. 3.19 is plotted a segment of a single realization of the surface profile function
ζ(x‖) constructed in the manner described in Section 3.1.3.2 for the case of the Lambertian
diffuser for which f (s1, s2) is given by Eq. (3.1.232).

In Fig. 3.20 we present a plot of 〈∂R/∂Ωs〉 calculated on the basis of the Kirchhoff
approximation for the Lambertian diffuser defined by Eq. (3.1.231). The wavelength of the
incident field was λ = 632.8 nm. The characteristic length b employed was b = 20 µm. The
results for Np = 10 000 realizations of the surface profile function were used in obtaining
the average indicated in Eq. (3.1.226). The angular dependence of the mean differential re-
flection coefficient reproduces well the desired result: for 0 � θs � π/2 〈∂R/∂Ωs〉 follows
very closely the cosine law (3.1.231).
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Figure 3.20. The mean differential reflection coefficient estimated from Np = 10 000 realizations of the sur-
face profile function for the scattering of a scalar plane wave incident normally on a two-dimensional randomly
rough Dirichlet surface designed to act as a Lambertian diffuser. The values of the parameters employed in this
calculation were λ = 632.8 nm, and b = 20 µm. A typical cross section is also presented.

We note that there is no peak in 〈∂R/∂Ωs〉 in the retroreflection direction θs = 0◦, as
was the case when 〈∂R/∂Ωs〉 for this diffuser was calculated by the method described in
Section 3.1.3, where a circularly symmetric random surface was assumed. Although this
peak could be suppressed by modifying slightly the method used to calculate 〈∂R/∂Ωs〉,
its absence from the result obtained by the present approach is an attractive feature of this
approach.

3.1.4.5.2. A Band-Limited Uniform Diffuser Within a Circular Domain of Scattering An-
gles If we seek to design a two-dimensional randomly rough surface that produces a
scattered field that is characterized by a mean differential reflection coefficient that is con-
stant within a circular domain of scattering angles, and vanishes outside this domain, the
mean differential reflection coefficient we seek to reproduce can be written

〈
∂R

∂Ωs

〉
(q1, q2) = A

(
qm − (

q2
1 + q2

2

) 1
2
)
, 0 < qm < ω/c. (3.1.234)

By the use of Eq. (3.1.225) we find that the corresponding probability density function
f (s1, s2) is given by

f (s1, s2) = 4A

(1 + s2‖)2
θ

(
cqm

2ω
− s‖

1 + s2‖

)
. (3.1.235)

This result can be rewritten as

f (s1, s2) = 4A

(1 + s2‖ )2
θ(sm − s‖), (3.1.236)
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where

sm = ω

cqm

{
1 − [

1 − (cqm/ω)2] 1
2
}
. (3.1.237)

From the normalization of f (s1, s2),

∫
d2s‖ f (s1, s2) = 8πA

sm∫
0

ds‖
s‖

(1 + s2‖ )2
= 4πA

s2
m

1 + s2
m

= 1, (3.1.238)

we find that

A = 1

4π

1 + s2
m

s2
m

. (3.1.239)

It follows, therefore, that

〈
∂R

∂Ωs

〉
(q1, q2) = 1

4π

1 + s2
m

s2
m

θ(qm − q‖), (3.1.240)

f (s1, s2) = 1

π

1 + s2
m

s2
m

1

(1 + s2‖ )2
θ(sm − s‖). (3.1.241)

The marginal pdf f (s1) is then found to be

f (s1) = 1

π

1 + s2
m

s2
m

{
1

1 + s2
m

(s2
m − s2

1)
1
2

1 + s2
1

+ 1

(1 + s2
1)3/2

tan−1
(

s2
m − s2

1

1 + s2
1

) 1
2
}
θ
(
sm − |s1|

)
. (3.1.242)

The conditional pdf f (s2|s1) is obtained from Eq. (3.1.179) and the results given by
Eqs. (3.1.241) and (3.1.242).

Because the joint pdf f (s1, s2) is a function of s1 and s2 only through the combination

s‖ = (s2
1 + s2

2)
1
2 , the joint pdfs f̃ (s1, s2) and ˜̃

f (s1, s2) are equal to f (s1, s2), while the mar-

ginal pdfs f̃ (s1) and ˜̃
f (s1) are equal to f (s1). The conditional pdfs f̃ (s2|s1) and ˜̃

f (s2|s1),
therefore, are the same as f (s2|s1).

In Fig. 3.21 we present a plot of 〈∂R/∂Ωs〉 calculated by means of the Kirchhoff ap-
proximation for the band-limited uniform diffuser within a circular domain of scattering
angles defined by Eq. (3.1.240). The wavelength of the incident field was λ = 632.8 nm.
The characteristic length b employed was b = 20 µm, and qm = sin 20◦(ω/c). The results
for Np = 10 000 realizations of the surface profile function were averaged to obtain the
average indicated in Eq. (3.1.226). It is seen that the angular dependence of the calculated
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Figure 3.21. The mean differential reflection coefficient estimated from Np = 10 000 realizations of the surface
profile function for the scattering of a scalar plane wave incident normally on a two-dimensional randomly rough
Dirichlet surface designed to act as a band-limited uniform diffuser within a circular domain of scattering angles.
The values of the parameters assumed in this calculation were λ = 632.8 nm, qm = sin 20◦(ω/c), and b = 20 µm.
Two cross sections are also presented.

〈∂R/∂Ωs〉 reproduces well the result defined by the expression (3.1.240) that served as the
input to the calculation. The mean differential reflection coefficient vanishes for scattering
angles outside the circular domain defined by Eq. (3.1.240), and the cut-off is very sharp:
the departure of the walls from verticality is by less than one degree. For scattering an-
gles within the circular domain the mean differential reflection coefficient is very nearly
constant.

We note that, as in the preceding example, because each realization of the surface profile
function is not circularly symmetric there is no peak in 〈∂R/∂Ωs〉 in the specular (retrore-
flection) direction, as was the case when 〈∂R/∂Ωs〉 for this diffuser was calculated by the
method described in Section 3.1.2, where a circularly symmetric randomly rough surface
was assumed.

3.1.4.5.3. A Band-Limited Uniform Diffuser Within an Elliptical Domain We next con-
sider the design of a two-dimensional randomly rough surface that produces a scattered
field whose intensity is constant within an elliptical domain of scattering angles and van-
ishes outside this domain. The mean differential reflection coefficient we seek to produce
in this case is 〈

∂R

∂Ωs

〉
(q1, q2) = Aθ

(
1 − q2

1

q2
1m

− q2
2

q2
2m

)
. (3.1.243)

From Eqs. (3.1.225) and (3.1.243) we find that the corresponding joint pdf f (s1, s2) is
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given by

f (s1, s2) = 4A

(1 + s2‖ )2
θ

((
1 + s2‖

)2 − s2
1

s2
1m

− s2
2

s2
2m

)
, (3.1.244)

where we have introduced the definitions

s1m = c

2ω
q1m, s2m = c

2ω
q2m. (3.1.245)

This result simplifies greatly when the range of variation of s1 and s2 is sufficiently limited
that s2‖ can be neglected compared to unity. This will be the case if |s1m| � 0.15 and |s2m| �
0.15. When this is the case, Eq. (3.1.244) becomes

f (s1, s2) = 4Aθ

(
1 − s2

1

s2
1m

− s2
2

s2
2m

)
. (3.1.246)

It is this form of f (s1, s2) that we will work with in what follows, because it allows us
to obtain analytic expressions for the marginal pdf f (s1) and for the joint pdfs f̃ (s1, s2)

and ˜̃
f (s1, s2) and for their associated marginal pdfs f̃ (s1) and ˜̃

f (s1). When s2‖ cannot be
neglected in comparison with unity, these functions have to be obtained numerically.

The marginal pdf f (s1) is given by

f (s1) =
∞∫

−∞
ds2 f (s1, s2)

= 4A

∞∫
−∞

ds2 θ

(
1 − s2

1

s2
1m

− s2
2

s2
2m

)

= 8As2m

(
1 − s2

1

s2
1m

) 1
2

θ
(
s1m − |s1|

)
. (3.1.247)

The normalization condition for f (s1) is

1 = 8As2m

s1m∫
−s1m

ds1

(
1 − s2

1

s2
1m

) 1
2

= 4πAs1ms2m, (3.1.248)

whence it follows that

A = 1

4πs1ms2m

. (3.1.249)
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Therefore, in the present case we have that

f (s1, s2) = 1

πs1ms2m

θ

(
1 − s2

1

s2
1m

− s2
2

s2
2m

)
, (3.1.250)

f (s1) = 2

πs1m

(
1 − s2

1

s2
1m

) 1
2

θ
(
s1m − |s1|

)
, (3.1.251)

while 〈
∂R

∂Ωs

〉
= 1

4πs1ms2m

θ

(
1 − q2

1

q2
1m

− q2
2

q2
2m

)
. (3.1.252)

The joint pdf f̃ (s1, s2) is obtained from Eqs. (3.1.185) and (3.1.250) as

f̃ (s1, s2) = f

(
1

2
s1 +

√
3

2
s2,

√
3

2
s1 − 1

2
s2

)

= 1

πs1ms2m

θ
(
1 − cs2

1 − bs1s2 − as2
2

)
, (3.1.253)

where

a = 1

4

(
3

s2
1m

+ 1

s2
2m

)
, (3.1.254a)

b =
√

3

2

(
1

s2
1m

− 1

s2
2m

)
, (3.1.254b)

c = 1

4

(
1

s2
1m

+ 3

s2
2m

)
. (3.1.254c)

The marginal pdf f̃ (s1) is then given by

f̃ (s1) = 1

πs1ms2m

∞∫
−∞

ds2 θ
(
1 − cs2

1 − bs1s2 − as2
2

)

= 1

πs1ms2m

∞∫
−∞

ds2 θ

(
1 −

(
c − b2

4a

)
s2

1 − a

(
s2 + b

2a
s1

)2)

= 1

πs1ms2m

∞∫
−∞

dx θ

(
1 −

(
c − b2

4a

)
s2

1 − ax2
)
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= 2

π

1

s1ms2m

√
a

[
1 −

(
c − b2

4a

)
s2

1

] 1
2

θ

(
2
√

a√
4ac − b2

− |s1|
)

= 8

π

1

s2
1m + 3s2

2m

(
1

4

(
s2

1m + 3s2
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)− s2
1

) 1
2

θ

(
1

2

(
s2

1m + 3s2
2m

) 1
2 − |s1|

)
.

(3.1.255)

The joint pdf ˜̃
f (s1, s2) is obtained from Eqs. (3.1.188) and (3.1.250) as

˜̃
f (s1, s2) = f

(
−1

2
s1 +

√
3

2
s2,

√
3

2
s1 + 1

2
s2

)

= 1

πs1ms2m

θ
(
1 − cs2

1 + bs1s2 − as2
2

)
. (3.1.256)

The marginal pdf ˜̃
f (s1) is then obtained from Eq. (3.1.255) by noting that the result is

independent of the sign of b. The result is

˜̃
f (s1) = 1

πs1ms2m

∞∫
−∞

ds2 θ
(
1 − cs2

1 + bs1s2 − as2
2

)

= 8

π

1

s2
1m + 3s2

2m

(
1

4

(
s2

1m + 3s2
2m

)− s2
1

) 1
2

θ

(
1

2

(
s2

1m + 3s2
2m

) 1
2 − |s1|

)
.

(3.1.257)

In Fig. 3.22, we present results for 〈∂R/∂Ωs〉 obtained on the basis of the Kirchhoff ap-
proximation for a band-limited uniform diffuser within an elliptical domain of scattering
angles defined by Eq. (3.1.252). The wavelength of the incident light was λ = 632.8 nm.
The roughness parameters assumed were b = 20 µm, q1m = 0.1(ω/c), q2m = 0.05(ω/c).
The results for Np = 3000 realizations of the surface profile function were averaged to ob-
tain the average indicated in Eq. (3.1.226). The results presented show that the angular de-
pendence of the intensity of the scattered field is very close to that defined by Eq. (3.1.252).
The intensity of the scattered field vanishes for scattering angles outside the elliptical do-
main defined by Eq. (3.1.252) and the cut-off is very sharp. For scattering angles inside
this elliptical domain the scattered intensity is very nearly constant.

3.1.4.5.4. A Band-Limited Uniform Diffuser Within a Rectangular Domain If we wish to
design a surface that acts as a band-limited uniform diffuser within a rectangular region of
scattering angles, the mean differential reflection coefficient we seek to produce is〈

∂R

∂Ωs

〉
(q1, q2) = Aθ

(
q1m − |q1|

)
θ
(
q2m − |q2|

)
. (3.1.258)
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Figure 3.22. The mean differential reflection coefficient estimated from Np = 3000 realizations of the sur-
face profile function for the scattering of a scalar plane wave incident normally on a two-dimensional ran-
domly rough Dirichlet surface designed to act as a band-limited uniform diffuser within an elliptical domain
of scattering angles. The values of the parameters used in this calculation were λ = 632.8 nm, q1m = 0.1(ω/c),
q2m = 0.05(ω/c), and b = 20 µm. The cross sections corresponding to q2 = 0 and q1 = 0 are also presented.

On combining Eqs. (3.1.225) and (3.1.258) we find that the corresponding joint probability
density function f (s1, s2) is given by

f (s1, s2) = 4A

(1 + s2‖ )2
θ
(
s1m

(
1 + s2‖

)− |s1|
)
θ
(
s2m

(
1 + s2‖

)− |s2|
)
, (3.1.259)

where s1m and s2m have been defined in Eq. (3.1.245). This result simplifies greatly when
the range of variation of s1 and s2 is small enough that s2‖ can be neglected compared to
unity with little error, e.g., if |s1m| � 0.15, |s2m| � 0.15. When this is the case Eq. (3.1.259)
becomes

f (s1, s2) = 4Aθ
(
s1m − |s1|

)
θ
(
s2m − |s2|

)
. (3.1.260)
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It is this form of f (s1, s2) that we will use in what follows, because it allows us to ob-
tain analytic expressions for the marginal pdf f (s1) and for the joint pdfs f̃ (s1, s2) and
˜̃

f (s1, s2) and their associated marginal pdfs f̃ (s1) and ˜̃
f (s2). When s2‖ cannot be neglected

in comparison with unity, these functions have to be obtained numerically.
The normalization of f (s1, s2) leads to the result that

A = 1

16s1ms2m

. (3.1.261)

Consequently, we find that

〈
∂R

∂Ωs

〉
(q1, q2) = θ(q1m − |q1|)

(cq1m/ω)

θ(q2m − |q2|)
(cq2m/ω)

, (3.1.262)

and

f (s1, s2) = θ(s1m − |s1|)
2s1m

θ(s2m − |s2|)
2s2m

. (3.1.263)

The marginal pdf f (s1) is

f (s1) = θ(s1m − |s1|)
2s1m

, (3.1.264)

and the conditional pdf f (s2|s1) is

f (s2|s1) = θ(s2m − |s2|)
2s2m

(3.1.265)

independent of s1.
From Eqs. (3.1.185) and (3.1.263) we find that the joint pdf f̃ (s1, s2) is given by

f̃ (s1, s2) = θ(s1m − | 1
2 s1 +

√
3

2 s2|)
2s1m

θ(s2m − |
√

3
2 s1 − 1

2 s2|)
2s2m

. (3.1.266)

The marginal pdf f̃ (s1) is then

f̃ (s1) = 1

4s1ms2m

∞∫
−∞

ds2 θ

(
s1m −

∣∣∣∣1

2
s1 +

√
3

2
s2

∣∣∣∣
)

θ

(
s2m −

∣∣∣∣
√

3

2
s1 − 1

2
s2

∣∣∣∣
)

= 1

2s1ms2m

∞∫
−∞

duθ
(
s2m − |u|)θ(s1m − |√3u + 2s1|

)
. (3.1.267)
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In what follows, rather than maintaining complete generality, we will assume that

√
3s2m > s1m, (3.1.268)

an assumption that simplifies the evaluation of f̃ (s1) without significantly decreasing the
generality of the result. The product of two Heaviside unit step functions in the integrand
on the right-hand side of Eq. (3.1.267) defines five intervals of the variable s1 that have to
be considered, namely (−∞,−b), (−b,−a), (−a, a), (a, b), and (b,∞), where

a =
√

3

2
s2m − 1

2
s1m, b =

√
3

2
s2m + 1

2
s1m. (3.1.269)

The integral over u vanishes when s1 is in the first and last of these intervals, because
the integrand is zero. The limits within which u varies for s1 in the second, third, and
fourth intervals are (− 2√

3
s1 − 1√

3
s1m, s2m), (− 2√

3
s1 − 1√

3
s1m,− 2√

3
s1 + 1√

3
s1m), and

(−s2m,− 2√
3
s1 + 1√

3
s1m), respectively. From these results we obtain

f̃ (s1) = 1√
3s1ms2m

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 s1 < −b,

(b + s1) −b < s1 < −a,

(b − a) −a < s1 < a,

(b − s1) a < s1 < b,

0 b < s1.

(3.1.270)

The joint pdf ˜̃
f (s1, s2) is obtained from Eqs. (3.1.188) and (3.1.263) in the form

˜̃
f (s1, s2) = θ(s1m − | − 1

2 s1 +
√

3
2 s2|)

2s1m

θ(s2m − |
√

3
2 s1 + 1

2 s2|)
2s2m

. (3.1.271)

The marginal pdf ˜̃
f (s1) is therefore given by

˜̃
f (s1) = 1

4s1ms2m

∞∫
−∞

ds2 θ

(
s1m −

∣∣∣∣−1

2
s1 +

√
3

2
s2

∣∣∣∣
)

θ

(
s2m −

∣∣∣∣
√

3

2
s1 + 1

2
s2

∣∣∣∣
)

= 1

2s1ms2m

∞∫
−∞

duθ
(
s2m − |u|)θ(s1m − |√3u − 2s1|

)
. (3.1.272)

If we compare this expression for ˜̃
f (s1) with the expression for f̃ (s1) given by

Eq. (3.1.267), we observe the relation ˜̃
f (s1) = f̃ (−s1). Since f̃ (s1) is an even function
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Figure 3.23. The mean differential reflection coefficient estimated from Np = 3000 realizations of the surface
profile function for the scattering of a scalar plane wave incident normally on a two-dimensional randomly
rough Dirichlet surface designed to act as a band-limited uniform diffuser within a rectangular domain of scat-
tering angles. The values of the parameters used in this calculation were λ = 632.8 nm, q1m = 0.1736(ω/c),
q2m = 0.1045(ω/c), and b = 20 µm. The cross sections corresponding to q2 = 0 and q1 = 0 are also presented.

of s1, we obtain finally the result that

˜̃
f (s1) = f̃ (s1). (3.1.273)

In Fig. 3.23 we present results for 〈∂R/∂Ωs〉, calculated by means of the Kirch-
hoff approximation, for the band-limited uniform diffuser within a rectangular domain
of scattering angles defined by Eq. (3.1.262). The wavelength of the incident light was
λ = 632.8 nm. The roughness parameters assumed were b = 20 µm, q1m = (ω/c) sin 10◦ =
0.1736(ω/c), q2m = (ω/c) sin 6◦ = 0.1045(ω/c). The results for Np = 3000 realizations
of the surface profile function were used to obtain the average indicated in Eq. (3.1.226).
The results presented show that the angular dependence of the intensity of the scattered
field is in very good agreement with that defined by Eq. (3.1.262). The intensity of the
scattered field vanishes for scattering angles outside the rectangular domain defined by
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Eq. (3.1.262), and the cutoff is very sharp. For scattering angles within this rectangular
domain the intensity of the scattered field is very closely constant.

3.1.4.5.5. A Band-Limited Uniform Diffuser Within a Triangular Domain As a final ex-
ample, we apply the approach developed in the preceding sections of this chapter to the
design of a random surface that acts as a band-limited uniform diffuser within a triangu-
lar region of scattering angles. The mean differential reflection coefficient in this case is
chosen to have the form〈

∂R

∂Ωs

〉
(q1, q2) = Aθ

(
1√
3
(m − q2) − |q1|

)
θ(m − q2)θ(q2). (3.1.274)

On combining Eqs. (3.1.225) and (3.1.274) we find that the corresponding joint probability
density function f (s1, s2) is given by

f (s1, s2) = 4A

(1 + s2‖)2
θ

(
1√
3

(
M

2

(
1 + s2‖

)+ s2

)
− |s1|

)
θ

(
M

2

(
1 + s2‖

)+ s2

)
θ(−s2),

(3.1.275)
where we have introduced the definition

M = (c/ω)m. (3.1.276)

The expression given by Eq. (3.1.275) simplifies greatly if the range of variation of s1 and
s2 is sufficiently small that s2‖ can be neglected in comparison with unity. This will be the
case, for example, if M � 0.35. In this limit Eq. (3.1.275) takes the form

f (s1, s2) = 4Aθ

(
M

2
√

3
+ s2√

3
− |s1|

)
θ

(
M

2
+ s2

)
θ(−s2). (3.1.277)

This is the expression for f (s1, s2) we will use in what follows, because it allows obtaining

the marginal pdf f (s1) as well as the joint pdfs f̃ (s1, s2) and ˜̃
f (s1, s2) and the correspond-

ing marginal pdfs f̃ (s1) and ˜̃
f (s1), analytically, in closed form, rather than numerically. If

s2‖ is not small compared to unity, these functions have to be obtained numerically.
The marginal pdf f (s1) is given by

f (s1) = 4A

∞∫
−∞

ds2 θ

(
M

2
√

3
+ s2√

3
− |s1|

)
θ

(
M

2
+ s2

)
θ(−s2)

= 4Aθ

(
M

2
√

3
− |s1|

) 0∫
√

3|s1|− M
2

ds2

= 4
√

3A

(
M

2
√

3
− |s1|

)
θ

(
M

2
√

3
− |s1|

)
. (3.1.278)



274 Two-Dimensional Surfaces

The normalization of f (s1) yields the result that A = √
3/M2. Thus, we have the results

that 〈
∂R

∂Ωs

〉
(q1, q2) =

√
3

M2
θ

(
M√

3
− c

ω

q2√
3

− c

ω
|q1|

)
θ

(
M − c

ω
q2

)
θ

(
c

ω
q2

)
,

(3.1.279)

f (s1, s2) = 4
√

3

M2
θ

(
M

2
√

3
+ s2√

3
− |s1|

)
θ

(
M

2
+ s2

)
θ(−s2),

(3.1.280)

and

f (s1) = 12

M2

(
M

2
√

3
− |s1|

)
θ

(
M

2
√

3
− |s1|

)
. (3.1.281)

The joint pdf f̃ (s1, s2) in the present case is obtained from Eqs. (3.1.185) and (3.1.280)
as

f̃ (s1, s2) = 4
√

3

M2
θ

(
M

2
√

3
+ 1√

3

(√
3

2
s1 − 1

2
s2

)
−

∣∣∣∣1

2
s1 +

√
3

2
s2

∣∣∣∣
)

× θ

(
M

2
+

√
3

2
s1 − 1

2
s2

)
θ

(
1

2
s2 −

√
3

2
s1

)
. (3.1.282)

The marginal pdf f̃ (s1) is then given by

f̃ (s1) = 4
√

3

M2

∞∫
−∞

ds2 θ

(
M

2
√

3
+ 1√

3

(√
3

2
s1 − 1

2
s2

)
−

∣∣∣∣1

2
s1 +

√
3

2
s2

∣∣∣∣
)

× θ

(
M

2
+

√
3

2
s1 − 1

2
s2

)
θ

(
1

2
s2 −

√
3

2
s1

)
. (3.1.283)

The constraints imposed by the step functions in the integrand of this expression yield the
result that

f̃ (s1) = 4
√

3

M2

M
4∫

− M
2 −√

3s1

ds2 −
√

3

4
M < s1 < − M

4
√

3
(3.1.284a)

= 4
√

3

M2

M
4∫

√
3s1

ds2 − M

4
√

3
< s1 <

M

4
√

3
. (3.1.284b)
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Thus we obtain

f̃ (s1) =
⎧⎨
⎩

4
√

3
M2 ( 3

4M + √
3s1) −

√
3

4 M < s1 < − M

4
√

3
,

4
√

3
M2 ( 1

4M − √
3s1) − M

4
√

3
< s1 < M

4
√

3
.

(3.1.285)

From Eqs. (3.1.188) and (3.1.280) we find that the joint pdf ˜̃
f (s1, s2) is

˜̃
f (s1, s2) = 4

√
3

M2
θ

(
M

2
√

3
+ 1√

3

(√
3

2
s1 + 1

2
s2
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∣∣∣∣−1

2
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3

2
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∣∣∣∣
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√
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2
s1 − 1

2
s2

)
. (3.1.286)

The marginal pdf ˜̃
f (s1) is then given by

˜̃
f (s1) = 4

√
3

M2

∞∫
−∞

ds2 θ
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2
√

3
+ 1√

3

(√
3

2
s1 + 1

2
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√
3

2
s1 − 1

2
s2

)
.

(3.1.287)

If we replace s2 by −s2 as the integration variable in Eq. (3.1.287), and compare the re-
sulting integral with the one in Eq. (3.1.283), we obtain the result that

˜̃
f (s1) = f̃ (s1). (3.1.288)

In Fig. 3.24 we present a plot of 〈∂R/∂Ωs〉, calculated by means of the Kirchhoff ap-
proximation, for the band-limited uniform diffuser within a triangular region of scattering
angles defined by Eq. (3.1.279). The wavelength of the incident field was λ = 632.8 nm.
The parameters characterizing the surface were b = 20 µm and M = sin 20◦ = 0.342. The
results for Np = 10 000 realizations of the surface profile function were averaged to ob-
tain 〈∂R/∂Ωs〉. The angular dependence of 〈∂R/∂Ωs〉 is very close to that defined by
Eq. (3.1.279). There is no scattered intensity for scattering outside the triangular domain
defined by Eq. (3.1.279), and the cutoff is very sharp. For scattering angles inside this
triangular domain 〈∂R/∂Ωs〉 is very closely constant.

3.2. Random Diffusers that Extend the Depth of Focus

So far in this chapter we have considered the design of a two-dimensional randomly rough
surface that scatters a scalar plane wave incident on it in such a way that the scattered
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Figure 3.24. The mean differential reflection coefficient estimated from Np = 10 000 realizations of the surface
profile function for the scattering of a scalar plane wave incident normally on a two-dimensional randomly rough
Dirichlet surface designed to act as a band-limited uniform diffuser within a triangular region of scattering an-
gles. The values of the parameters assumed in this calculation were λ = 632.8 nm, M = sin 20◦ = 0.342, and
b = 20 µm. The cross sections corresponding to q1 = 0 and q2 = 0 are also presented.

field has a prescribed angular dependence of the mean differential reflection coefficient.
However, a two-dimensional randomly rough surface that produces a scattered field with a
mean intensity that has a specified spatial dependence is also of interest, and such a surface
can also be designed. To make this point, in the present section we consider a particular
example of this type of design problem. Specifically, we consider the problem of designing
diffusers that, when illuminated by a converging beam, produce a constant distribution of
intensity along a segment of the optical axis. The interest in such diffusers is due to the
fact that a common criterion used in evaluating masks for extending the depth of focus of
optical systems is the rate of decay of the intensity along the optical axis as one moves
away from the focus: the slower this rate of decay the better [3.12,3.13]. This suggests that
diffusers that produce a constant intensity along a specified segment of the optical axis
that includes the focus can be used as focal depth extenders. In this section we present an
approach to the production of such diffusers that is based on designing a two-dimensional
circularly symmetric randomly rough surface of the diffuser that produces a field of this
nature.

3.2.1. Diffusers that Produce a Prescribed Distribution of the Mean Intensity Along the
Optical Axis

In designing a random surface that produces a specified distribution of intensity along the
optical axis, we assume that we are dealing with a circularly symmetric aberration-free
imaging system. For a point source object the system (Fig. 3.25) produces a converging
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Figure 3.25. Diffraction of a converging spherical wave transmitted through a circularly symmetric diffuser.

spherical wave. After passing through a diffuser with a circularly symmetric amplitude
transmittance function t (r), the complex amplitude in the neighborhood of focus can be
expressed as [3.14]

ψ(z0, r0) = −ik0
A

f 2
exp(ik0z0)

a∫
0

t (r)J0

(
k0r0

R
r

)
exp

{
−ik0

z0r
2

2R2

}
r dr. (3.2.1)

In this expression A is a constant amplitude, and k0 = (ω/c) is the wave number in
vacuum, where ω is the frequency of the wave and c is the speed of light in vacuum. The
length a is the radius of the pupil, R is the distance from the pupil plane to the best focus,
z0 is the defocus distance, r0 is the radial distance from the optical axis, J0(z) is a Bessel
function of the first kind and zero order, and t (r) is a complex function of the form

t (r) = exp
[−iν3H(r)

]
, (3.2.2)

where H(r) is the surface profile function of the diffuser. We assume that H(r) is a single-
valued function of r that is differentiable and constitutes a random process, but not neces-
sarily a stationary one. In the case of small angles of incidence and scattering we have that
ν3 = �n(ω/c) for the transmission geometry depicted in Fig. 3.25 [3.15], where �n is the
difference between the refractive index of the material from which the diffuser is fabricated
and the refractive index of the surrounding medium.

We consider first the complex amplitude along the optical axis (r0 = 0),

ψ(z0,0) = C0

a∫
0

exp
[−iν3H(r)

]
exp

(−iκz0r
2)r dr, (3.2.3)
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where

C0 = −ik0
(
A/f 2) exp(ik0z0), (3.2.4a)

κ = k0/2R2. (3.2.4b)

With the change of variable t = r2 Eq. (3.2.3) becomes

ψ(z0,0) = 1

2
C0

a2∫
0

dt exp
{−i

[
ν3h(t) + κz0t

]}
, (3.2.5)

where

h(t) = H(
√

t ). (3.2.6)

Equation (3.2.5) is a special case of a more general result obtained by McCutchen [3.16].
The mean intensity along the optical axis is therefore

〈
I (z0,0)

〉 = 〈∣∣ψ(z0,0)
∣∣2〉

= 1

4
|C0|2

a2∫
0

dt

a2∫
0

dt ′ exp
[−i κz0(t − t ′)

]〈
exp

{−iν3
[
h(t) − h(t ′)

]}〉
,

(3.2.7)

where the angle brackets denote an average over the ensemble of realizations of the surface
profile function H(r). Our goal, now, is to find the function h(t), and hence the function
H(r), that produces a specified form for 〈I (z0,0)〉.

As it stands, the expression for 〈I (z0,0)〉 given by Eq. (3.2.7) is too difficult to invert
to obtain h(t) in terms of 〈I (z0,0)〉. To obtain an equation that can be inverted we use an
approximation that is equivalent to passing to the geometrical optics limit of the right-hand
side of Eq. (3.2.7). Namely, we expand h(t) about t = t ′, h(t) = h(t ′)+ (t − t ′)h′(t)+ · · ·,
and retain only terms through the leading nonzero order in t − t ′. In this way we obtain

〈
I (z0,0)

〉 = 1

4
|C0|2

a2∫
0

dt

a2∫
0

dt ′ exp
[−iκz0(t − t ′)

]〈
exp

[−iν3(t − t ′)h′(t ′)
]〉
. (3.2.8)

To evaluate the double integral in Eq. (3.2.8) we first introduce a characteristic length b

through the definition a2 = Nb2, where N is a large integer. We then represent the function
h(t) in the form

h(t) = an

b
t + bn, nb2 � t � (n + 1)b2, n = 0,1,2, . . . ,N − 1. (3.2.9)
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The {an} are assumed to be independent identically distributed random deviates. The prob-
ability density function of an, f (γ ) = 〈δ(γ − an)〉, is therefore independent of n. The
continuity of the surface at, say, t = (n + 1)b2 requires the satisfaction of the relation

bn+1 = bn − (n + 1)(an+1 − an)b. (3.2.10)

The {bn} can be determined from a knowledge of the {an} by means of this recurrence
relation, provided that an initial value, e.g., b0 is specified. With no loss of generality we
can assume that b0 = 0, and we do so. The solution of Eq. (3.2.10) is then

bn = [a0 + a1 + · · · + an−1 − nan]b, n � 1. (3.2.11)

With the representation of h(t) given by Eq. (3.2.9) the double integral in Eq. (3.2.8)
becomes

a2∫
0

dt

a2∫
0

dt ′ exp
[−iκz0(t − t ′)

]〈
exp

[−iν3(t − t ′)h′(t ′)
]〉

=
a2∫

0

dt

N−1∑
n=0

(n+1)b2∫
nb2

dt ′ exp
[−iκz0(t − t ′)

]〈
exp

[−iν3(t − t ′)(an/b)
]〉

=
a2∫

0

dt

N−1∑
n=0

(n+1)b2∫
nb2

dt ′ exp
[−iκz0(t − t ′)

] ∞∫
−∞

dγ f (γ ) exp
[−iν3(t − t ′)(γ /b)

]
.

We used the independence of the {an} and the fact that they are identically distributed in
the last step. Since the integrands in this expression now are independent of n, the sum
on n can be carried out immediately, with the result that the double integral becomes

∞∫
−∞

dγ f (γ )

∣∣∣∣∣
a2∫

0

dt exp
{−i

[
κz0 + (ν3γ /b)

]
t
}∣∣∣∣∣

2

= 4

∞∫
−∞

dγ f (γ )
sin2[κz0 + (ν3γ /b)](a2/2)

[κz0 + (ν3γ /b)]2
. (3.2.12)

Equations (3.2.8) and (3.2.12) together give us

〈
I (z0,0)

〉 = |C0|2 a4

4

∞∫
−∞

dγ f (γ ) sinc2 ν3a
2

2b

(
γ + κb

ν3
z0

)
. (3.2.13)
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The function sinc2((ν3a
2/2b)(γ + (κbz0/ν3))) is sharply peaked about γ = −(κbz0/ν3),

and the larger (ν3a
2/2b) = π�nNb/λ is the more sharply peaked it is. We assume that

Nb � λ, and use the result that in the limit as A → ∞

sinc2 Ax → π

A
δ(x), (3.2.14)

where δ(x) is the Dirac delta function, to rewrite Eq. (3.2.13) as

〈
I (z0,0)

〉 = πa2|C0|2 b

2ν3
f

(
−κb

ν3
z0

)
. (3.2.15)

On inverting Eq. (3.2.15) we obtain the pdf of an in terms of 〈I (z0,0)〉 in the form

f (γ ) = 2

π

1

|C0|2
ν3

a2b

〈
I

(
− ν3

κb
γ,0

)〉
. (3.2.16)

From the result given by Eq. (3.2.16) a long sequence of {an} is generated by the rejection
method [3.8], and a single realization of the surface profile function H(r) is constructed on
the basis of Eqs. (3.2.9), (3.2.11), and the fact that t = r2. Thus, the surface profile function
can be written as

H(r) = an

b
r2 + bn,

√
nb � r �

√
n + 1b, n = 0,1,2, . . . ,N − 1. (3.2.17)

In what follows we consider the design of a diffuser that produces a constant mean
intensity along the optical axis in the interval −zm < z0 < zm, and zero mean intensity
along the rest of the optical axis, and examine the possibility of using it to extend the depth
of focus of imaging systems. The mean axial intensity we wish the diffuser to produce is
therefore 〈

I (z0,0)
〉 = I0θ

(
zm − |z0|

)
, (3.2.18)

where I0 is a constant. We obtain from Eq. (3.2.16) the result that

f (γ ) = 2

π

ν3I0

a2b|C0|2 θ

(
κb

ν3
zm − |γ |

)
. (3.2.19)

The constant I0 is obtained from the normalization of f (γ ), and is found to be

I0 = π

4

a2|C0|2
κzm

. (3.2.20)

It follows that 〈
I (z0,0)

〉 = π

4

a2|C0|2
κzm

θ
(
zm − |z0|

)
(3.2.21)
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and

f (γ ) = ν3

2b

1

κzm

θ

(
κb

ν3
zm − |γ |

)
. (3.2.22)

3.2.2. Three-Dimensional Distribution of the Mean Intensity in the Neighborhood of the
Focus

If the diffuser designed in Section 3.2.1 is to be used in an imaging system, not only the
axial intensity distribution is of interest: it is also important to know the intensity distrib-
ution in the radial direction about the optical axis. Therefore, in this section we calculate
the mean intensity in the focal region. We return to Eq. (3.2.1), which gives the field in this
region as

ψ(z0, r0) = C0

a∫
0

J0

(
k0r0

R
r

)
exp

[−iν3H(r) − iκz0r
2]r dr. (3.2.23)

When the form of H(r) given by Eq. (3.2.17) is substituted into Eq. (3.2.23) and we make
the change of variable t = r2, ψ(z0, r0) becomes

ψ(z0, r0) = C0

N−1∑
n=0

exp(−iν3bn)ψn(z0, r0;an), (3.2.24)

where

ψn(z0, r0;an) = 1

2

(n+1)b2∫
nb2

dt J0(β
√

t ) exp(−iαnt), (3.2.25)

with

αn = ν3
an

b
+ κz0, β = k0r0

R
. (3.2.26)

The integral in Eq. (3.2.25) can be evaluated numerically, or it can be evaluated analytically
by expanding J0(β

√
t ) in powers of β2t and integrating the resulting series term-by-term

[3.17]. The results presented below were obtained by evaluating the integral numerically.
The mean intensity obtained from Eq. (3.2.24) is

〈
I (z0, r0)

〉 = 〈∣∣ψ(z0, r0)
∣∣2〉

= |C0|2
N−1∑
m=0

N−1∑
n=0

〈
exp

[−iν3(bm − bn)
]
ψm(z0, r0;am)ψ∗

n (z0, r0;an)
〉
.

(3.2.27)
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We now recall that the random numbers {an} are statistically independent. If we now
assume that the coherent component of this mean intensity is negligible, i.e., that
〈ψn(z0, r0;an)〉 = 0, Eq. (3.2.27) simplifies to

〈
I (z0, r0)

〉 = |C0|2
N−1∑
n=0

〈∣∣ψn(z0, r0;an)
∣∣2〉

= ν3

2b

|C0|2
κzm

N−1∑
n=0

κb
ν3

zm∫
− κb

ν3
zm

dγ
∣∣ψn(z0, r0;γ )

∣∣2, (3.2.28)

where we have used the result for f (γ ) given by Eq. (3.2.22) in the last step. Calcu-
lations, whose results we do not show here, indicate that the relative error made in us-
ing Eq. (3.2.28) instead of Eq. (3.2.27) is of the order of one part in 104 for the val-
ues of all the parameters, and the values of z0 and r0, assumed here. Consequently, in
what follows we will use the simpler expression (3.2.28) in calculating the mean intensity
〈I (z0, r0)〉.

In concluding this section we note that under normal experimental conditions the
estimation of the ensemble average is not a practical consideration, and one has to
work with a single realization of the diffuser. For any realization different diffuser
rings focus light on different points along the optical axis with equal probability
within the design region. For monochromatic illumination the interference between all
these randomly phased contributions produces speckle, which manifests itself as ran-
dom variations in the axial intensity. At the same time, due to the circular symme-
try of the system about the optical axis, the transverse intensity pattern contains rings
that change rapidly with changing z0. These fluctuations can be smoothed through
the use of broadband illumination instead of monochromatic illumination (see Sec-
tion 2.9).

3.2.3. Example

We consider, as an example, a diffuser that produces a uniform distribution of intensity in
the range −2 cm < z0 < 2 cm of the optical axis, and produces zero intensity along the
rest of this axis. The pdf of an for this case is given by Eq. (3.2.22). We assume the values
a = 2 cm, R = 15 cm, λ = 632.8 nm, and �n = 0.6. The diffuser is assumed to have 99
zones (N = 100), so that the characteristic length b = 0.2 cm.

The result for 〈I (z0, r0)〉 is shown in Fig. 3.26. In Fig. 3.26(a) we show the axial
intensity distribution. It is seen that the intensity is fairly constant in the design region
−2 cm < z0 < 2 cm of the optical axis, and decreases rapidly along the optical axis away
from this region. In Fig. 3.26(b) we show the intensity distribution in the best focus plane
z0 = 0 as a function of the radial coordinate r0. This distribution is fairly invariant within
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Figure 3.26. (a) The mean intensity distribution along the optical axis; (b) the mean intensity in the transverse
direction in the best focus plane z0 = 0. The axial response of the system with a clear aperture is too narrow to
be shown in (a). The lower curve in (b) represents the response of the system with a clear aperture.

the design region. It consists of a bright central core surrounded by a halo. A consequence
of this halo is that the high frequency components of the object will be transferred to the
image with low contrast. Despite this, the sharpness of the central core suggests that such
diffusers can be useful in imaging applications.

Circularly symmetric randomly rough surfaces of the type considered here can be fab-
ricated on photoresist by the approach described in Section 3.4. We now present some
experimental results obtained by using these diffusers in the formation of extended im-
ages.

In Fig. 3.27 we show images of a wheel-like object taken under white light illumination.
The photographs on the top row correspond to the best-focus condition. The image (a) was
formed by an aberration-free optical system. Image (b) was formed by the same system,
but with the inclusion of a diffuser in the pupil plane. It is seen that, due to the halo in the
mean transverse intensity distribution, the edges of the image show a reduction in contrast.
Images corresponding to an out-of-focus situation are shown in the bottom row of Fig. 3.27.
The image (c) is noticeably blurred, and its quality has been degraded with respect to that
of the image (a). In contrast, the image (d), obtained with the system that includes the
diffuser in the pupil plane, has changed only slightly. The resolution of the images can be
assessed by inspection of the fine details in the circled regions of images (a)–(d). These
results confirm the expectation that the optical system with the diffuser has a greater depth
of focus than the system without it.
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Figure 3.27. Images of a wheel-like binary object under white light illumination in a well-corrected 4f imaging
system with a = 0.5 cm and f = 30 cm. (a) clear-aperture system, image in the best-focus plane (z0 = 0);
(b) system with diffuser, image in the best-focus plane; (c) clear-aperture system, image in an out-of-focus plane
(z0 = 8 mm); (d) system with diffuser, image in the same out-of-focus plane. The images show a region of about
4 mm × 4 mm of the object.

3.3. A Two-Dimensional Randomly Rough Surface that Acts as a Gaussian
Schell-Model Source

Up to this point in the present chapter we have considered only the design of two-
dimensional randomly rough surfaces that produce scattered fields with specified forms
of their mean intensity. A mean scattered intensity is a two-point amplitude correlation
function of the scattered field in the limit as the two points at which the field and its com-
plex conjugate are determined merge. However, the method developed in Section 3.1.4
can be used to design surfaces that produce scattered fields with prescribed genuine two-
point amplitude correlation functions, at least of a particular form. We illustrate this in the
present section by considering the design of such a surface whose scattering properties are
of considerable interest.

Thus, we consider a secondary-fluctuating planar source situated in the plane x3 = 0 that
produces an electromagnetic field of frequency ω in the region x3 > 0. We denote a compo-
nent of this field by U(x|ω). Its value in the plane of the source will be denoted by U(x‖|ω).
The cross-spectral density of the radiated field in the source plane, W(0)(x‖,x′‖|ω), is de-
fined by

W(0)(x‖,x′‖|ω) = 〈
U(x‖ω)U∗(x′‖|ω)

〉
, (3.3.1)
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where the angle brackets denote an average over the ensemble of realizations of the func-
tions {U(x‖|ω)}.

A particular interest attaches to secondary fluctuating planar sources that are character-
ized by a cross-spectral density of the form [3.18]

W(0)(x‖,x′‖|ω) = [
S(0)(x‖|ω)

] 1
2 g(0)(x‖ − x′‖|ω)

[
S(0)(x′‖|ω)

] 1
2 . (3.3.2)

In this expression S(0)(x‖|ω) is the spectral density (intensity) of the light at a typical point
in the source plane, and is given by

S(0)(x‖|ω) = W(0)(x‖,x‖|ω) = 〈∣∣U(x‖|ω)
∣∣2〉, (3.3.3)

while g(0)(x‖ − x′‖|ω) is the spectral degree of coherence of the source in the plane of
the source. The spectral degree of coherence possesses the following important proper-
ties [3.19],

g(0)(x‖ − x′‖|ω) = g(0)(x′‖ − x‖|ω)∗, (3.3.4a)

0 �
∣∣g(0)(x‖ − x′‖|ω)

∣∣ � 1, (3.3.4b)

g(0)(0|ω) = 1. (3.3.4c)

Sources defined by these properties are called Schell-model sources, and are partially co-
herent sources.

When the spatial distributions of the spectral density and of the spectral degree of co-
herence are both Gaussian, namely if

S(0)(x‖|ω) = A2(ω) exp
[−x2‖/2σ 2

s (ω)
]
, (3.3.5)

g(0)(x‖|ω) = exp
[−x2‖/2σ 2

g (ω)
]
, (3.3.6)

where A(ω), σs(ω) and σg(ω) are all positive, the corresponding source is called a
Gaussian Schell-model source. It is also a partially coherent source [3.20]. The interest
in Gaussian Schell-model sources stems from an equivalence theorem that states that two
different Gaussian Schell-model sources for which the quantities (1/4σ 2

s ) + (1/σ 2
g ) have

the same value, and for which the products Aσs are the same, generate the same distribution
of the radiant intensity [3.20].

A particularly interesting limiting case of this equivalence theorem is one where
σg → ∞. From Eq. (3.3.6) we see that this limit characterizes a Gaussian Schell-model
source that is spatially coherent at the frequency ω, i.e., one for which g(0)(x‖|ω) ≡ 1 for
all x‖. An example of such a source is a laser with a flat output mirror, which operates in its
lowest-order mode, provided that effects arising from diffraction at the edge of the mirror
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are neglected. The form that Eq. (3.3.5) takes for such a source can be written [3.21]

S(0)(x‖|ω) = A2
L exp

[−2x2‖/δ2
L

]
. (3.3.7)

It follows from the aforementioned equivalence theorem that Gaussian Schell-model

sources for which δL = 2σsσg/(σ
2
g + 4σ 2

s )
1
2 and ALδL = 2Aσs will generate the same

angular distribution of radiant intensity as the laser source whose intensity is given by
Eq. (3.3.7). If the source is characterized by a coherence length σg that is much smaller
than the linear dimensions of the source, i.e., if σg � σs , such a source is practically ho-
mogeneous, and the angular divergence of the beam produced can be made quite small
(the equivalent laser beam width in this limit is δL = σg). Such sources will be called
Collett–Wolf sources [3.22].

In addition to mimicking the radiation from a laser, the radiation from a Collett–Wolf
source produces no speckle when it is incident on a surface [3.23], and propagates farther
through a turbulent atmosphere, and spreads less, than does a laser beam [3.24].

A Gaussian Schell-model source can be produced by focusing a beam of laser light on
a rotating ground glass plate that is located in the focal plane of a lens that is followed by
a transmission filter that has a Gaussian transmission function. The light in a plane that
follows the filter is a Gaussian Schell-model source [3.22]. By choosing suitable values
for the rms width of the surface roughness correlation function of the rotating ground glass
plate, the rms width of the transmission function of the amplitude filter, and the focal length
of the lens behind the ground glass plate, one can produce Gaussian Schell-model sources
with desired parameters, including those corresponding to a Collett–Wolf source.

Several other methods have been devised for producing sources of partially coherent
light, such as, for example, the application of a dc electric field to a liquid crystal that
scatters a laser beam [3.25], and the use of various transmission filters or holographic
filters to change the coherence properties of the light that passes through them [3.26].

These attractive properties of the radiation from a partially coherent Collett–Wolf source
prompt the question of whether it is possible for the partially coherent light scattered from a
static suitably designed randomly rough surface to mimic the radiation produced by a laser.
This question was answered affirmatively in the case that the randomly rough surface is a
one-dimensional randomly rough surface [3.27]. In this section we examine this possibility
in the case that the randomly rough surface is a two-dimensional random surface on which
the Dirichlet boundary condition is satisfied.

3.3.1. The Cross-Spectral Density in Fourier Space for a Gaussian Schell-Model Source

The physical system we consider here is the one described in Section 3.1. We begin by
assuming that the surface x3 = ζ(x‖) is illuminated from the vacuum by a scalar plane
wave that satisfies Eq. (3.1.3) and can be written in the form

Ψ (x|ω)inc = exp
[
ik‖ · x‖ − iα0(k‖)x3

]
. (3.3.8)
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The scattered field in the region x3 > ζ(x‖)max is a superposition of outgoing plane waves,
which also satisfies Eq. (3.1.3) and can be written as

Ψ (x|ω)sc =
∫

d2q‖
(2π)2

R(q‖|k‖) exp
[
iq‖ · x‖ + iα0(q‖)x3

]
. (3.3.9)

We now invoke the Rayleigh hypothesis [3.28], which is the assumption that the sum
Ψ (x|ω)inc + Ψ (x‖|ω)sc which, strictly speaking is a valid solution of the scattering prob-
lem only for x3 > ζ(x‖)max, can be used in satisfying the Dirichlet boundary condition
(3.1.4) on the surface itself. It then follows that the scattering amplitude R(q‖|k‖) is the
solution of the integral equation

∫
d2q‖
(2π)2

R(q‖|k‖) exp
[
iq‖ · x‖ + iα0(q‖)ζ(x‖)

] = − exp
[
ik‖ · x‖ − iα0(k‖)ζ(x‖)

]
.

(3.3.10)
We will return to this equation presently.

Let us now consider the case in which the surface x3 = ζ(x‖) is illuminated from the
vacuum side at normal incidence by a scalar beam. Such a beam is given by

ψ(x|ω)inc =
∫

k‖< ω
c

d2k‖
(2π)2

F(k‖) exp
[
ik‖ · x‖ − iα0(k‖)x3

]
, (3.3.11)

where the function F(k‖) is

F(k‖) = 2πw2 exp
(−k2‖w2/2

)
. (3.3.12)

In the limit w � (c/ω) Eq. (3.3.11) takes the form

ψ(x|ω)inc ∼= exp
[−x2‖/2w2] exp

[−i(ω/c)x3
]
. (3.3.13)

Due to the linearity of the scattering problem the scattered field becomes

ψ(x|ω)sc =
∫

d2q‖
(2π)2

R(q‖) exp
[
iq‖ · x‖ + iα0(q‖)x3

]
, (3.3.14)

where

R(q‖) =
∫

k‖< ω
c

d2k‖
(2π)2

R(q‖|k‖)F (k‖). (3.3.15)

Let us now introduce the function

ψ(x‖|ω)sc ≡ ψ(x|ω)sc
∣∣
x3=0. (3.3.16)
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We then seek to determine the surface profile function ζ(x‖) for which the correlation
function of the scattered field at two arbitrary points in the plane x3 = 0,

W(0)(x‖,x′‖|ω) = 〈
ψ(x‖|ω)scψ

∗(x′‖|ω)sc
〉
, (3.3.17)

has the form (Eqs. (3.3.2), (3.3.5), and (3.3.6))

W(0)(x‖,x′‖|ω) = A2 exp
(−x2‖/4σ 2

s

)
exp

[−(x‖ − x′‖)2/2σ 2
g

]
exp

(−x′2‖ /4σ 2
s

)
. (3.3.18)

The angle brackets in Eq. (3.3.17) denote an average over the ensemble of realizations of
ζ(x‖).

The use of Eq. (3.3.14) together with Eqs. (3.3.16)–(3.3.18) yields

∫
d2q‖
(2π)2

∫
d2q ′‖
(2π)2

〈
R(q‖)R∗(q′‖)

〉
exp

[
iq‖ · x‖ − iq′‖ · x′‖

]
= A2 exp

(−x2‖/4σ 2
s

)
exp

[−(x‖ − x′‖)2/2σ 2
g

]
exp

(−x′2‖ /4σ 2
s

)
. (3.3.19)

By inverting this equation we find that the correlation function 〈R(q‖)R∗(q′‖)〉 must have
the form

〈
R(q‖)R∗(q′‖)

〉 = 4π2A2

4α2 − β2
exp

[
−1

2

(q‖ − q′‖)2

2α − β

]
exp

[
−1

4

(q‖ + q′‖)2

2α + β

]
, (3.3.20)

where

α = 1

4σ 2
s

+ 1

2σ 2
g

, β = 1

σ 2
g

. (3.3.21)

Returning now to Eq. (3.3.10), we solve it for R(q‖|k‖) as an expansion in powers of
the surface profile function. To first order in ζ(x‖) the solution is

R(q‖|k‖) = −(2π)2δ(q‖ − k‖) + 2iζ̂ (q‖ − k‖)α0(k‖), (3.3.22)

where

ζ̂ (Q‖) =
∫

d2x‖ ζ(x‖) exp(−iQ‖ · x‖). (3.3.23)

With the aid of Eq. (3.3.23) we rewrite Eq. (3.3.22) as

R(q‖|k‖) = −
∫

d2x‖
[
1 − 2iα0(k‖)ζ(x‖)

]
exp

[−i(q‖ − k‖) · x‖
]

∼= −
∫

d2x‖ exp
[−i(q‖ − k‖) · x‖

]
exp

[−2iα0(k‖)ζ(x‖)
]
. (3.3.24)
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The result given by Eq. (3.3.24) is the phase perturbation theory expression for R(q‖|k‖).
We will use it here due to its simplicity.

From the result given by Eqs. (3.3.24) and (3.3.12) we find that in the limit w � (c/ω)

the scattering amplitude R(q‖) becomes

R(q‖) ∼= −
∫

d2x‖ exp
[−(

x2‖/2w2)− iq‖ · x‖ − i2(ω/c)ζ(x‖)
]
. (3.3.25)

It follows that the correlation function 〈R(q‖)R∗(q′‖)〉 is

〈
R(q‖)R∗(q′‖)

〉 = ∫
d2x‖

∫
d2x′‖ exp

[−(
x2‖ + x′2‖

)
/2w2]

× exp
[−i(q‖ · x‖ − q′‖ · x′‖)

]〈
exp

{−i2(ω/c)
[
ζ(x‖) − ζ(x′‖)

]}〉
.

(3.3.26)

As it stands, Eq. (3.3.26) is too complicated to invert to obtain ζ(x‖) in terms of
〈R(q‖)R∗(q′‖)〉. However, if we pass to the geometrical optics limit of this equation, we
obtain an equation we can use to determine ζ(x‖). To accomplish this we make the change
of variable x′‖ = x‖ + u‖ and expand the difference ζ(x‖) − ζ(x‖ + u‖) in powers of u‖
through terms linear in u‖. In this way we obtain

〈
R(q‖)R∗(q′‖)

〉 = ∫
d2x‖ exp

[−i(q‖ − q′‖) · x‖ − x2‖/w2]
×

∫
d2u‖ exp

[−u2‖/
(
2w2)] exp

[−(x‖ · u‖)/w2 + iq′‖ · u‖
]

× 〈
exp

[
i2(ω/c)u‖ · ∇ζ(x‖)

]〉
. (3.3.27)

In the remainder of this section we present two quite different approaches to the de-
termination of a surface profile function ζ(x‖) which when substituted into the right-hand
side of Eq. (3.3.27) yields the expression for 〈R(q‖)R∗(q′‖)〉 given by Eq. (3.3.20).

3.3.2. A Surface Formed from Triangular Facets

To evaluate the double integral on the right-hand side of Eq. (3.3.27), as in Section 3.1.4
we begin by covering the x1x2 plane by equilateral triangles of edge b, whose vertices are
given by Eqs. (3.1.158)–(3.1.159). Each triangle is again labeled by the coordinates of its
center of gravity, and the surface profile function ζ(x‖) for x‖ within a given triangle is
given by Eqs. (3.1.160) and (3.1.161). Equation (3.3.27) then takes the form
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〈
R(q‖)R∗(q′‖)

〉 = ∫
d2u‖ exp

(−u2‖/2w2 + iq′‖ · u‖
)

×
N−1∑

m=−N

N−1∑
n=−N

{ ∫
(m+ 1

3 ,n+ 1
3 )

d2x‖ exp
{−x2‖/w2

− [
u‖/w2 + i(q‖ − q′‖)

] · x‖
}

× 〈
exp

{
i2(ω/c)

[
u1a

(1)

m+ 1
3 ,n+ 1

3
+ a

(2)

m+ 1
3 ,n+ 1

3

]}〉
+

∫
(m+ 2

3 ,n+ 2
3 )

d2x‖ exp
{−x2‖/w2 − [

u‖/w2 + i(q‖ − q′‖)
] · x‖

}

× 〈
exp

{
i2(ω/c)

[
u1a

(1)

m+ 2
3 ,n+ 2

3
+ u2a

(2)

m+ 2
3 ,n+ 2

3

]}〉}

=
∫

d2u‖ exp
(−u2‖/2w2 + iq′‖ · u‖

)

×
N−1∑

m=−N

N−1∑
n=−N

{ ∫
(m+ 1

3 ,n+ 1
3 )

d2x‖ +
∫

(m+ 2
3 ,n+ 2

3 )

d2x‖
}

× exp
{−x2‖/w2 − [

u‖/w2 + i(q‖ − q ′‖)
] · x‖

}
×

∫
d2γ‖ f (γ ‖) exp

[
i2(ω/c)γ ‖ · u‖

]
=

∫
d2γ‖ f (γ ‖)

∫
d2u‖ exp

[−u2‖/2w2 + iq′‖ · u‖ + i2(ω/c)γ‖ · u‖
]

×
∫

d2x‖ exp
{−x2‖/w2 − [

u‖/w2 + i(q‖ − q′‖)
] · x‖

}
= πw2 exp

[−(
w2/4

)
(q‖ − q′‖)2] ∫ d2γ‖ f (γ ‖)

×
∫

d2u‖ exp
{−u2‖/4w2 + iu‖ · [2(ω/c)γ ‖ + (1/2)(q‖ + q′‖)

]}
= 4π2w4 exp

[−(
w2/4

)
(q‖ − q′‖)2] ∫ d2γ‖f (γ ‖)

× exp
{−w2[2(ω/c)γ‖ + (1/2)(q‖ + q′‖)

]2}
, (3.3.28)

where we have passed to the limit N → ∞. In writing Eq. (3.3.28) we have introduced
the vector γ ‖ = (γ1, γ2,0), and the function f (γ ‖) is the joint pdf of the slopes of the
triangular facets that form the surface and is defined by Eq. (3.1.162).
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The integral equation satisfied by f (γ ‖) is obtained from Eqs. (3.3.20) and (3.3.28) as

∫
d2γ‖ f (γ ‖) exp

{−w2[2(ω/c)γ ‖ + (1/2)(q‖ + q′‖)
]2}

= 2A2

(4α2 − β2)w4
exp

{
1

4

[
w2 − 1

2α − β

]
(q‖ − q′‖)2

}
exp

[
−1

4

(q‖ + q′‖)2

2α + β

]
.

(3.3.29)

Since the left-hand side of this equation is a function of q‖ and q′‖ only through the com-
bination q‖ + q′‖ whatever the function f (γ ‖) is, this equation has a solution only if the
right-hand side is a function of q‖ and q′‖ only through the combination q‖ + q′‖. This
requires that the condition

w2 = 1

2α − β
(3.3.30)

be satisfied which, with the aid of Eq. (3.3.21), yields the relation

σs = w√
2
. (3.3.31)

The solution of the resulting integral equation for f (γ ‖),

∫
d2γ‖ e

−w2[2(ω/c)γ ‖+ 1
2 (q‖+q′‖)]2

f (γ ‖) = 2A2

(4α2 − β2)w4
e
− 1

4

(q‖+q′‖)2

2α+β , (3.3.32)

is

f (γ ‖) = 2

π

(
ω

c

)2

σ 2
g exp

[−2(ω/c)2σ 2
g γ 2‖

]
, (3.3.33)

provided that

A = 1√
2
. (3.3.34)

The marginal pdf of a
(1)

m+ 1
3 ,n+ 1

3
(and of a

(1)

m+ 2
3 ,n+ 2

3
) f (γ1) is

f (γ1) =
∞∫

−∞
dγ2 f (γ ‖) =

(
2

π

) 1
2
(

ω

c

)
σg exp

[−2(ω/c)2σ 2
g γ 2

1

]
, (3.3.35)
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and the conditional pdf of a
(2)

m+ 1
3 ,n+ 1

3
(a

(2)

m+ 2
3 ,n+ 2

3
) given a

(1)

m+ 1
3 ,n+ 1

3
(a

(1)

m+ 2
3 ,n+ 2

3
) is

f (γ2|γ1) = f (γ1, γ2)

f (γ1)
=

(
2

π

) 1
2
(

ω

c

)
σg exp

[−2(ω/c)2σ 2
g γ 2

2

]
. (3.3.36)

Because f (γ ‖) depends on γ1 and γ2 only in the form γ‖ = (γ 2
1 +γ 2

2 )
1
2 , the additional joint

pdfs f̃ (γ ‖),
˜̃

f (γ ‖), and the associated marginal pdfs f̃ (γ1),
˜̃

f (γ1), needed for constructing
the surface profile function are equal to f (γ ‖) and f (γ1), respectively.

The construction of the surface profile function on the basis of the preceding results is
carried out in the manner described in Section 3.1.4.2. Does this surface produce the same
far field as a laser? To answer this question we note that the intensity of the scattered field
in the far zone is related to the correlation function of the scattered field at x3 = x′

3 = 0. To
see this, we use the expression for the scattered field given by Eq. (3.3.14) to write

〈∣∣ψ(x|ω)sc
∣∣2〉 = ∫

d2q‖
(2π)2

∫
d2q ′‖
(2π)2

〈
R(q‖)R∗(q′‖)

〉
exp

[
i(q‖ − q′‖) · x‖

]
× exp

[
i
(
α0(q‖) − α∗

0(q ′‖)
)
x3
]
. (3.3.37)

We also obtain from Eq. (3.3.14) the result that

R(q‖) =
∫

d2x‖ ψ(x‖|ω)sc exp(−iq‖ · x‖). (3.3.38)

On substituting Eq. (3.3.38) into Eq. (3.3.37) we obtain

〈∣∣ψ(x|ω)sc
∣∣2〉 = ∫

d2x′‖
∫

d2x′′‖
〈
ψ(x′‖|ω)scψ

∗(x′′‖|ω)sc
〉

×
∫

d2q‖
(2π)2

exp
[−iq‖ · (x′‖ − x‖) + iα0(q‖)x3

]

×
∫

d2q ′‖
(2π)2

exp
[
iq′‖ · (x′′‖ − x‖) − iα∗

0(q ′‖)x3
]
. (3.3.39)

To evaluate the integrals over q‖ and q′‖ we use the parabolic approximation, namely

α0(q‖) = [
(ω/c)2 − q2‖

] 1
2 ∼= (ω/c) − (c/2ω)q2‖ . (3.3.40)

In making this approximation we are assuming that x3 is sufficiently large that only small
values of q‖ contribute significantly to the integral. With this approximation we obtain
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∫
d2q‖
(2π)2

exp
[
iq‖ · (x‖ − x′‖) + iα0(q‖)x3

]

∼= 1

4π2
exp

[
i(ω/c)x3

] ∞∫
−∞

dq1 exp
[
iq1(x1 − x′

1) − i(cx3/2ω)q2
1

]

×
∞∫

−∞
dq2 exp

[
iq2(x2 − x′

2) − i(cx3/2ω)q2
2

]

=
(

ω

2πcx3

)
exp(−iπ/2) exp

[
i(ω/c)x3

]
exp

[
i(ω/2cx3)(x‖ − x′‖)2].

(3.3.41)

The use of this result in Eq. (3.3.37) gives us finally

〈∣∣ψ(x|ω)sc
∣∣2〉 = (

ω

2πcx3

)2 ∫
d2x′‖

∫
d2x′′‖ exp

[
i(ω/2cx3)(x‖ − x′‖)2]

× exp
[−i(ω/2cx3)(x‖ − x′′‖)2]〈ψ(x′‖|ω)scψ

∗(x′′‖|ω)sc
〉
. (3.3.42)

With the use of Eqs. (3.3.17)–(3.3.18) we find that

〈∣∣ψ(x|ω)sc
∣∣〉2 = 2A2 σ 2

s

σ 2
eff(x3)

exp

[
− x2‖

σ 2
eff(x3)

]
, (3.3.43a)

where

σ 2
eff(x3) = 2σ 2

s +
(

cx3

ω

)2( 1

2σ 2
s

+ 2

σ 2
g

)
. (3.3.43b)

Thus
√

2σs is the initial rms halfwidth of the beam in the plane of the mean surface, and
the quantity

� = c

ω

(
1

2σ 2
s

+ 2

σ 2
g

) 1
2

(3.3.44)

is the angle of the beam divergence.
For a laser with a Gaussian distribution of intensity in the source plane S(0)(x‖|ω) =

A2
L exp(−2x2‖/δ2

L), the far field intensity is given by

∣∣ψ(x|ω)L
∣∣2 = A2

Lδ2
L

2σ 2
L(x3)

exp

(
− x2‖

σ 2
L(x3)

)
, (3.3.45a)
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where

σ 2
L(x3) = 1

2
δ2
L +

(
cx3

ω

)2 2

δ2
L

. (3.3.45b)

This result is readily obtained from Eq. (3.3.42) if the cross-spectral density function

〈ψ(x′‖|ω)scψ
∗(x′′‖|ω)sc〉 = W(0)(x′‖,x′′‖|ω) is replaced by (Eq. (3.3.2)) [S(0)(x′‖|ω)] 1

2 ×
[S(0)(x′′‖|ω)] 1

2 , since for a laser the spectral degree of coherence g(0)(x′‖ − x′′‖|ω) equals
unity for all x′‖ − x′′‖ . Therefore, the far-field intensity of the laser beam scattered from
the random surface, Eq. (3.3.43a) is the same as that of the laser beam, Eq. (3.3.45a), if
4/δ2

L = 1/σ 2
s + 4/σ 2

g and A2
Lδ2

L = 4A2σ 2
s . In the limit σs � σg , i.e., when the scattered

field is practically incoherent, the far-field intensity of the scattered beam is the same as
the far-field intensity of a laser beam with δL = σg and ALδL = 2Aσs , as should be the
case for a two-dimensional Collett–Wolf source.

An alternative expression for 〈|ψ(x|ω)sc|2〉 that is useful for numerical simulation cal-
culations of it is obtained by using the parabolic approximation (3.3.40) in Eq. (3.3.37).
The result is

〈∣∣ψ(x|ω)sc
∣∣2〉 = ∫

d2q‖
(2π)2

exp
[
iq‖ · x‖ − i(cx3/2ω)q2‖

]

×
∫

d2q ′‖
(2π)2

exp
[−iq′‖ · x‖ + i(cx3/2ω)q ′2‖

]〈
R(q‖)R∗(q′‖)

〉
. (3.3.46)

3.3.2.1. Solution of the Scattering Problem Because rigorous numerical simulation cal-
culations of the scattering of a scalar beam from a two-dimensional randomly rough
Dirichlet surface are computationally intensive, to determine the correlation function
〈R(q‖)R∗(q′‖)〉 the scattering amplitude R(q‖), Eq. (3.3.15), is calculated on the basis
of the Kirchhoff approximation for R(q‖|k‖), Eqs. (3.1.196), (3.1.197), (3.1.200), and
(3.1.201), for a large number Np of realizations of the surface profile function. The ex-
pression for R(q‖) in this approximation becomes

R(q‖) = R1(q‖) + R2(q‖), (3.3.47)

where

R1(q‖) = −i

√
3

2
b

∫
k‖< ω

c

d2k‖
(2π)2

G(q‖|k‖)F (k‖)
N−1∑

m=−N

N−1∑
n=−N

exp(−iab
(0)

m+ 1
3 ,n+ 1

3
)

q1 − k1 + aa
(1)

m+ 1
3 ,n+ 1

3

× exp

[
−i

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)(
m + n

2
+ 1

2

)
b

−i

√
3

2

(
q2 − k2 + aa

(2)

m+ 1
3 ,n+ 1

3

)(
n + 1

2

)
b

]{
exp

[
−i

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)b
4

]
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× sinc

[√
3

4
b
(
q2 − k2 + aa

(2)

mf a,n+ 1
3

)− b

4

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)]

− exp

[
i
(
q1 − k1 + aa

(1)

m+ 1
3 n+ 1

3

)b
4

]

× sinc

[√
3

4
b
(
q2 − k2 + aa

(2)

m+ 1
3 ,n+ 1

3

)+ b

4

(
q1 − k1 + aa

(1)

m+ 1
3 ,n+ 1

3

)]}
, (3.3.48)

R2(q‖) = −i

√
3

2
b

∫
k‖< w

c

d2k‖
2(π)2

G(q‖|k‖)F (k‖)
N−1∑

m=−N

N−1∑
n=−N

exp(−iab
(0)

m+ 2
3 ,n+ 2

3
)

q1 − k1 + aa
(1)

m+ 2
3 ,n+ 2

3

× exp

[
−i

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)(
m + n

2
+ 1

)
b

− i

√
3

2

(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)(
n + 1

2

)
b

]

×
{

exp

[
−i

(
q1 − k1 + a

(1)

m+ 2
3 ,n+ 2

3

)b
4

]

× sinc

[√
3

4
b
(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)+ b

4

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)]

− exp

[
i
(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)b
4

]

× sinc

[√
3

4
b
(
q2 − k2 + aa

(2)

m+ 2
3 ,n+ 2

3

)− b

4

(
q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3

)]}
, (3.3.49)

with

G(q‖|k‖) = (ω/c)2 + α0(q‖)α0(k‖) − q‖ · k‖
α0(q‖)(α0(q‖) + α0(k‖))

(3.3.50)

and a = α0(q‖)+α0(k‖). The integrals in this expression have to be evaluated numerically.
(Care should be taken when calculating R1(q‖), Eq. (3.3.48), and R2(q‖), Eq. (3.3.49),

since the denominators q1 − k1 + aa
(1)

m+ 1
3 ,n+ 1

3
and q1 − k1 + aa

(1)

m+ 2
3 ,n+ 2

3
can vanish. How-

ever, it is easy to check that the expressions for R1(q‖) and R2(q‖) can be represented
through sinc functions of these arguments.) For each realization of the surface profile
function the product R(q‖)R∗(q′‖) is calculated from this expression for a large number
of values of q‖ and q′‖. An arithmetic average of the values of these products obtained
from the Np realizations of the surface profile function yields the correlation function
〈R(q‖)R∗(q′‖)〉. This result is then substituted into the integrand on the right-hand side of
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Figure 3.28. (a) A plot of the halfwidth of the scattered beam, as a function of x3. The solid curve is a plot of
σeff(x3), obtained from Eq. (3.3.43b). The dashed curve is a plot of σL(x3), obtained from Eq. (3.3.45b). The
open circles are obtained by means of calculations of 〈R(q‖)R∗(q′‖)〉 on the basis of the Kirchhoff approxima-
tion, Eqs. (3.3.47)–(3.3.50). (b) The beam profile obtained in the calculations based on the Kirchhoff approxi-
mation (open circles), and the result given by Eqs. (3.3.43a) (solid curve), for a fixed distance from the mean
surface x3 = 8000(c/ω) ≈ 1273.89λ. The parameters employed are λ = 632.8 nm, σs = 106 µm, σg = 25 µm,
w = 150 µm, b = 20 µm, N = 40, and Np = 10 000.

Eq. (3.3.46) and the result of the fourfold integration is then compared with the results
given by Eqs. (3.3.43a) and (3.3.45a).

3.3.2.2. Results In Fig. 3.28(a) we present a plot of σeff(x3) as a function of the dis-
tance x3 from the mean surface. The solid curve is obtained from Eq. (3.3.43b). The dashed
curve is a plot of σL(x3), obtained from Eq. (3.3.45b). For large values of x3 σeff(x3) ap-
proaches σL(x3) asymptotically. However, we see that for all practical purposes the two
functions coincide for x3 as small as 1.5 cm. The open circles show the results obtained
from calculations of the intensity of the field scattered from a Dirichlet surface by means
of the Kirchhoff approximation, Eqs. (3.3.47)–(3.3.50). They are seen to lie on the solid
curve. In Fig. 3.28(b), as an example we show a beam profile (open circles) obtained in
the numerical simulations, together with the result given by Eqs. (3.3.43a) (solid curve)
for a fixed distance from the mean surface x3 = 8000(c/ω) � 1273.89λ. The agreement
between the two beam profiles is seen to be excellent. Consequently, we conclude that the
surface generated in the manner described here indeed produces the same far field as does
a laser.

3.3.3. A Gaussian Random Surface

The construction of the two-dimensional randomly rough surface described in Sec-
tion 3.3.2 is based on a joint probability density function of two orthogonal slopes of
each of the triangular facets from which the surface is constructed, which has a zero-mean
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Gaussian form. The resulting surface is a zero-mean random surface, but it is not a sta-
tionary surface, and the surface profile function is not a Gaussian random process. It can
also be shown that 〈ζ 2(x‖)〉 increases monotonically with increasing |x‖|. Nevertheless,
the result that the joint pdf of two orthogonal slopes of each facet is a zero-mean Gaussian
function, and that derivatives of Gaussian random processes are also Gaussian random
processes [3.29], prompts the conjecture that there exists a two-dimensional random sur-
face defined by a surface profile function ζ(x‖) that is a stationary, zero-mean, isotropic,
Gaussian random process, that also acts as a Gaussian Schell-model source. If this is the
case, such a surface would be easier to fabricate by well-known methods [3.30,3.31] than
the surface generated by the method of Section 3.3.2. In this section we show that such a
surface indeed exists.

Our starting point is Eq. (3.3.27). But now we assume that the surface profile function
ζ(x‖) is a single-valued function of ζ(x‖) that is differentiable with respect to x1 and x2
as many times as is necessary, and constitutes a stationary, zero-mean, isotropic Gaussian
random process, defined by

〈
ζ(x‖)ζ(x′‖)

〉 = δ2W
(|x‖ − x′‖|

)
, (3.3.51)

where δ = 〈ζ 2(x‖)〉 1
2 is the rms height of the surface.

Since ζ(x‖) is a Gaussian random process, so is u‖ · ∇ζ(x‖) [3.29]. It follows, therefore
that 〈

exp
[
i2(ω/c)u‖ · ∇ζ(x‖)

]〉 = exp
[−2(ω/c)2〈(u‖ · ∇ζ(x‖)

)2〉]
. (3.3.52)

For a stationary, zero-mean, isotropic, Gaussian random process we have

〈(
∂ζ(x‖)
∂x1

)2〉
= −δ2 ∂2

∂x2
1

W
(|x‖|

)∣∣
x‖=0 (3.3.53a)

〈
∂ζ(x‖)
∂x1

∂ζ(x‖)
∂x2

〉
= 0, (3.3.53b)

〈(
∂ζ(x‖)
∂x2

)2〉
= −δ2 ∂2

∂x2
2

W
(|x‖|

)∣∣
x‖=0. (3.3.53c)

It follows, therefore, that

〈(
u‖ · ∇ζ(x‖)

)2〉 = −δ2
[
u2

1
∂2W(|x‖|)

∂x2
1

+ u2
2
∂2W(|x‖|)

∂x2
2

]
x‖=0

. (3.3.54)

We assume that the surface height autocorrelation function W(|x‖|) has the form

W
(|x‖|

) = 1 − x2‖
a2

+ o
(
x2‖

)
(3.3.55)
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as |x‖| → 0. The characteristic length a in this expression is the transverse correlation
length of the surface roughness, which is approximately the mean distance from a maxi-
mum on the surface to its nearest minimum [3.32]. The absence of a term linear in |x‖| in
this expansion means that we are excluding surfaces with fractal dimensions from consid-
eration. With the form for W(|x‖|) given by Eq. (3.3.55), Eq. (3.3.54) becomes

〈(
u‖ · ∇ζ(x‖)

)2〉 = 2δ2u2‖/a2. (3.3.56)

We thus obtain finally

〈
exp

[
i2(ω/c)u‖ · ∇ζ(x‖)

]〉 = exp
[−(2ωδ/ca)2u2‖

]
. (3.3.57)

When this result is substituted into Eq. (3.3.27) the resulting Gaussian integrals are readily
evaluated, with the result

〈
R(q‖)R∗(q′‖)

〉 = 4π2w4

1 + 16D
exp

{−(
w2/4

)[
(q‖ − q′‖)2 + (q‖ + q′‖)2/(1 + 16D)

]}
,

(3.3.58)
where D = (wωδ/ca)2. On equating the right-hand sides of Eqs. (3.3.20) and (3.3.58), and
making use of Eqs. (3.3.21), we obtain the relations

σs = w

2
, (3.3.59a)

σg = 1

2
√

2

c

ω

a

δ
, (3.3.59b)

A2 = 1. (3.3.59c)

In order that the two-dimensional Gaussian random surface with a Gaussian surface
height autocorrelation function defined by Eqs. (3.3.51) and (3.3.55) act as a Collett–Wolf
source, the 1/e half-width

√
2w of the incident beam, its wavelength λ = 2πc/ω, and the

surface roughness parameters δ and a, have to be chosen to satisfy two conditions. The
first is that σs � σg which translates into

w � 1√
2

c

ω

a

δ
= λ

2
√

2π

a

δ
. (3.3.60)

The second is that the transverse correlation length of the surface roughness be significantly
larger than the wavelength λ of the incident beam, a � λ. When this condition is satisfied
the angular dependence of the intensity of the scattered field does not display the enhanced
backscattering effect [3.31], namely a well-defined peak in the retroreflection direction,
which would distort the profile of the scattered beam from that of the laser source we wish
to reproduce. In practice a value of a � 15λ suffices for this purpose.
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3.3.3.1. The Mean Intensity of the Scattered Field To examine whether a surface of the
type obtained here produces a scattered field that in the far zone is the same as the field
produced by a laser, we return to the expression for 〈|ψ(x|ω)sc|2〉 given by Eq. (3.3.46).
Because numerical simulation calculations of the scattering of a scalar beam from a two-
dimensional randomly rough Dirichlet surface are computationally intensive, to determine
the correlation function 〈R(q‖)R∗(q′‖)〉 we calculate the scattering amplitude R(q‖) on
the basis of Eqs. (3.3.12) and (3.3.15), with the plane wave scattering amplitude R(q‖|k‖)
given by the Kirchhoff approximation (3.1.62). The result can be rewritten as

〈
R(q‖)R∗(q′‖)

〉 = ∫
k‖< ω

c

d2k‖
(2π)2

G(q‖|k‖)F (k‖)
∫

k′‖<
ω
c

d2k′‖
(2π)2

G∗(q′‖|k′‖)F (k′‖)

×
∫

d2x‖ exp
[−i(q‖ − k‖) · x‖

] ∫
d2x′‖ exp

[
i(q′‖ − k′‖) · x′‖

]
× 〈

exp
{−i

[
α0(q‖) + α0(k‖)

]
ζ(x‖) + i

[
α∗

0(q ′‖) + α0(k
′‖)
]
ζ(x′‖)

}〉
,

(3.3.61)

where G(q‖|k‖) has been defined in Eq. (3.3.50). The average over the ensemble of re-
alizations of the surface profile function ζ(x‖) can now be carried out analytically, since
ζ(x‖) has been assumed to be a Gaussian random process, so that

∫
d2x‖ exp

[−i(q‖ − k‖) · x‖
] ∫

d2x′‖ exp
[
i(q′‖ − k′‖) · x′‖

]〈
exp

{−i
[
mζ(x‖) − nζ(x′‖)

]}〉
= exp

[−(1/2)
(
m2 + n2)δ2] ∫ d2x‖ exp

[−i(q‖ − k‖) · x‖
]

×
∫

d2x′‖ exp
[
i(q′‖ − k′‖) · x′‖

]
exp

[
mnδ2W

(|x‖ − x′‖|
)]

= exp
[−(1/2)

(
m2 + n2)δ2]{(2π)2δ(q‖ − k‖)(2π)2δ(q′‖ − k′‖)

+ (2π)2δ(q‖ − k‖ − q′‖ + k′‖)
∞∑

�=1

(mnδ2)�

�!
∫

d2u‖ W�
(|u‖|

)

× exp
[−i(q‖ − k‖) · u‖

]}
, (3.3.62)

where, to simplify the notation, we have defined

m = α0(q‖) + α0(k‖), n = α∗
0(q ′‖) + α0(k

′‖). (3.3.63)
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If we assume a Gaussian form for the surface height autocorrelation function,

W
(|x‖|

) = exp
(−x2‖/a2), (3.3.64)

which is consistent with Eq. (3.3.55), Eq. (3.3.62) becomes

∫
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[
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(mnδ2)�
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]}
.
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When this result is substituted into Eq. (3.3.61), the result that G(q‖|q‖) = 1 is used, and
(2π)2 δ(q‖ − k‖ − q′‖ + k′‖) is replaced by its Fourier integral representation, we obtain a
compact expression for 〈R(q‖)R∗(q′‖)〉:

〈
R(q‖)R∗(q′‖)

〉 = F(q‖)F (q ′‖) exp
{−2δ2[α2

0(q‖) + α2
0(q ′‖)

]}
+ πa2

∞∑
�=1

δ2�

� · �!
∫

d2x‖ H�(q‖|x‖)H ∗
� (q′‖|x‖), (3.3.66)

where

H�(q‖|x‖) = exp(−iq‖ · x‖)
∫

k‖< ω
c

d2k‖
(2π)2

G(q‖|k‖)F (k‖)

× exp
{−(

δ2/2
)[

α0(q‖) + α0(k‖)
]2}
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α0(q‖) + α0(k‖)

]� exp
[−(

a2/8�
)
(q‖ − k‖)2] exp(ik‖ · x‖). (3.3.67)

In interpreting the first term on the right-hand side of Eq. (3.3.66) it should be kept in mind
that F(q‖) is nonzero only for q‖ < ω/c. The two-dimensional integrals in Eqs. (3.3.66)–
(3.3.67) have to be evaluated numerically. The substitution of Eq. (3.3.66) into Eq. (3.3.46)
yields 〈|ψ(x|ω)sc|2〉 in the form

〈∣∣ψ(x|ω)sc
∣∣2〉 = ∣∣M(x|ω)

∣∣2 + πa2
∞∑

�=1

δ2�

� · �!
∫

d2u‖
∣∣N�(x|u‖)

∣∣2, (3.3.68)
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Figure 3.29. (a) A plot of the half width of the scattered beam as a function of x3. The solid curve is a plot
of σeff(x3), obtained from Eq. (3.3.43b). The dashed curve is a plot of σL(x3) obtained from Eq. (3.3.45b).
The open circles show the results obtained on the basis of the Kirchhoff approximation, Eqs. (3.3.68)–(3.3.69).
(b) The beam profile obtained in calculations based on the Kirchhoff approximation, Eqs. (3.3.68)–(3.3.69) (open
circles), and the result for a laser source given by Eq. (3.3.45a) (solid curve), for a fixed distance from the mean
surface x3 = 3 cm. The parameters employed are λ = 632.8 nm, δ = 0.6 µm, a = 12 µm, and Np = 10 000.

where

M(x|ω) =
∫

q‖< ω
c

d2q‖
(2π)2

F(q‖) exp
{−2δ2α2

0(q‖) + i
[
q‖ · x‖ − (cx3/2ω)q2‖

]}
,

(3.3.69a)

N�(x|u‖) =
∫

d2q‖
(2π)2

H�(q‖|u‖) exp
{
i
[
q‖ · x‖ − (cx3/2ω)q2‖

]}
. (3.3.69b)

3.3.3.2. Results In Fig. 3.29(a) we present a plot of σeff(x3) as a function of the dis-
tance x3 from the source plane. The solid curve is obtained from Eq. (3.3.43b). The dashed
curve is a plot of σL(x3), obtained from Eq. (3.3.45b). The open circles show the results
obtained from the intensity of the field scattered from the two-dimensional randomly rough
Dirichlet surface assumed here, calculated in the Kirchhoff approximation, Eqs. (3.3.68)–
(3.3.69). For large values of x3 they are seen to lie on the solid curve. In Fig. 3.29(b) we
show a beam profile obtained on the basis of the Kirchhoff approximation Eqs. (3.3.68)–
(3.3.69) (open circles), together with the result for a laser source given by Eq. (3.3.45a)
(solid curve), for a fixed distance from the source plane x3 = 3 cm. The agreement be-
tween the two beam profiles is excellent.

We conclude, therefore, that a two-dimensional randomly rough surface of the type
designed here produces a partially coherent scattered field that in the far zone is the same
as the one produced by a fully coherent laser, i.e., it acts as a Gaussian Schell-model source.
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Figure 3.30. Schematic diagram of the setup employed for the fabrication of the circularly symmetric random
diffusers.

An attractive feature of the present approach to the design of such a source is that methods
exist for fabricating on photoresist two-dimensional randomly rough surfaces characterized
by a surface profile function that is a Gaussian random process defined by a Gaussian
surface height autocorrelation function with specified roughness parameters [3.30,3.31].
If a highly reflecting surface is desired, as in the present case, a metallic layer can be
deposited on the photoresist surface.

3.4. Fabrication of Circularly-Symmetric Surfaces

Circularly symmetric surfaces of the kind discussed in the previous sections can be fabri-
cated on photoresist using a variation of the method described in Section 2.10. A schematic
diagram of the experimental setup employed in the fabrication is shown in Fig. 3.30. An
incoherent image of a disk-shaped mask is formed on the rotating photoresist-coated plate
by a well-corrected imaging system with magnification M = 1/m. The illumination is pro-
vided by a He–Cd laser beam (λ = 442 nm) that is transmitted through a rotating ground
glass to reduce its coherence. The plate is exposed during a time Te , during which it ex-
ecutes a large number of revolutions. As explained below, the arrangement is such that
the total exposure of the plate is a scaled version of the profile function employed in the
generation of the mask.

To produce a mask, we first generate a function H(r) with the kind of statistical prop-
erties required. An example is shown in Fig. 3.31, where we show the profile of a diffuser
that, when inserted in the pupil of an imaging system, should lead to a uniform mean in-
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Figure 3.31. Realization of a random surface profile H(r) with 100 zones.

Figure 3.32. Mask generated from the random profile of Fig. 3.31.

tensity in a region of the optical axis. We now define the function

�H (r) = KH(r). (3.4.1)

With an appropriate choice of units of the constant K , �H (r) can be interpreted as an an-
gle. With reference to Fig. 3.32, for a given radius, the angles θ that fall in the transparent
section of the mask are defined by the condition �H (r) + �0 > θ > 0, where the posi-
tive constant �0 is larger than the largest negative value of �H (r). That is, the intensity
transmittance of the binary mask can be written in the form

T (r, θ) = θ(θ)θ
(
�H (r) + �0 − θ

)
, (3.4.2)

where θ(θ) is the Heaviside unit step function.
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The incoherent image of the mask formed on the surface of the rotating photoresist plate
produces an exposure that is circularly symmetric with a radial dependence of the form

E(r) = I0Te

2π

[
�H (mr) + �0

]
, (3.4.3)

where I0 is a constant related to the intensity of the illumination. If the response of the
photoresist is linear, the resulting radial profile will have the generic form

h(r) = h0 + αH(mr), (3.4.4)

where h0 and α are constants that one can adjust by varying the intensity of the light
reaching the plate, the aperture of the mask, and the exposure time. The parameter m can
be changed with the magnification.

As we have seen, through the magnification of the system and the time of exposure, the
original profile H(r) can be scaled in both, the vertical and horizontal directions. These
transformations are almost inevitable in our fabrication scheme. We now consider the con-
sequences of this. We then ask what is the mean intensity produced by a diffuser with a sur-
face profile function αH(mr), where α and m are dimensionless constants, with reference
to the mean intensity obtained with the original function H(r). From Eq. (3.2.17) we see
that the transformation is equivalent to choosing new random deviates a′

n = αm2an. In con-
sequence, the parameter that defines the new region of constant intensity is z′

m = αm2zm.
In other words, by scaling the function H(r) in the vertical or horizontal direction one can
change the length of the region of constant intensity.
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Chapter 4

CONCLUSIONS AND OUTLOOK

The main conclusion we would like a reader to take away from this introduction to the
subject is that it is possible to design, and to fabricate, one- and two-dimensional rough
surfaces that scatter or transmit electromagnetic waves to produce fields with specified
angular, spatial, coherence, and wavelength properties.

The approach to the design of surfaces with the properties presented in this book is
largely based on the use of single-scattering approximations in solving the direct problem
of scattering from a rough surface. These include the Kirchhoff approximation and phase
perturbation theory, or their geometrical optics limits, and the Fraunhofer approximation;
and the use of the Rayleigh hypothesis and small-amplitude perturbation theory, together
with the assumption of weak surface roughness. The assumptions and approximations are
often specific to the problem being considered.

The one-dimensional surface profiles considered are represented as continuous func-
tions formed from straight line segments, whose slopes are independent, identically distrib-
uted random deviates drawn from an initially unknown probability density function. The
two-dimensional surface profile functions for the most part are represented as continuous
functions formed from triangular facets, whose slopes along two mutually perpendicular
directions are drawn from an initially unknown joint probability density function that is
the same for each facet. Within the single-scattering approximation assumed in solving the
direct problem of scattering from such surfaces, the average of the property of the scattered
field of interest—for example its intensity, cross-spectral density, or spectrum—averaged
over the ensemble of realizations of the surface profile function is expressed in terms of
these probability density functions. This expression can be inverted analytically or numeri-
cally, to yield the probability density function in terms of the averaged property of interest.
From a knowledge of the probability density function a single realization or large number
(an ensemble) of realizations of the surface profile function can be generated by standard
methods, such as the rejection method.

However, once a surface has been designed for a specific application, by the use of
the assumptions and approximations mentioned above, its quality is tested by computer
simulations employing more rigorous methods to solve the scattering problem than those
used in solving the design problem, and by experimental results. These have shown that
the fields scattered from these surfaces possess the specified properties, even in parameter
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regimes where the methods used in their design might not be expected to be valid. In this
sense the designed surfaces are remarkably robust.

The use of an average over the ensemble of realizations of the surface profile function
in the design of rough surfaces with specified scattering properties seems to be inevitable
in the stochastic approach to the design problem adopted in this book. However, it has
been shown that the use of this ensemble average in the more rigorous calculations and
experiments carried out to validate the solutions to this design problem, can be replaced
by calculations or measurements in which a single realization of the random surface is
illuminated by a broadband beam.

One conclusion that we would not want a reader to reach from this book is that there is
little more that needs to be done before the design of surfaces with specified scattering or
transmission properties becomes a mature field.

There are several directions in which theoretical studies of designer surfaces can go in
the future. One of them is the design of surfaces that produce a scattered field with a more
complex angular or spatial distribution of its intensity than do the surfaces considered
in this book. Surfaces that generate intensity distributions that reproduce the letters of
the alphabet, for example, can be designed, and could be useful in projection systems for
display purposes.

The polarization of the incident and scattered light also offers opportunities for de-
signing surfaces with useful properties. As an example, let us consider a one-dimensional
surface that is illuminated by monochromatic light whose plane of incidence is perpendic-
ular to the generators of the surface and is a linear combination of p- and s-polarized light.
Can such a surface be designed that produces a scattered field, whose plane of scattering
coincides with the plane of incidence, that consists of only p-polarized light or only of
s-polarized light? If so, such a surface could be used as a polarizer. Polarizers operating
in the infrared are expensive and not very effective. A surface of the type described here
could serve as an effective and inexpensive polarizer in this region of wavelengths.

Much of the discussion in this book has focused on the design of surfaces that scatter an
incident electromagnetic field into a field with specified properties. The problem of design-
ing surfaces that transmit an electromagnetic field to produce a field that possesses desired
properties merits greater attention, particularly in the case of two-dimensional randomly
rough surfaces. A useful starting point for solving this design problem would seem to be
transmission through a thin film whose rough surface is treated on the basis of a random
phase screen model [4.1].

The design of random surfaces that produce propagation-invariant beams in scattering
or transmission could be useful for a variety of applications including optical interconnec-
tion, high precision autocollimation, optical alignment, laser machining, and laser surgery
[4.2–4.7]. These are beams for which their cross-spectral density is independent of the
coordinate in the direction of their propagation [4.8].

On the experimental side, a challenging problem is the fabrication of two-dimensional
randomly rough surfaces formed from triangular facets of the kind described in Sec-
tion 3.1.4, when the characteristic length scale b is of the order of tens of microns. Such
surfaces could be used in the visible region of the optical spectrum. For applications involv-
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ing millimeter waves, where the characteristic sizes of the surface features are measured
in centimeters, such surfaces can be fabricated by the computer-controlled milling method
employed by Phu et al. [4.9] for the creation of a two-dimensional randomly rough surface
that obeys Gaussian statistics with a Gaussian surface height autocorrelation function. This
method has yet to be applied to the fabrication of surfaces formed from triangular facets.

This listing hardly exhausts the possible directions research on designer surfaces could
take in the future. If anyone is stimulated to tackle one or another of these problems, or
others, by reading this book, our efforts in writing it will have been rewarded.
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APPENDIX A. THE KERNELS IN THE INTEGRAL
EQUATIONS (2.8.77)–(2.8.80)

The kernels entering the integral equations (2.8.77)–(2.8.80) are tabulated here
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′
3)
]

x3=d+η

x′
3=d

= − i

4

(
n2(ω/c)

)2 H
(1)
1 (n2(ω/c)[(x1 − x′

1)
2 + η2] 1

2 )

n2(ω/c)[(x1 − x′
1)

2 + η2] 1
2

η,

L(11)(x1|x′
1) = (1/4π)

[
G2(x1, x3|x′

1, x
′
3)
]

x3=d+η

x′
3=d

= i

4
H

(1)
0

(
n2(ω/c)

[
(x1 − x′

1)
2 + η2] 1

2
)
,

H (12)(x1|x′
1) = (1/4π)

[
(∂/∂N ′)G2(x1, x3|x′

1, x
′
3)
]

x3=d

x′
3=ζ(x′

1)

= i

4

(
n2(ω/c)

)2 H(1)(n2(ω/c)[(x1 − x′
1) + (d − ζ(x′

1))
2] 1

2 )

n2(ω/c)[(x1 − x′
1) + (d − ζ(x′

1))
2] 1

2

× [−(x1 − x′
1)ζ

′(x′
1) + (

d − ζ(x′
1)
)]

,
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L(12)(x1|x′
1) = (1/4π)

[
G2(x1, x3|x′

1, x
′
3)
]

x3=d

x′
3=ζ(x′

1)

= i

4
H

(1)
0

(
n2(ω/c)

[
(x1 − x′

1) + (
d − ζ(x′

1)
)2] 1

2
)
,

H (21)(x1|x′
1) = (1/4π)

[
(∂/∂x′

3)G2(x1, x3|x′
1, x

′
3)
]

x3=ζ(x1)

x′
3=d

= i
i

4

(
n2(ω/c)

)2 H
(1)
1 (n2(ω/c)[(x1 − x′

1)
2 + (ζ(x1) − d)2] 1

2 )

n2(ω/c)[(x1 − x′
1)

2 + (ζ(x1) − d)2] 1
2

(
ζ(x1) − d

)
,

L(21)(x1|x′
1) = (1/4π)

[
G2(x1, x3|x′

1, x
′
3)
]

x3=ζ(x1)

x′
3=d

= i

4
H

(1)
0

(
n2(ω/c)

[
(x1 − x′

1) + (
ζ(x1) − d

)2] 1
2
)
,

H (22)(x1|x′
1) = (1/4π)

[
(∂/∂N ′)G2(x1, x3|x′

1, x
′
3)
]

x3=ζ(x1)+η

x′
3=ζ(x′

1)

= i

4

(
n2(ω/c)

)2 H
(1)
1 (n2(ω/c)[(x1 − x′

1) − (ζ(x′
1) + η)2] 1

2 )

n2(ω/c)[(x1 − x′
1)

2 + (ζ(x1) − ζ(x′
1) + η)2] 1

2

× [−(x1 − x′
1)ζ

′(x′
1) + (

ζ(x1) − ζ(x′
1) + η

)]
,

L(22)(x1|x′
1) = (1/4π)

[
G2(x1, x3|x′

1, x
′
3)
]

x3=ζ(x1)+η

x′
3=ζ(x′

1)

= i

4
H

(1)
0

(
n2(ω/c)

[
(x1 − x′

1)
2 + (

ζ(x1) − ζ(x′
1) + η

)] 1
2
)
,

H (3)(x1|x′
1) = (1/4π)

[
(∂/∂N ′)G3(x1, x3|x′

1, x
′
3)
]

x3=ζ(x1)+η

x′
3=ζ(x′

1)

= i

4

(
n3(ω/c)

)2 H
(1)
1 (n3(ω/c)[(x1 − x′

1)
2 + (ζ(x1) − ζ(x′

1) + η)2] 1
2 )

n3(ω/c)
[
(x1 − x′

1) + (ζ(x1) − ζ(x′
1) + η)2

] 1
2

× [−(x1 − x′
1)ζ

′(x′
1) + (

ζ(x1) − ζ(x′
1) + η

)]
,

L(3)(x1|x′
1) = (1/4π)

[
G3(x1, x3|x′

1, x
′
3)
]

x3=ζ(x1)+η

x′
3=ζ(x′

1)

= i

4
H

(1)
0

(
n3(ω/c)

[
(x1 − x′

1)
2 + (

ζ(x1) − ζ(x′
1) + η

)2] 1
2
)
.



APPENDIX B. THE MATRIX ELEMENTS ENTERING
EQS. (2.8.77)–(2.8.80)

In this appendix we tabulate the matrix elements appearing in Eqs. (2.8.77)–(2.8.80), cal-
culated to first order in �x:

H(1)
mn = 1

2
δmn,

L(1)
mn = �x(i/4)H

(1)
0

(
n1

ω

c
|xm − nn|

)
m �= n

= �x(i/4)H
(1)
0

(
n1

ω

c

�x

2e

)
m = n,

H(11)
mn = 1

2
δmn,

L(11)
mn = �x(i/4)H

(1)
0

(
n2

ω

c
|xm − xn|

)
m �= n

= �x(i/4)H
(1)
0

(
n2

ω

c

�x

2e

)
m = n,

H(12)
mn = �x(i/4)

(
n2

ω

c

)2 H
(1)
1 (n2

ω
c
[(xm − xn)

2 + (d − ζ(xn))
2] 1

2 )

n2
ω
c
[(xm − xn)2 + (d − ζ(xn))2] 1

2

× [−(xm − xn)ζ
′(xn) + d − ζ(xn)

]
,

L(12)
mn = �x(i/4)H

(1)
0

(
n2

ω

c

[
(xm − xn)

2 + (
d − ζ(xn)

)2] 1
2

)
,

H (21)
mn = �x(i/4)

(
n2

ω

c

)2 H
(1)
1 (n2

ω
c
[(xm − xn)

2 + (ζ(xm) − d)2] 1
2 )

n2
ω
c
[(xm − xn)2 + (ζ(xm) − d)2] 1

2

(
ζ(xm) − d

)
,

L(21)
mn = �x(i/4)H

(1)
0

(
n2

ω

c

[
(xm − xn)

2 + (
ζ(xm) − d

)2] 1
2

)
,
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H(22)
mn = �x(i/4)

(
n2

ω

c

)2 H
(1)
1 (n2

ω
c
[(xm − xn)

2 + (ζ(xm) − ζ(xn))
2] 1

2 )

n2
ω
c
[(xm − xn)2 + (ζ(xm) − ζ(xn))2] 1

2

× [−(xm − xn)
(
ζ ′(xn) + ζ(xn)

)]
m �= n

= 1

2
+ �x

4π

ζ ′′(xn)

φ2
n

m = n,

L(22)
mn = �x(i/4)H

(1)
0

(
n2

ω

c

[
(xm − xn)

2 + (
ζ(xm) − ζ(xn)

)2] 1
2

)
m �= n

= �x(i/4)H
(1)
0

(
n2

ω

c

φn�x

2e

)
m = n,

H(3)
mn = �x(i/4)

(
n3

ω

c

)2 H
(1)
1 (n3

ω
c
[(xm − xn)

2 + (ζ(xm) − ζ(xn))
2] 1

2 )

n3
ω
c
[(xm − xn)2 + (ζ(xm) − ζ(xn))2] 1

2

× [−(xm − xn)ζ(xn) + (
ζ(xm) − ζ(xn)

)]
m �= n

= 1

2
+ �x

4π

ζ ′′(xn)

φ2
n

m = n,

L(3)
mn = �x(i/4)H

(1)
0

(
n3

ω

c

[
(xm − xn)

2 + (
ζ(xm) − ζ(xn)

)2] 1
2

)
m �= n

= �x(i/4)H
(1)
0

(
n3

ω

c

φn�x

2e

)
m = n,

where φ(xn) is given by Eq. (2.1.113b).



APPENDIX C. THE SINGULARITY IN G�(r|r ′)

In this appendix we obtain the form of the singularity of G�(r|r ′) in the limit as r ′ → r.

Our starting point is the definition of G�(r|r ′) given by Eqs. (3.1.118) and (3.1.130),

g0(x|x′)
∣∣
x′

3=H(r ′)
x3=H(r)

=
∞∑

�=−∞
exp

[−i�(φx − φx′)
]
G�(r|r ′). (C.1)

If we replace the difference φx − φx′ by θ , this equation yields G�(r|r ′) in the form

G�(r|r ′) = 1

2π

π∫
−π

dθ exp(i�θ)
exp[ik|x − x′|]

|x − x′|
∣∣∣∣ x′

3=H(r ′)
x3=H(r)

, (C.2)

where we have set k = (ω/c). Now, |x − x′| evaluated at x3 = H(r) and x′
3 = H(r ′) is

given by

|x − x′|∣∣
x′

3=H(r ′)
x3=H(r)

= [(
x‖ + x̂3H(r)

)2 − 2
(
x‖ + x̂3H(r)

) · (x′‖ + x̂3H(r ′)
)

+ (
x′‖ + x̂3H(r ′)

)2] 1
2

= [
r2 + H 2(r) − 2

(
rr ′ cos θ + H(r)H(r ′)

)+ r ′2 + H 2(r ′)
] 1

2

= [
R2 + 4rr ′ sin2(θ/2)

] 1
2 , (C.3)

where

R2 = (r − r ′)2 + [
H(r) − H(r ′)

]2
. (C.4)
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Therefore, we can write Eq. (C.2) as

G�(r|r ′) = 1

π

π∫
0

dθ cos�θ
exp{ik[R2 + 4rr ′ sin2(θ/2)] 1

2 }
[R2 + 4rr ′ sin2(θ/2)] 1

2

= 2

π

π
2∫

0

dφ cos 2�φ
exp{ik[R2 + 4rr ′ sin2 φ] 1

2 }
[R2 + 4rr ′ sin2 φ] 1

2

. (C.5)

If we rewrite Eq. (C.5) in the following form,

G�(r|r ′) = 2

π

π
2∫

0

dφ
cos 2�φ

[R2 + 4r ′ sin2 φ] 1
2

+ 2

π

π
2∫

0

dφ cos 2�φ
exp{ik[R2 + 4rr ′ sin2 φ] 1

2 } − 1

[R2 + 4rr ′ sin2 φ] 1
2

, (C.6)

we see that the first term is singular as r ′ → r (R → 0), while the second term is not.
Therefore, if we neglect terms that vanish as r − r ′ tends to zero in the latter term, we can
rewrite Eq. (C.6) as

G�(r|r ′) = 2

π

π
2∫

0

dφ
cos 2�φ

[R2 + 4rr ′ sin2 φ] 1
2

+ 1

πr

π
2∫

0

dφ cos 2�φ
exp(i2kr sinφ) − 1

sinφ
. (C.7)

We consider each of these terms in turn.
We rewrite the first term on the right-hand side of Eq. (C.7) in the form

2

π

π
2∫

0

cos 2�φ

[R2 + 4rr ′ sin2 φ] 1
2

= 2

π

π
2∫

0

dφ
1

[R2 + 4rr ′ sin2 φ] 1
2

− 4

π

π
2∫

0

dφ
sin2 �φ

[R2 + 4rr ′ sin2 φ] 1
2

. (C.8)
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The first term on the right-hand side of Eq. (C.8) is singular as r → r ′ (R → 0); the second
term is not. Therefore, if we again neglect terms that vanish as r − r ′ tends to zero in the
latter term, Eq. (C.8) becomes

2

π

π
2∫

0

cos 2�φ

[R2 + 4rr ′ sin2 φ] 1
2

= 2

π

1∫
0

dx
1

(1 − x2)
1
2 (R2 + 4rr ′x2)

1
2

− 2

πr

π
2∫

0

dφ
sin2 �φ

sinφ
. (C.9)

The first term on the right-hand side of Eq. (C.9) can be rewritten as

2

π

1∫
0

dx
1

(1 − x2)
1
2 (R2 + 4rr ′x2)

1
2

= 2

π

1∫
0

dx
1

(R2 + 4rr ′x2)
1
2

+ 2

π

1∫
0

dx
1

(R2 + 4rr ′x2)
1
2

(
1

(1 − x2)
1
2

− 1

)
.

(C.10)

The first term on the right-hand side of Eq. (C.10) is singular as r → r ′ (R → 0); the
second is not. Therefore, if we neglect terms that vanish as r − r ′ tends to zero in the latter
term, we find that

2

π

1∫
0

dx
1

(1 − x2)
1
2 (R2 + 4rr ′x2)

1
2

= 2

π

1∫
0

dx
1

(R2 + 4rr ′x2)
1
2

+ 1

πr

1∫
0

dx
1

x

(
1

(1 − x2)
1
2

− 1

)

= − 1

π
√

rr ′ �nR + 1

π
√

rr ′ �n
[
2
√

rr ′ +
√

R2 + 4rr ′ ]+ 1

πr
�n2. (C.11)

In the limit as r − r ′ tends to zero, this result becomes

2

π

1∫
0

dx
1

(1 − x2)
1
2 (R2 + 4rr ′x2)

1
2

= − 1

πr
�n

{1 + [H ′(r)]2} 1
2 |r − r ′|

8r
, (C.12)
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apart from terms that vanish as r − r ′ tends to zero.
When we combine the results given by Eqs. (C.7), (C.9), and (C.12), we find that in the

limit as r ′ → r , G�(r|r ′) has the form

G�(r|r ′) ∼ − 1

πr
�n

{1 + [H ′(r)]2} 1
2 |r − r ′|

8r
+ 1

πr
C�(kr), (C.13)

where we have neglected terms that vanish as r ′ → r , and

C�(kr) =
π
2∫

0

dφ cos 2�φ
exp(i2kr sinφ) − 1

sinφ
− 2

π
2∫

0

dφ
sin2 �φ

sinφ

≡ C
(1)
� (kr) + C

(2)
� . (C.14)

The function C�(kr) can be written in a more explicit form. Thus, we have

C
(1)
� (kr) =

∞∑
n=1

(i2kr)n

n!

π
2∫

0

dφ cos 2�φ sinn−1 φ. (C.15)

The integral in Eq. (C.15) has different forms depending on whether n is even or odd. Thus,
if n = 2k + 2, with k = 0,1,2, . . . , [C.1]

π
2∫

0

dφ cos 2�φ sin2k+1 φ = 1

2

(−1)�2k+1k!(2k + 1)!!
(2k − 2� + 1)!!(2� + 2k + 1)!! k � � − 1 (C.16a)

= 1

2

(−1)k+12k+1k!(2� − 2k + 1)!!(2k + 1)!!
(2� + 2k + 1)!! k < � − 1.

(C.16b)

On the other hand, if n = 2k + 1, with k = 0,1,2, . . . , [C.2]

π
2∫

0

dφ cos 2�φ sin2k φ = π

2

(−1)�

22k

(
2k

k − �

)
k � � (C.17a)

= 0 k < �. (C.17b)

The function C
(2)
� is [C.3]
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C
(2)
� = −2

π
2∫

0

dφ
sin2 �φ

sinφ
= −

π
2∫

0

dφ
1 − cos 2�φ

sinφ

= −
{

�n

(
tan

φ

2

)
−

[
2

�∑
n=1

cos(2n − 1)φ

2n − 1
+ �n

(
tan

φ

2

)]}∣∣∣∣∣
π
2

0

= −2
�∑

n=1

1

2n − 1
. (C.18)

In the case that � = 0, we have that

C0(kr) =
√

π

2

∞∑
n=1

Γ (n
2 )

n!Γ (n+1
2 )

(i2kr)n. (C.19)

Finally, we note that C
(1)
� (kr) and C

(2)
� are even functions of �.
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deterministic surface, 95, 122
diagonal matrix element, 31

– H(0)
mm , 32, 61

– H
(ε)
mm, 59

– L(0)
mm, 60, 61

– L
(ε)
mm, 58

dielectric, 50, 54, 62
dielectric constant, 50, 62, 66, 70, 155, 177, 178
– ε, 129, 132
– of photoresist, 63
dielectric function, 62, 64, 72, 73, 95, 96
– of a metal, 66
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deviates, 102, 105, 216, 242, 279, 307
independent Gaussian random numbers, 85, 88
independent random deviates, 106
independent random numbers, 88
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propagation-invariant beams, 308
pseudo-thermal partially coherent source, 194

Q
quasi-grating, 97, 100
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286
– scattering of, 213
scalar wave equation, 202
scattered electric field, 138
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